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PREFACE TO THE THIRD EDITION 


I N preparing this new edition the text has been carefully revised, 
and considerable new matter has been introduced without altering 
the numbering of the sections or the character and aim of the book. 

The use of the upper and lower limits of indetermination simplifies 
some of the proofs of the earlier edition. Additional tests for 
uniform convergence of series are included. Term by term integra- 
tion and the Second Theorem of Mean Value are treated more fully. 
The sets of examples on Infinite Series and Integrals have l)cen 
enlarged by the insertion of questions drawn from recent Cambridge 
Scholarship and Intercollegiate Examinations, as well as from the 
papers set in the Mathematical Tripos. The introduction of func- 
tions of bounded variation extt^nds the class of functions to which 
the elementary discussion of Fourier’s Series given in the text 
applies. 

In the chapters dealing particularly with Fourier’s Series space 
has been found for the Riemann-Lebesgue Theorem and its conse- 
quences, and for Parseval’s Theorem under fairly general con- 
ditions. 

For all ordinary purposes the discussion of the properties of 
Fourier’s Series and Fourier’s Constants given in the text will, it is 
hoped, be foimd both sufficient and satisfactory. 

For the specialist who wishes to go further a treatnuuit of the 
Lebesgue Definite Integral is given in a new Appendix, which takes 
the place of the former Appendix containing a detailed bibliography 
of Trigonometrical and Fourier’s Series. In this Appendix I have 
tried to show, in as simple a way as possible, what the Lebesgue 
Integral is, and in what respects the rules to which it is subject 
differ from, and are superior to, those for the classical Riemann 
Integral. 
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PBEFACE TO THE THIRD EDITION 


So many papers are being written on Trigonometrical Series, and 
on Fourier’s Series, Fourier’s Constants, and Fourier’s Integrals, that 
a mere list of their titles, brought up to date, would cover many 
pages. And it is doubtful if such a list is of much value to the 
student. In any case he has now at his disposal other works from 
which bibliographical information of this kind can be obtained. It 
is hoped that the lists of books and memoirs given at the ends of the 
chapters and of Appendix II will make up for the omission of the 
detailed bibliography. 

In the revision of part of the proofs I am fortunate in having had 
the assistance of Mr. George Walker of the University of Sydney, 
and now at Emmanuel College, Cambridge. His criticism and sug- 
gestions have been of great service to me. H. S. CARSLAW. 

Emmanuel College, 

Oambkidge, 24:th September , 1929. 



PREFACE TO THE SECOND EDITION 


This book forms the first volume of the new edition of my book on 
Fourier's Series and Integrals and the Mathematical Theory of the 
Cjonduction of Heat, published in 1906, and now for some time out of 
print. Since 1906 so much advance has been made in the Theory of 
Fourier’s Series and Integrals, as well as in the mathematical dis- 
cussion of Heat Conduction, that it has seemed advisable to write 
a completely new work, and to issue the same in two volumes. The 
first volume, which now appears, is concerned with the Theory of 
Infinite Series and Integrals, with special reference to Fourier’s 
Series and Integrals. The second volume will be devoted to the 
Mathematical Theory of the Conduction of Heat. 

No one can properly understand Fourier’s Series and Integrals 
without a knowledge of what is involved in the convergence of 
infinite series and integrals. With these questions is bound up the 
development of the idea of a limit and a function, and both are 
founded upon the modern theory of real numbers. The first three 
chapters deal with these matters. In Chapter IV the Definite 
Integral is treated from Riemann’s point of view, and special atten- 
tion is given to the question of the convergence of infinite integrals. 
The theory of series whose terms are functions of a single variable, 
and the theory of integrals which contain an arbitrary parameter 
are discussed in Chapters, V and VI. It will be seen that the two 
theories are closely related, and can be developed on similar lines. 

The treatment of Fourier’s Series in Chapter VII depends on 
Dirichlet’s Integrals. There, and elsewhere throughout the book, 
the Second Theorem of Mean Value will be found an essential part 
of the argument. In the same chapter the work of Poisson is 
adapted to modern standards, and a prominent place is given to 
Fej6r’s work, both in the proof of the fundamental theorem and in 
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the discussion of the convergence of Fourier’s Series. Chapter IX 
is devoted to Gibb’s Phenomenon, and the last chapter to Fourier’s 
Integrals. In this chapter the work of Pringsheim, who has greatly 
extended the class of functions to which Fourier’s Integral Theorem 
applies, has been used. 

Two appendices are added. The first deals with Practical Har- 
monic Analysis and Periodogram Analysis, In the second a biblio- 
graphy of the subject is given. 

The functions treated in this book are “ ordinary ” functions. 
An interval (a, h) for which /(a;) is defined can be broken up into a 
finite number of open partial intervals, in each of which the function 
is naonotonic. If infinities occur in the range, tlu^y are isolated and 
finite in number. Such functions will satisfy the demands of the 
Applied Mathematician. 

The modern theory of integration, associated chiefly with the 
name of Lebesgue, has introduced into the Theory of Fourier’s 
Series and Integrals functions of a far more complicat<‘d nature. 
Various writers, notably W. IT. Young, arc engaged in building up a 
theory of these and applied series much more advanc^ed than any- 
thing treated in this book. These developments are in the meaii- 
time chiefly interesting to the Pure Mathematician spcn-ialising in 
the Theory of Functions of a Heal Variable. My purpose has been 
to remove some of the difficulties of the Applied IMathcmatician. 

The preparation of this book has occupied some time, and much 
of it has been given as a final course in the Inlinitesimal Calculus to 
my students. To them it owes much. For assistance in the 
revision of the proofs and for many valuable suggestions, 1 am much 
indebted to Mr. E. M. Wellish, Mr. R. J. Lyons, and Mr. H. H. 
Thome of the Department of Mathematics in the University of 
Sydney. H, B. CAKBLAW. 

Emmanuel College, 

Oambridob, Jan , 192L 
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HISTOKICAL INTRODUCTION 


A trigonometrical series 

aQ +(% cos £0 sin x) cos 2 x +63 sin 2£c) + ... 
is said to be a Fourier’s Series, if the constants aQ, a^, 6^, ... satisfy 
the equations 

1 f”" 

= - 1 f{x) cos nx dx, 

1 f”" 

!!>„=- 1 f{x) sin m dx 

TTJ —IT 

and the Fourier’s Series is said to correspond to the f unction /(x).* 
In many important cases the sum of the Fourier’s Series which 
corresponds tof{x) is equal tof(x); but if the function is arbitrary, 
there is no a priori reason that the series should converge at all 
in the interval ( - tt, tt), nor, if it does converge at a point, is there 
any a priori reason that its sum for that value of x should be/(£i?), 
Fourier in his Theorie analytique de la Chaleur ( 1822 ) was the 
first to assert that an arbitrary function, given in the interval 
( - TT, tt), could be expressed in this way. He proved quite rigor- 
ously that the expansion is true for certain simple functions, which 
he needed in the problems of the conduction of heat; and, though 
he did not develop his proof for the general case with the precision 
the importance of the theorem demanded, the substantial accuracy 
of his method must be admitted. That the expansion was possible 

♦This correspondence is sometimes denoted by 

X 

f{oc) ^ ao + X (a^ cos nx + sin ?U') , 
the notation being due to Hurwitz, Math, Annalen, 57 (1903), 427. 
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in tiie case of an arbitrary function, as sucb was understood at that 
time, was assumed to be true from the date at which his work 
became known. Since then these series have been freely used in 
the solution of the differential equations of mathematical physics. 
For this reason they are now called Fourier^s Series — or the 
Foxirier's Series corresponding to the function f(x ) — and the 
coefficients in the series, 

dx, IWm dx, 

are called Fourier^s Coefficients, or Fourier’s Constants, for that 
function. 

The Theory of Fourier’s Series has had — and still is having — 
an immense influence on the development of the theory of functions 
of a real variable, and the influence and importance of these series 
in this field are comparable with those of the power series in the 
general theory of functions. 

FIRST PERIOD [1750~1850] 

The question of the possibility of the expansion of an arbitrary 
function of a; in a trigonometrical series of sines and cosines of 
multiples of x arose in the middle of the eighteenth century in 
connection with the problem of the vibration of strings. 

The theory of these vibrations reduces to the solution of the 
differential equation I 

and the earliest attempts at its solution were made by d ’Alembert, 
Kuler,'f‘ and U. Bernoulli, f Both d’Alembert and Euler obtained 
the solution in the functional form 

y=zKf){x +at) +y){x — at). 

The principal difference between them lay in the fact that 
d'Alembert supposed the initial form of the string to be given 
by a single analytical expression, while Euler regarded it as lying 
along any arbitrary continuous curve, different parts of which 
might be given by different analytical expressions. Bernoulli, on 

ch VAcadimie de Berlin^ 3 (1747), 214. 

fhc. cit., 4*(174S), 69. %loe, cit, 9 (1753), 173. 
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tlie otKer hand, gave the solution, when the string starts from rest, 
in the form of a trigonometrical series 

sin x cos at +A 2 sin 2x cos 2at + .,. , 

and he asserted that this solution, being perfectly general, must 
contain those given by Euler and d’Alembert. The importance 
of his discovery was immediately recognised, and Euler pointed 
out that if this statement of the solution were correct, an arbitrary 
function of a single variable must be developable in an infinite 
series of sines of multiples of the variable. This he held to be 
obviously impossible, since a series of sines is both periodic and 
odd, and he argued that if the arbitrary function had not both of 
these properties it could not be expanded in such a series. 

While the debate was at this stage a memoir appeared in 1759* 
by Lagrange, then a yotmg and unknown mathematician, in 
which the problem was examined from a totally different point of 
view. While he accepted Euler’s solution as the most general, he 
objected to the mode of demonstration, and he proposed to obtain 
a satisfactory solution by first considering the case of a finite 
number of particle^ stretched on a weightless string. From the 
solution of this problem he deduced that of a continuous string by 
making the number of particles infinite.f In this way he showed 
that when the initial displacement of the string of -unit length is 
given by f{x) and the initial velocity by F{x), the displacement 
at time t is given by 

y=2l 2 nirx' sin uttx cos n7rat)f{x')dx' 

^0 1 

2 fi 1 

+— J - (sin nirx' sin nirx sin mrat)F{x')dx' . 

This result and the discussion of the problem which Lagrange 
gave in this and other memoirs have prompted some mathe- 
maticians to deny the importance of Fourier’s discoveries, and to 
attribute to Lagrange the priority in the proof of the development 
of an arbitrary function in trigonometrical series. It is true 
that in the formula quoted above it is only necessary to change 
the order of summation and integration, and to put in order 

’•'CJf. Lagrange, (Euvrea, 1 (Paris, 1867), 37, 

tZoc. cU., § 37. 



4: 


HISTORICAI. INTRODUCTION 


tliat we may obtain tbe development of tbe function f{x) in a 
series of sines, and that the coefficients shall take the definite 
integral forms with which we are now familiar. Still Lagrange 
did not take this step, and, as Burkhardt remarks,* the fact that 
he did not do so is a very instructive example of the ease with 
which an author omits to draw an almost obvious conclusion 
from his results, when his investigation has been undertaken 
with another end in view. Lagrange's purpose was to demon- 
strate the truth of Euler’s solution and to defend its general 
conclusions against d’Alembert’s attacks. When he had obtained 
his solution, he therefore proceeded to transform it into the func- 
tional form given by Euler. Having succeeded in this, he held 
his demonstration to be complete. 

The further development of the theory of these series was due 
to the astronomical problem of the expansion of the reciprocal 
of the distance between two planets in a series of cosines of 
multiples of the angle between the radii. As early as 1749 and 
1754 d’Alembert and Euler had published discussions of this 
question in which the idea of the definite integral expressions for 
the coefficients in Fourier’s Series may be traced, and Clairaut, in 
1757,t gave his results in a form which practically contained these 
coefficients. Again, Euler,t in a paper written in 1777 and 
published in 1793, actually employed the method of multiplying 
both sides of the equation 

/(a;)=ao-h2ai coBx+2a^ cos 2a; + . . . + 2^^ cos nx+.., 
by cos nx and integrating the series term by term between the 
limits 0 and tt. In this way he found that 

1 f 

^n = ~ I f(x) cos nx dx, 
ttJ n 

It is curious that these papers seem to have had no effect upon 
the discussion of the problem of the Vibrations of Strings in which, 
as we have seen, d’Alembert, Euler, Bernoulli, and Lagrange were 
about the same time engaged. The explanation is probably to 
be found in the fact that these results were not accepted with 

♦Burkhardt, “Entwicklungen nach oscillirendeu Fuaotionen,” Jahreaber. d. 
Mcah. Fer., Lei^pzig^ 10, Heft II (1901), 32. 

tPaw, BiaU Acad, Sci. (1754 [59]), Art. iv. (July 1767). 

XPetrojt. JSr. Acta, 11 (1793 [98]), p. 94 (May 1777). 
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confidence, and tiiat they were only used in determining the 
coeificients of expansions whose existence could be demonstrated 
by other means. 

It was left to Fourier to place our knowledge of the theory of 
trigonometrical series on a firmer foundation. 

The methods he adopted were suggested by the problems he met 
in the Mathematical Theory of the Conduction of Heat. He dis- 
cussed the subject in various memoirs, the most important having 
been presented to the Paris Academy in 1811, although it was not 
printed till 1824-6. These memoirs are practically contained in 
his book, TJieorie analytique de la Chaleur (1822). In a number of 
special cases he verified that a function f{x), given in the interval 
( — TT, tt), can be expressed as the sum of the series 

Uq + («! cos sin x) -h (a^ cos 2x -h 63 sin 2x) -h . . . 

If”" If*" 

where = f{x)dx, = f{x) cos nx dx, 

hn — I sin nx dx, (n ^ 1). 

Some of the proofs he gave for the general case of an arbitrary 
function are far from rigorous. One is the same as that given by 
Euler. But in his final discussion of the general case (Cf. §§ 415, 
416 and 423), the method he employs is perfectly sound, and not 
unlike that which Dirichlet used later in his classical memoir. 
However, this discussion is little more than a sketch of a proof, 
and it contains no reference to the conditions which the arbitrary 
function must satisfy. 

Fourier made no claim to the discovery of the values of the 
coefficients 

jiTTj - jr 

1 f ** 

a^ = —\ f{x) cos nx dx, 

n^l. 

= — I f{x) sin nx dx, 

'TTj -TT 

We have already seen that they were employed both by Clairaut 
and Euler before this time. Still there is an important difference 
between Fourier’s interpretation of these integrals and that which 
was current among the mathematicians of the eighteenth century. 
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The earlier writers by whom they were employed (with the possible 
exception of Clairant) applied them to the determination of the 
coefficients of series whose existence had been demonstrated by 
other means. Fourier was the first to apply them to the repre- 
sentation of an entirely arbitrary function, in the sense in which 
that sum was then understood. In this he made a distinct advance 
upon his predecessors. Indeed Riemann* asserts that when 
Fourier, in his first paper to the Paris Academy in 1807, stated 
that a completely arbitrary function could be expressed in such a 
series, his statement so surprised Lagrange that he denied the 
possibility in the most definite terms. It should also be noted that 
he was the first to allow that the arbitrary function might be given 
by different analytical expressions in different parts of the interval; 
also that he asserted that the sine series could be used for other 
functions than odd ones, and the cosine series for other functions 
than even ones. Further, he was the first to see that, when a 
function is defined for a given range of the variable, its value outside 
that range is in no way determined, and it follows that no one 
before him can have properly understood the representation of 
an arbitrary function by a trigonometrical series. 

The treatment which his work received from the Paris Academy 
is evidence of the doubt with which his contemporaries viewed 
his arguments and results. His first paper upon the Theory of 
Heat was presented in 1807. The Academy, wishing to en- 
courage the author to extend and improve his theory, made the 
question of the propagation of heat the subject of the grand ^rix 
cle viaihSmatiqiies for 1812. Fourier submitted his Mimoire sur 
la 'pro})agaiion de la Ghaleur at the end of 1811 as a candidate for 
the prize. The memoir was referred to Laplace, Lagrange, 
Legendre, and the other adjudicators; but, while awarding him 
the prize, they qualified their praise with criticisms of the rigour 
of his analysis and methods ,t and the paper was not published at 

♦Cf. Riemann, “Uber die Rarstellbarkeit einor Function durch eine trigono- 
metrische Reibe,” Odttingen, Abh. Qea. Wiaa,^ 13 (1867), § 2, and Mathemaiische 
W&rke (2 Aufi., 1892), p. 232. 

fTheir report is quoted by Darboux in his Introduction (p. vii) to CEuvres de 
Fourier^ T. I: — “Cette pil>oe ronferme les veritable® Equation® diff^rentieBe® de la 
transmission de la chaleur, soit h I’intdrieur das corps, soit h leur surface; et la 
nouveaut^ du sujet, jointe h son importance, a d4termin4f la Classe h couxonner cet 
Ouvrage, en observant cependant que la maniltre dont B Auteur parvient h ses 
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the time in the Memoires de V Academic des Sciences. Fourier 
always resented the treatment he had received. When publishing 
his treatise in 1822, he incorporated in it, practically without 
change, the first part of this memoir; and two years later, having 
become Secretary of the Academy on the death of Delambre, he 
caused his original paper, in the form in which it had been com- 
municated in 1811, to be published in these Memoires.X Probably 
this step was taken to secure to himself the priority in his dis- 
coveries, in consequence of the attention the subject was receiving 
at the hands of other mathematicians. It is also possible that he 
wished to show the injustice of the criticisms which had been 
passed upon his work. After the publication of his treatise, when 
the results of his different memoirs had become known, it was 
recognised that real advance had been made by him in the dis- 
cussion of the subject and the substantial accuracy of his reasoning 
was admitted.! 


equations n’est pas exerapte de difficultes, et que son analyse, pour les integrer, 
laisse encore quelque chose a desirer, soit relativement a la generalite, soit mSme 
du c6te de la rigueur,” 

XMemoires de VAcad. des 8c., 4, p. 185, and 5, p. 153. 

§ It is interesting to note the following references to his work in the writings of 
modern mathematicians: 

Kelvin, Coll. Works, Vol. Ill, p. 192 (Article on “Heat,’’ Enc. Brit., 1878). 

“Returning to the question of the Conduction of Heat, we have first of all to 
say that the theory of it was .discovered by Fourier, and given to the world through 
the French Academy in his TTieorie andlytique de la Chaleur, with solutions of prob- 
lems naturally arising from it, of which it is difficult to say whether their uniquely 
original quality, or their transcendently intense mathematical interest, or their 
perennially important instructiveness for physical science, is most to be praised.” 

Darboux, .Introduction, CEuvrea de Fourier, 1 (1888), p. v. 

“Par rimportance de ses d4couvertes, par I’influence decisive qu’il a exerc^e sur 
le d6veloppement de la Physique math6matique, Fourier meritait I’hommage qui 
est rendu aujourd’hui k ses travaux et a sa m^moire. Son nom figurera digne- 
ment h c6t6 des noms, illustres entre tons, dont la liste, destines k s’accroStre 
avec les ann^es, constitue dds h present un veritable titre d’honneur pour notre 
pays. La Thiorie andlytique de la Chaleur . . . , que Ton pent placer sans injustice 
k c6t6 des Merits scientifiques les plus parfaits de tous les temps, se recommaiide 
par une exposition int^ressante et originale des principes fondamentaux; il ^claire 
de la lumiere la plus vive et la plus p6n6trante toutes les idees essentielles que nous 
devons k Fourier et sur lesquelles doit reposer d^sormais la Philosophie naturelle; 
mais il contient, nous devons le reconnaitre, beaucoup de negligences, des erreurs 
de calcul et de ddtail que Fourier a su 6viter dans d’autres Merits.” 

Poincar6, Theorie andlytique de la propagation de la Chaleur (1891), p. 1, § 1. 

“La theorie de la chaleur de Fourier est un des premiers exemples de I’appli- 
cation de I’analyse k la physique; en partant d’hypoth^ses simples qui ne sont 



8 


HISTORICAL mTRODUCTION 


The next writer upon the Theory of Heat was Poisson. He 
employed an altogether different method in his discussion of the 
question of the representation of an arbitrary function by a 
trigonometrical series in his papers from 1820 onwards, which 
are practically contained in his books, Traits de M6canique (2® ed., 
1833) and Theorie mathematique de la CTialeur (1835). He began 
with the equation 

1 _7,2 

= h- cos n(^' 

h being numerically less than unity, and he obtained, by inte- 
gration, 

J _ ,r 1 ■ 2^ COS {x' — 

= f f{x')dx' f{x') cos n{x' ^ x)dx\ 

J -W ‘‘l J -TT 

While it is true that by proceeding to the limit we may deduce 
that at a point of continuity or ordinary discontinuity 
f{x) or i[/(iB+0) +/(a:-0)] 

is equal to 


limf^if /(a?')da;' f{x') cos n(x' -- x)dx'\ 
h — >■ 1 Trj—Tr -J 

we are not entitled to assert that this holds for the value A = l, 

unless we have already proved that the series converges for this 

value. This is the real difficulty in the theory of Fourier’s Series, 

and this limitation on Poisson’s discussion has been lost sight of in 


autre chose quo des faita exp^rimontaux g63a6ralis6a, Fourier on a d6duit une 
s6rie d© consequences dont rensemble constitu© un© th^ori© complete ©t coherent©. 
Lea r^sultats qu’il a obtenus sont certes iat6ressants par oux-mdmes, mais c© qui 
Test plus encore est la method© qu’U a employ 6© pour y parvenir et qui servira 
toujours de mod^Sl© tons ceux qui voudront cultiver un© branch© queloonqu© d© 
la physique math^matique. J’ajouterai qu© 1© livro d© Fourier a un© importance 
capital© dans rhistoir© des mathSmatiques ©t quo I’analys© pur© lui doit peut-dtr© 
plus encore qu© Tanalys© appliqu6©.’* 

Boussinesq, TMorie analytiqae de la Chaleur^ 1 (1901), 4, 

“li©s admirables applications qu’il fit de cette method© (i.e, his method of inte- 
grating the equations of Conduction of Heat) sont, k la fois, assez simples ©t'assez 
g6n6ral©s, pour avoir servi de module aux g6om6tres d© la premiere moiti^ d© c© 
sidcle; et ©lies leur ont 6t6 d’autant plus utiles, qu’elles ont pu, avec d© Mg^res 
modifications tout au plus, ^tr© transport^©© dans d’autres branches d© la 
Physique math6matique, notamment dans THydrodynamiquo ©t dans la Th^ori© 
de r^lasticit^.” 
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some presentations of Fourier’s Series. There are, however, other 
directions in which Poisson’s method has led to most notable 
results. The importance of his work cannot be exaggerated.* 

After Poisson, Cauchy attacked the subject in different memoirs 
published from 1826 onwards using his method of residues, but 
his treatment did not attract so much attention as that given 
about the same time by Dirichlet, to which we now turn. 

Dirichlet’s investigation is contained in two memoirs which 
appeared in 1829t and 1837.J The method which he employed 
we have already referred to in speaking of Fourier’s work. He 
based his proof upon, a careful discussion of the limiting values 
of the integrals 


f{^) 


sin fjix 
sin X 


a > 0, 


as ju increases indefinitely. By this means he showed that the 
sum of the Fourier’s Series for /(a?) is i(/(iz?+0) +/(£c--0)) at every 
point between — tt and tt, and J(/( — tt +0) +f('7r — 0)) at a?= dr'^r, 
provided that f(x) has only a finite number of ordinary discon- 
tinuities and turning points, and that it does not become infinite 
in ( — w, tt). In a latej paper,§ in which he discussed the expan- 
sion in Spherical Harmonics, he showed that the restriction that 

f(x) must remain finite is not necessary, provided that J f{x)dx 
converges absolutely. 


SECOND PERIOD [1850-1905J 

The principaT names in the First Period are those of Fourier and 
Dirichlet, and the position as left by Dirichlet was that, when the 
function /(a;) is bounded in the interval ( - tt, tt), and this interval 
can be broken up into a finite number of partial intervals in each 
of which /(a;) is monotonic, the Fourier’s Series converges at every 
point within the interval to J[/(ic-}-0) +/(a5-0)], and at the end- 
points to J [ / ( - TT H-O) +/ (tt — 0)]. These sufficient conditions — and 


*Eor a full treatment of Poisson’s method, reference may be made to Bdcher’s 
paper, “Introduction to the Theory of Fourier’s Series,'’ Ann. of Math. (2), 7 (1906). 
^Journal fur Maih.^ 4 (1829). 

XDove's Repertorium der Physik, 1 (1837), 152. 

^Journal far Math.^ 17 (1837). 
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their extension to the unbounded function — cover most of the 
cases that are likely to be required in the applications of Fourier’s 
Series to the solution of the differential equations of mathematical 
physics. 

In the Second Period we pass more definitely into the domain of 
the pure mathematician, and the first name we meet is that of 
Riemann. His memoir* Tiber die Darstellbarkeit einer Function 
durch eine trigonometriscJie Reihe formed his Habilitationsschrift at 
Grottingen in 1854, but it was not published till 1867, after his 
death. It led to most important developments in mathematical 
analysis, as well as to the discovery of many striking properties of 
trigonometrical series, in general, and of Fourier’s Series, in par- 
ticular. His aim was to find a necessary and sufficient condition 
which the arbitrary function must satisfy so that, at a point x in the 
interval, the corresponding Fourier’s Series shall converge to /(a;). 
Dirichlet had shown that certain conditions were sufficient. The 
question Riemann set himself to answer has not yet beeix solved. 
It is quite probable that it is not solvable. But in the consideration 
of the problem he realised that the concept of the definite integral 
should be widened. And the Riemann Integral we owe to the 
study of Fourier's Series. 

Cauchy in I823t had defined the definite integral of a continuous 
function as the limit of a sum, much in the way it is still treated 
in elementary text-books. He divided the interval of integration 
into partial intervals by the points 

a = ao, ... = 

The sum S was given by the equation 
S = {a^ — (lQ)f{Xj) +(<3^2 “ ^l)y^(^2) + ••• 
where x^ is any point in ^r)’ 

He showed that, when the number of points of section tends to 
infinity and the length of the largest partial interval tends to aiero, 

the sums B tend to a limit. The definite integral f f{x)dx he 
defined to be this limit. “ 

If the function is continuous in (a, h) except at the point c, in 


♦See note on p. 6. 

tOf, Cauchy, Miaumi dea leQona donniea a VJ^cole roy. Polytechnique aur le calcul 
infiniUaimdlf 1 (Paris, 1823), pp. 81--84, and CEuvrea (2), 4, p. 122--29, 
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tile neighbourliood of wiiicli it may be bounded or not, tbe integral 
is taken to be the sum of the limits 


lim I f{x)dx and lim f(x)dx, 

^—>0 a 7^— K) c+h 

when these limits exist. And if f{x) is discontinuous at a finite 
number of points Cg, ... the interval is divided into parts 

each of which contains only one of these points. To each of these 
parts the preceding definition is applied, when this is possible; and 
then the sum of the numbers so obtained is taken as the integral 
from a to 6. 

In dealing with the bounded function, Riemann did not assume 
that it was continuous in the interval, or had only a finite number 
of discontinuities therein. But he used the sum S as before, and 

the integral 1 f{x)dx was defined as the limit of these sums 

J a 

provided this limit existed. He obtained a necessary and sufficient 
condition for the existence of the limit, and placed the definite 
integral on a wide?: and purely arithmetical basis. 

With Riemann’s definition of the integral f f(x)dx, for a bounded 

•' a 


function — given in the text in a slightly modified form — ^functions 
that were previously without an integral became integrable. A 
striking example* due to him was the sum of the series, 


{x) 


(3x) 

22 32 


where (nx) stands for the positive or negative difference between nx 
and the nearest integer, unless it lies midway between two consecu- 
tive integers, when (nx) is to be taken as zero. This function is 
discontinuous for every rational number of the form ^/2w, where p 
is an odd number, prime to n; and there are an infinite number 
of points of discontinuity in every interval, however small. 

A fundamental theorem proved by Riemann deals with the 

Fourier’s Constants ^ J f (x) ® nx dx. He showed that for any 

bounded and integrable function f(x) these constants tend to zero 
as n tends to infinity. And this holds also for the integral 

— a 


'Cf. loc. cit, § 6. 
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This theorem shows at once that, if f{x) is bounded and integ- 
rable in ( ~ tt, tt), the convergence of its Fourier’s Series at a point 
in ( — TT, tt) depends only on the behaviour oif{x) in the neighbour- 
hood of that point. 

Kiemann was also led to examine the theory of trigonometrical 
series of the type 

^0 +(<^1 X + sin x) + {a 2 , cos 2x +62 sin 2x) -1- , 
when the coefficients are not Fourier’s Constants. He obtained 
many of the properties of such series. The most important question 
to be answered was whether a function could be represented by 
more than one such series in an interval ( — tt, tt). This reduces 
to the question whether the sum of a trigonometrical series in 
which the coefficients do not all vanish can be zero right through 
the interval. The discussion of this and similar problems was 
carried on, chiefly by Heine and G. Cantor, from 1870 onwards; 
in these papers Cantor laid the foundation of the Theory of 
Sets of Points, another example of the remarkable influence 
the theory of Fourier’s Series has had upon the development 
of mathematics. It will be sufficient in this place to state that 
Cantor showed in 1872 that all the coefficients of the trigono- 
metrical series must vanish, if its sum is zero at all points of 
{ — TT, tt), with the exception of the points of a set of the nth order.* * *** 

In 1875 P. du Bois-Reymond provedf that if a trigonometrical 
series converges in ( ~ tt, tt) to f(x), where f{x) is integrable, the 
series must be the Fourier’s Series for f(x). He also settled the 
question as to whether the Fourier’s Series for a continuous function 
always has f(x) for its sum; for he gave not only an example of a 
function, continuous in ( ~ tt, tt), whose Fourier’s Series did not 
converge at a particular point, but he also constructed another, 
whose Fourier’s Series fails to converge at the points of an every- 
where dense set. Many years later Fej^r gave several much 
simpler examples. J 

The nature of the convergence of Fourier’s Series received 
attention, especially after the introduction by Stokes (1847) and 

*Math, AnnaUn, 5 (1872), 123. 

^Abh. d. Bay. Akad., 12 (1875), p. 117. 

iCf. Journal fiir Math., 137 (1909) ; 138 (1910), 22. Bend. Giro. Mat. Palermo, 
28 (1909), 402. 
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Seidel (1848) of the concept of uniform convergence. It had been 
known since Dirichlet’s time that the series were, in general, only 
conditionally convergent, if at all; and that their convergence 
depended upon the presence of positive and negative terms. It 
was not till 1870 that Heine showed* that if f{x) is- bounded 
and integrable, and otherwise satisfies Dirichlet’s Conditions in 
( ~ TT, tt), its Fourier’s Series converges uniformly in any interval 
(a, 6), which contains neither inside it nor at an end any discon- 
tinuity of the function. 

The importance attached to the question of uniform convergence 
of the series was due to the impression that term by term integra- 
tion would only be permissible, if the series converged uniformly. 
It was not till much later that it was found that a Fourier’s Series 
could be integrated term by term, even if the series itseK did not 
converge. 

The sufficient conditions of Dirichlet were succeeded by three 
conditions, now classical, associated with the names of Dini, 
Lipschitz and Jordan. Dinit in 1880 showed that the Fourier's 
Series for the integrable function f(x) has lim J[/(a;+A) — ^)] 

h — »-0 

for its sum at any ^oint in ( — -jt, w) for which this limit exists^ pro- 
vided that there is a positive S such that 

if{x+h)+f{x-h)']\ 


is a convergent integral, 

A special case of Dini’s criterion had been given in 1864 by 
Lipschitz. J This can be put in the form: 

The Fourier's Series for fix') converges at x to 
lim i lf(x +h) +f{x - h)^ 

when this limit exists, if there is a positive S such that 

I f{x +t) +f{x - - lim [f{x +h) +f{x - h))\cCt^, 

A-^O 

when 0 <.t^S, 

where O and h are positive numbers, 

* Journal fur Math., 71 (1870), 353. 

|Cf. Dini, “Serie di Fourier e altre rappresentazioni analitiche delle fimzioni di 
una variabile reale’* (Pisa, 1880), p. 102. 

JCf. Journal filr Math., 63 (1864), 296. 


I /(» +<) +f(x - 0 - lim 
Jo « 
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Tlie treatment of Fourier’s Series was simplified by Jordan* 
by tbe introduction of bis functions of hounded variation and bis 
criterion states tbat tbe Fourier'' $ Series for the integrahle function 
f(x) converges to 

ilf(^+0)+f(x^O)] 

at every point in the neighbourhood of which f{x) is of hounded 
variation. 

During tbis period tbe properties of Fourier’s Constants were 
also examined, and among tbe important results obtained, wben 
tbe Riemann integral was still used, it is sufficient to cite tbat 
usually called Parseval’s Theorem, t according to which, wben 
fix) and [/(£c)]^ are integrable in ( "- tt, tt), 

-f [/(»)?<ZCC=2V+S(«n"+V)- 

TTJ 1 

Also, if /(r) and g(x)^ as well as their squares, are integrable, 

1 ^ 

= 2ao«o + ^ (®«a„ +&„/?„), 

■where h„, and a„, are the Fourier’s Constants for /(a:) and 
g(x) respectively. 

If Fourier’s Series tor f{x) is not convergent, it may converge 
wben one or other of tbe methods of “summation” applied to 
divergent series is adopted. Fej6r in 1904 discovered tbe remark- 
able tbeoremf tbat, wben tbe series is summed by tbe method of 
arithmetical means, its sum is i[/(cc4-0) -f-/(aj — 0)] at every point 
in ( — TT, tt) at which /(cc±0) exist, tbe only condition attached to 
f {x) being tbat, if bounded, it shall be integrable in ( — tt, tt), and, 

if unbounded, tbat 1 f{x) dx shall be absolutely convergent. 

J —XT 

THIRD PERIOD [1905- ] 

Tbe theory of Fourier’s Series, as built up by Dirioblet, Riemann, 
Cantor, Dini, Jordan and other mathematicians of tbe nineteenth 
century, with a fuller understanding of tbe limiting processes 

*Cf. Compies Mendus^ 92 (1881), 228, and Jordan, Coura d"* Analyse, 2(1" M., 1882), 
Ch. V. 

fCt. de la Valine Poussin, Ann. Soo. sc. Brux., 17B (1893), 18, and Hurwitas, 
Math. AnnaUn, 67 (1903), 175. 

|Of. Math, Annalen, 68 (1904), 51. 
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involved, placed in tlie hands of applied mathematicians a quite 
satisfactory instrument. But the properties of the series, which 
we owe to them, failed in many ways to give a theory with which 
the pure mathematician could be fully content. Unity, symmetry 
and completeness were still wanting. In this respect the last 
twenty-five years have seen a great improvement, due, chiefly, to 
the new definition of the definite integral put forward in 1902 by 
Lebesgue in his Paris thesis — Integrals, longiceur, atre* — ^and further 
developed in his Legons sur V integration et la recherche des fonctions 
primitives (1904).’f‘ 

Lebesgue’s integral is founded upon the subtle and rather difficult 
idea of the measure of a set of points. In the modern theory of 
functions of a real variable, Lebesgue’s integral (or one of the others 
associated with it) is indispensable. But for practical purposes 
the Riemann integral will suffice. The progress which we now 
describe lies in the field of the specialist; and in no department of 
pure mathematics has greater activity been displayed in recent 
years than in the theory of trigonometrical series. J Most im- 
portant contributions have been made by Lebesgue himself, Fejer, 
Hobson, Hardy and Littlewood, de la Vallee Poussin and W. H. 
Young. 

The first point to notice is that, if /( 2 c) is bounded and integrable 
according to Riemann’s definition, it is also integrable with 
Lebesgue’s definition, and the integrals are equal. But a botxnded 
function may be integrable with Lebesgue’ s definition, and fail to 
be integrable with Riemann’s. It is convenient to say that a 
function is integrable (L), when it is integrable according to 
Lebesgue’s definition, and that it is integrable {R), when it is 
integrable according to Riemann’s definition. If f(x) is integrable 
(L), but not bounded in the interval of integration, the Lebesgue 
integral converges absolutely. Unbounded functions may be 
integrable (Z), but not integrable (R); and conversely. 

The fundamental theorems of integration apply to both integrals, 
but one of the advantages for our present purpose of the Lebesgue 
integral is that a function integrable (Z) need not be continuous 

*Annali di Mat. (3), 7 (1902), 231- 

fA revised and enlarged second edition has appeared in 1928. 

J A full account of work in this held is to be found in Hobson’s Theory of Functions 
of a Real Variable, 2 (2nd ed., 1926), Ch. VIII. 



16 


HISTORICAL, INTRODUCTIOlSr 


‘‘almost everywhere’ in the interval of integration, as is the case 
with a function integrable (jR)-t Also if /„(a?) is integrable (Z), and 
lim fn{^) -exists, finite or infinite, this limit is integrable (Z). And 

more important still, with Lebesgue integrals, under much more 
general conditions, J we can make use of the relation: 

If /(it?) = lim /„(5c), then f f{x)dx=^\im.{ f^{x)dx. 

n-~*oo J a 71 Hi-oo J a 

Returning to Fourier’s Series, we remark first that Riemann’s 
theorem, according to which the Fourier’s Constants of a bounded 
and integrable function f(x) tend to zero when n tends to infinity — 

ch sin 

or, more generally, that lim I f(x) nx dx = 0 — applies with the 

71 .— >-oo ) a 

Lebesgue integrable to any function, bounded or not, integrable 
(Z). This is now usually referred to as the Riemann-Lebesgue 
Theorem — or Fundamental Lemma — and may be stated as 
follows: 

If /(sc) is integrable (Z) in (a, 6), then 

lim f f(x) nx 'dx=0. 

n-5-30 •' a wo 

This was proved by Lebesgue in 1903.§ 

Now the sum ,Sn(^) of the terms up to those in cos nx and sin nx 
of the Fourier’s Series for f{x) integrable (Z) can be written 

Sn(a:) = "P if{x +2a) +f(x - 2a)] da, 

TTJ 0 Sin ct 

and we find from this that 

lim s^(x) -f(x) = ^ lim P <j>{a) 

n— ‘>"00 TT ^ji™».oqJo ^ 

where =f (x -h2a) +f{x--2a)-2f(x). 

Hence, by the Riemann-Lebesgue Theorem, 

lim Sn(x) =f{x), if lim j* </>{a) — ^ da 

w.— ^00 jt— >-ooJo CJt 

for some positive h. 


*A property is said to hold almost everywhere in an inteival, if it holds for all 
points except those forming a set of measure zero. 
tCf. Appendix II, § 10. 
tSee Appendix II, §§ 15, 18. 

^Annale^ Set, de V l^cole Aormale (3), 20 (1903), 453. Also see Lebesgue, Lemons 
aur lea series trigonomUriquea (Paris, 1906), 61. 
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Also tlie question of tlie convergence of the Fourier’s Series for 
f{x) at a point in the interval ( — tt, tt) depends only on the 
behaviour of f{x) in the neighbourhood of that point. 

In 1905 Lebesgue gave a new sufficient condition for the conver- 
gence of the Fourier’s Series for f{x)^ which included all the 
previously known conditions.’*' 

Another point to notice is that the question of term by term 
integration of Fourier’s Series does not depend, as used to be 
thought to be the case, on the uniform convergence of the series. 
Indeed, with the usual notation, we havef 

fa; « ^ 2^ 

I f{x)dx = aQ{x +7r) + S~(^n sill H-6 „(cos rh'TT - cos nx)), 

J -tt 1 

where x is any point in { — ir, tt), for any function integrable (Zr), 
whether the Fourier’s Series converges or not. And the new 

series converges uniformly to f f(x)dx in the interval ( — tt, tt). 


Term by term integration can then be continued indefinitely. 

This result can be used as a test in determining whether a trigono- 
metrical series is a Fourier’s Series. If, on integrating the series 
term by term, it fails to converge in the range ( — tt, tt), it cannot 


be a Fourier’s Series. In this way it can be seen that X 

^ogn 

is not a Fourier’s Series, as the integrated series diverges at aj = 0.t 
Again Parseval’s Theorem, that 


- f [ = 2aSo® + 2 + V). 

TTj 1 

holds for any function /(x), whose square is integrable (L) in 
( — TT, tt), and a similar remark applies to the relation 


1 ^ 

TTj _,r 1 

where bn and are the Fourier’s Constants for the functions 

f(x) and g{x), whose squares are integrable (L) in ( — tt, 7r).§ 


*Cf. Math. Annalerij 61 (1905), 82, and Lebesgue, Legons sur les series trigonometric 
quea^ p. 59. 

fCf. Lebesgue, Legons sur les siries trigonometriques, p. 102. 

fThis example is due to Fatou, Comptes Rendus^ 142 (1906), p. 765. Other 
examples are given by Ferron, Math. Annalen, 87 (1922), 84. 

§Cf. Lebesgue, Legons sur les series trigonom^triques, p. 100. 

Fatou, Acta Math., 30 (1906), 352. 
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As g{a:) caji be put equal to zero in the partial intervals ( - tt, a) 
and {P, tt), it follows that when f{x) and g{x) are functions whose 
s(|iiares arc integrable (L) in ( -- tt, tt) and (a, p) respectively, the 

int('gral f f{x)g(x)dx may be obtained by substituting for/(ir) its 

a 

F^oxirier's Series and applying term by term integration. 

But onci of the most remarkable results which follow from the 
use of the Lebesgue integral in the theory of Fourier's Series is the 
converse of Parseval's Theorem, known from its discoverers as 
the Hiesz-Fischer Theorem :* 

00 

Any trigonometrical series for which ^ converges is 

the Fourier's Series of a function whose square is integrable (L) in 

(~7r, tt). 

Reference has already been made to the application of summa- 
tion by Fej^r's arithmetical means to Fourier's Series. This 
niethod is a special case (C, 1) of the general Ceskro sum, usually 
denoted by {C, r). A great deal of work has been done in the 
investigation of sufficient conditions that Fourier’s Series be 
summable (0, r) at a point in ( — -tt, tt). The results obtained by 
this method, when r is fractional, have thrown light on ordinary 
convergence and Ceskro summation, when r is integral. 

Another field in which much progress has been made is the 
investigation of the behaviour and properties of Fourier’s Constants 
when Lebesgue integrals are used. The Parseval and Riesz- 
Fischer Theorems belong to this class, and extensions of both 
have been made, when the condition that f{x) and g{x) shall be 
functions whose squares are integrable (L) is replaced by a more 
general condition. 

The convergence problem for Fourier’s Series is still unsolved. 
There is no property of the arbitrary function f(x), integrable {L) 
in ( “ TT, tt), which is known to be both necessary and sufficient for 
the convergence of Fourier’s Series. There are simple sufficient 
conditions, which are known not to be necessary, and the necessary 
conditions obtained are known not to be sufficient ; and the same 
remark applies to summation by an assigned Ceskro mean. 

*Cf. F. Biesas, Compim Mendus, 144 (1007). 615-619, 7S4-736. 

Fischer, Comjdea Mendua^ 144 (1907), 1022. 

Young, W. H. and Grace Chisholm, Quarterly J, of Math., 44 (1912), 40. 
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CHAPTER I 

RATIONAL AND IRRATIONAL NUMBERS 
THE SYSTEM OF REAL NUMBERS 

1. Rational Numbers. The question of the convergence of 
Infinite Series is only capable of satisfactory treatment when 
the difficulties underlying the conception of irrational numbers 
have been overcome- For this reason we shall first of all give a* 
short discussion of that subject. 

The idea of number is formed by a series of generalisa- 
tions. We begin with the positive integers. The operations 
of addition and multiplication upon these numbers are always 
possible; but if a and 6 are two positive integers, we cannot 
determine positive integers x and y, so that the equations 
a:==b+x and a = hy are satisfied, unless, in the first case, a is 
greater than 6, and, in the second case, a is a multiple of 6. 
To overcome this difficulty fractional and negative numbers are 
introduced, and the system of rational numbers placed at our 
disposal.* 

The system of rational numbers is ordered^ i.e. if we have two 
different numbers a and b of this system, one of them is greater 
than the other. Also, if a >6 and 6>c, then a>c, when a, b 
and c are numbers of the system. 

Further, if two different rational numbers a and b are given, 
we can always find another rational number greater than the 


*Tlie reader who wishes an extended, treatment of the system of rational 
numbers is referred to Stolz und Gmeiner, Theoretuche Arithmetik (Leipzig, 
1900-1902) and Pringsheim, Vorlesungen ilber Zahlen^ und Funktionenlehre 
(Leipzig, 1916). 
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one and less than the other. It follows from this that between 
any two di:fferent rational numbers there are an infinite number 
of rational numbers.* 

2. The introduction of fractional and negative rational num- 
bers may be justified from two points of view. The fractional 
numbers are necessary for the representation of the subdivision 
of a unit magnitude into several equal parts, and the negative 
numbers form a valuable instrument for the measurement of 
magnitudes which may be counted in opposite directions- This 
may be taken as the argument of the applied mathematician. 
On the other hand there is the argument of the pure mathe- 
matician, with whom the notion of number, positive and negative, 
integral and fractional, rests upon a foundation independent 
of measurable magnitude, and in whose eyes analysis is a 
scheme which deals with numbers only, and has no concern 
per se with measurable quantity. It is possible to found mathe- 
matical analysis upon the notion of positive integral number. 
Thereafter the successive definitions of the different kinds of num- 
ber, of equality and inequality among these numbers, and of the 
four fundamental operations, may be presented abstractly.f 

S.itoational Numbers. The extension of the idea of number 
from the rational to the irrational is as natural, if not as easy, as 
is that from the positive integers to the fractional and negative 
rational numbers. 

Let a and b be any two positive integers. The equation 
cannot be solved in terms of positive integers unless a is a perfect 
^th power. To make the solution possible in general the irrational 
numbers are introduced. But it will be seen below that the 


*When we say that a set of things has a finite number of members, we mean 
that there is a positive integer n, such that the total number of members of the 
set is less than n. 

When we say that it has an infinite number of members, we mean that it has 
not a finite number- In other words, however large n may be, there are more 
members of the set than n. 

A set is said to be countably infinite (or enumerable) when its members can be 
represented by a sequence Ug, ... . 

In this case there is a one -one correspondence between the members of the set 
and the set of positive integers 1, 2, 3, ... . 

tCf. Hobson, Proc. London Math. Soc. (1), 35 (1913), 126 ; also the same author’s 
Theory of Functions of a Real Variable, 1 (3rd. ed., 1927), 11. 
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system of irrational numbers is not confined to numbers wMcli 
arise as the roots of algebraical equations whose coefficients 
are integers. 

So much for the desirability of the extension from the abstract 
side. From the concrete the need for the extension is also evident. 
We have only to consider the measurement of any quantity to 
which the property of unlimited divisibility is assigned, e.g. a 
straight line L produced indefinitely. Take any segment of this 
line as unit of length, a definite point of the line as origin or 
zero point, and the directions of right and left for the positive 
and negative senses. To every rational number corresponds a 


Fig. 1. 

definite point on the line. If the number is an integer, the point 
is obtained by taking the required number of unit segments one 
after the other in the proper direction. If it is a fraction 
it is obtained by dividing the unit of length into q equal parts 
and taking p of these to the right or left according as the sign is 
positive or negative. These numbers are called the measures of 
the corresponding segments, and the segments are said to be 
commensurable with the unit of length. The points correspond- 
ing to rational numbers may be called rational points. 

There are, however, an infinite number of points on the line 
L which are not rational points. Although we may approach 
them as nearly as we please by choosing more and more 
rational points on the line, we can never quite reach them in 
this way. The simplest example is the case of the points coin- 
ciding with one end of the diagonal of a square, the sides of which 
are the unit of length, when the diagonal lies along the line L 
and its other end coincides with any rational point. 

Thus, without considering any other oase of incommensur- 
ability, we see that the line L is infinitely richer in points than 
the system of rational numbers in numbers. 

Hence it is clear that if we desire to follow arithmetically all 
the properties of the straight line, the rational numbers are 
insufficient, and it will be necessary to extend this system by the 
creation of other numbers. 
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4. RetTiTning to tiie point of view of the pure mathematician, 
we shall now describe Dedekind’s method of introducing the 
irrational number, in its most general form, into analysis. 

Let us suppose that by some method or other we have divided 
all the rational numbers into two classes, a lower class A and an 
upper class B, such that every number a of the lower class is less 
than every number p of the upper class. 

When this division has been made, if a number a belongs to 
the class A, every number less than a does so also; and if 
a number y? belongs to the class B, every number greater than p 
does so also. 

Three different cases can arise : 

(I) The lower class can have a greatest number and the ujp'per 

class no smallest number. 

This would occur, if, for example, we put- the number 5 and 
every number less than 6 in the lower class, and if we put in the 
upper class all the numbers greater than 5. 

(II) The u'p'per class can have a smallest number and the lower 

class no greatest number. 

This would occur if, for example, we put the number 5 and 
all the numbers greater than 5 in the upper class, while in the lower 
class we put all the numbers less than 5. 

It is impossible that the lower class can have a greatest 
number m, and the upper class a smallest number n, in the 
same division of the rational numbers; for between the rational 
numbers m and n there are rational numbers, so that our hypo- 
thesis that the two classes contain all the rational numbers is 
contradicted. 

But a third case can arise : 

(III) The lower class can have no greatest number and the upper 

class no smallest number. 

For example, let us arrange the positive integers and their 
squares in two rows, so that the squares are imderneatH the 
numbers to which they correspond. Since the square of a frac- 
tion in its lowest terms is a fraction whose numerator and 

♦Dedekind (1831—1916) published his theory in Stetigkeit und irrationale 
ZahXen (Braunschweig, 1872); English traxusilation in Dedekind’s Essays on Number 
(Chicago, 1901), 
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denominator are perfect squares,* we see that there are not rational 
numbers whose squares are 2, 3, 5, 6 , 7, 8, 10,11, , 

1 2 3 4 ... 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 ... . 

However there are rational numbers whose squares are as near 
these numbers as we please. For instance, the numbers 
2, 1-5, 1*42, 1*415, 1*4143, ... , 

1, 1*4, 1*41, 1*414, 1-4142, ... , 

form an upper and a lower set in which the squares of the terms 
in the lower are less than 2, and the squares of the terms in the 
upper are greater than 2. We can find a number in the upper 
set and a number in the lower set such that their squares differ 
from 2 by as little as we please.f 

Now form a lower class, as described above, containing all 
negative rational numbers, zero and all the positive rational 
numbers whose squares are less than 2; and an upper class 
containing all the positive rational numbers whose squares are 
greater than 2. Then every rational number belongs to one class 
or the other. Also every number in the lower class is less than 
every number in the upper. The lower class has no greatest 
number and the upper class has no smallest number. 

5. When by any means we have obtained a division of all the 
rational numbers into two classes of this kind, the lower class 
having no greatest number and the upper class no smallest 
number, we create a new number defined by this division. We 
call it an irrational number, and we say that it is greater than 
all the rational numbers of its lower class, and less than all the 
rational numbers of its upper class. 

Such divisions are usually called sections. % The irrational 
number J2 is defined by the section of the rational numbers 
described above. Similar sections would define the irrational 
numbers ^3, ^ys, etc. The system of irrational numbers is 
given by all the possible divisions of the rational numbers into a 
lower class A and an tipper class B, such that every rational 

*If a formal proof of this statement is needed, see Bedekind, loo- ciL, English 
translation, p. 14, or Hardy, Course of Pure MathemMics (6th ed., 1928), 6. 

fCf. Hardy, loc, cit., p, 8. 

J French, coupure; German, Schnitt, 
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number is in one class or tlie other, the numbers of the lower 
class being less than the numbers of the upper class, while the 
lower class has no greatest number, and the upper class no smallest 
number. 

In other words, every irrational number is defined by its sec- 
tion (A, B). It may be said to “correspond’’ to this section. 

The system of rational numbers and irrational numbers 
together make up the system of real numbers. 

The rational numbers themselves “correspond” to divisions of rational 
numbers. 

For instance, take the rational number m. In the lower class A put all 
the rational numbers less than m, and m itself. In the upper class B put all 
the rational numbers greater than m. Then m corresponds to this division 
of the rational numbers. 

Extending the meaning of the term section, as used above in the definition 
of the irrational number, to divisions in which the lower and upper classes 
have greatest or smallest numbers, we may say that the rational number m 
corresponds to a rational section (A, B),* and that the irrational numbers 
correspond to irratiorud sections. When the rational and irrational numbers 
are defined in this way, and together form the system of real numbers, the 
real number which corresponds to the rational number m (to save confusion 
it is sometimes called the rational-real number) is conceptually distinct from 
m. However, the relations of magnitude, and the fundamental operations 
for the real numbers, are defined in such a way that this rational-real number 
has no properties distinct from those of m, and it is usually denoted by the 
same symbol. 

6. Relations of Magnitude for Beal Numbers. We have extended our 
conception of number. We must now arrange the system of real numbers 
in order; i.e. we must say when two numbers are equal or unequal to, greater 
or less than, each other. 

In this place we need only deal with cases where at least one of the numbers 
is irrational. 

An irrational number is never eqyal to a rational number. They are always 
different or unequal. 

%Next, in § 6, we have seen that the irrational number given by the section 
(A, B) is said to be greater than the rational number m, when m is a member 
of the lower class A, and that the rational number m is said to be greater than 
the irrational number given by the section (A, B), when m is a member of the 
upper class B. 

*The rational number m could correspond to two sections: the one named in 
the text, and that in which the lower class A contains all the rational numbers 
less than m, and the upper class B, m and all the rational numbers greater than m. 
To save ambiguity, one of these sections only must be chosen. 
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Two irrational numbers are equals when they are both given by the same section. 
They are dijfere'nt or uneqvM, when they are given by different sections. 

The irrational number a given by the section (A, B) is greater than the 
irrational number a' "given by the section (A', B'), when the class A contains 
numbers of the class Ji'. Now the class A has no greatest number. But if 
a certain number of the class A belongs to the class B', all the numbers of A 
greater than this number. also belong to B''. The class A thus contains an 
infinite number of members of the class W, when a > a'. 

If a real number a is greater than another real number a\ then a' is less than a. 

It will be observed that the notation > , =, < is used in dealing with real 
numbers as in dealing with rational numbers. 

The real number is said to lie between the real numbers a and y, when 
one of them is greater than p and the other less. 

With those definitions the system of real numbers is ordered. If we have 
two different real numbers, one of them is greater than the other; and if we 
have three real numbers such that a> p and p > y, then a > y. 

These definitions can be simplified when the rational numbers themselves 
are given by sections, as explained at the end of § 5. 

7. Between any two different rational numbers there is an infinite number 
of rational numbers- A similar property holds for the system of real numbers, 
as will now be shown: 

(I) Between any two different real numbers a, a' there are an infinite number 

of rational numbers. 

If a and a' are rational, the property is known. 

If a is rational and a' irrational, let us assume a > a'. Let a' be given by 
the section (A', B'). Then the rational number a is a member of the upper 
class B', and B^ has no least number. Therefore an infinite number of 
members of the class B' are loss than a. It follows from the definitions 
of § 6 that there are an infinite number of rational xmmbers greater than a* 
and less than a. 

A similar proof applies to the case when the irrational number u' is greater 
than the rational number a. 

There remains the case when a and a' are both irrational. I.*et a be given 
by the section (A, B) and of by the section (A'', B'). Also let a > a'. 

Then the class A of a contains an infinite number of members of the class 
B' of a'; and these numbers are less than a and greater than a\ 

A similar proof applies to the case when a < a'. 

The result which has just been proved can be made more general : 

(II) Between any i%m different real nurnbers there are an infinite numher qf 

irraiionod numbers. 

Let a, of be the two given numbers, and suppose a < a\ 

Take any two rational numbers p and P\ such that a< p <: p^ ca*. If we 
can show that between p and p' there must be an irrational number, the 
theorem is established. 

Let i be an irrational number. If this does not lie between p and p\ by 
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adding to it a suitable rational number we can make it do so- For we can 
find two rational numbers m, w, such that mci cn and {n — m) is less than 

— )6?). The number ^ — m + i is irrational, and lies between ^ and 

8. Dedekiad’s Theorem. We shall now prove a very im- 
portant property of the system of real^ numbers, which will be 
used frequently in the pages which follow. 

If the system of real numbers is divided into two classes A and B, 
in such a way that 

(i) each class contains at least one number, 

(ii) every number belongs to one class or the other, 

(iii) every number in the lower class A is less than every number 

in the u'pper class B\ 
then there is a number a such that 

every number less than a belongs to the lower class A, and 
every number greater than a belongs to the upjper class B. 

The separating number a itself may belong to either class. 

Consider the rational numbers in A and B. 

These form two classes — e,g. A' and B' — such that every rational 
number is in one class or the other, and the numbers in the lower 
class A' are all less than the numbers in the upper class B'. 

As we have seen in § 4, three cases, and only three, can arise. 

(i) The lower class A' can have a greatest number m and the tipper 

class B' no smallest number. 

The rational number m is the number a of the theorem. For 
it is clear that every real number a less than m belongs to the 
class A, since m is a member of this class. Also every real number 
b, greater than m, belongs to the class B. This is evident if b is 
rational, since b then belongs to the class B', and B' is part of B. 
If b is irrational, we can take a rational number n between m and b. 
Then n belongs to B, and therefore b does so also. 

(ii) The upper class B' can have a smallest number m and the 

lower class A' no greatest number. 

It follows, as above, that the rational number m is the number 
a of our theorem. 

(iii) The lower class A' can have no greatest number and the upper 

class B' no smallest number. 

♦It will be observed that the system of rational numbers does not possess this 
property. 
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Let m be tbe irrational number defined by this section (A', B'). 
Every rational number less than m belongs to the class A, and 
every rational number greater than m belongs to the class B, 

We have yet to show that every irrational number less than m 
belongs to the class A, and every irrational number greater than 
m to the class B. 

But this follows at once from § 6. For if m' is an irrational 
number less than m, we know that there are rational numbers 
between m and m'. These belong to the class A, and therefore 
m' does so also. 

A similar argument applies to the case when m. 

In the fibove discussion the separating number a belongs to 
the lower class, and is rational, in case (i); it belongs to the upper 
class, and is again rational, in case (ii); it is irrational, and may 
belong to either class, in case (iii). 

9. The Linear Continuum. Dedekind’s Axiom. We return now 
to the straight line X of § 3, in which a definite point O has been 
taken as origin and a definite segment as the unit of length. 

We have seen how to effect a correspondence between the 
rational numbers and the “rational points” of this line. The 
“rational points” are the ends of segments obtained by marking 


Fig. 2. 

I off from O on the line lengths equal to multiples or sub-multiples 
of the unit segment, and the numbers are the measures of the 
corresponding segments. 

Let OA be a segment incommensurable with the unit segment. 
The point A divides the rational points of the line into two classes, 
such that all the points of the lower class are to the left of all the 
points of the upper class. The lower class has no last point, and 
the upper class no first point. 

We then say that A is an irrational point of the line, and that 
the measure of the segment OA is the irrational number defined 
by this section of the rational numbers. 

Thus to any point of the line L corresponds a real number, 
and to difierent points of the line correspond different real 
numbers. . 
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TXere remains the question — To every real number does there 
correspond a point of the line ? 

For all rational numbers we can answer the question in the 
affirmative. When we turn to the irrational numbers, the question 
amounts to this: If all the rational points of the line are divided 
into two classes, a lower and an upper, so that the lower class has no 
last point and the upper class no first point, is there one, and only 
one, point on the line which brings about this separation ? 

The existence of such a point on the line caimot be proved. 
The assumption that there is one, and only one, for every section 
of the rational points is nothing less than an axiom by means of 
which we assign its continuity to the line. 

This assumption is Dedekind’s Axiom of Continuity for the 
line. In adopting it we may now say that to every point P of 
the line corresponds a number, rational or irrational, the measure 
of the segment OP, and that to every real number corresponds a point 
P of the line, such that the measure of OP is that number. 

The correspondence between the points of the line L {the linear 
continuum) and the system of real numbers {fhe arithmetical con- 
tinuum) is now perfect. The points can be taken as the images 
3f the numbers, and the numbers as the signs of the points. In 
consequence of this perfect correspondence, we may, in future, use 
ffie terms number and point in this connection as identical. 

10. The Development of the System of Real Numbers. It is 

nstructive to see how the idea of the system of real numbers, 
IS we have described it, has grown.* The irrational numbers, 
>elonging as they do in modern arithmetical theory to the realm 
f arithmetic, arose from the geometrical problems which required 
heir aid. They appeared first as an expression for the ratios of 
icommensurable pairs of lines. In this sense the Fifth Book of 
Juclid, in which the general theory of Ratio is developed, and the 
Tenth Book, which deals with Incommensurable Magnitudes, may 
be taken as the starting point of the theory. But the irrationalities 
which Euclid examines are only definite cases of the ratios of 
incommensurable lines, such as may be obtained with the aid of 
ruler and compass; that is to say, they depend on square roots 

*Cf. Tringsheim, ‘Trrationzahlen. u. Konvergenz unendlioher Prozesse,” Enc. 
d. math. Wiss., Bd. I, Tl. I, p. 49 et seq. (Leipzig, 1898). 
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alone. The idea that the ratio of any two such incommensurable 
lines determined a definite (irrational) number did not occur to 
him, nor to any of the mathematicians of that age. 

Although there are traces in the writings of at least one of 
the mathematicians of the sixteenth century of the idea that 
every irrational number, just as much as every rational number, 
possesses a determinate and unique place in the ordered sequence 
of numbers, these irrational numbers were still considered to 
arise only from certain cases of evolution, a limitation which is 
partly due to the commanding position of Euclid’s methods in 
Geometry, and partly to the belief that the problem of finding 
the root of an integer, which lies between the powers of 
two consecutive integers, was the only problem whose solution 
could not be obtained in terms of rational numbers. 

The introduction of the methods of Coordinate Geometry by 
Descartes in 1637, and the discovery of the Infinitesimal Calculus 
by Leibnitz and Newton in 1684-7, made mathematicians regard 
this question in another light, since the applicability of number 
to spatial magnitude is a fundamental postulate of Coordinate 
Geometry. “The view now prevailed that number and quantity 
were the objects of mathematical investigation, and that the two 
were so similar as not to require careful separation. Thus 
number was applied to quantity without any hesitation, and, 
conversely, where existing numbers were found inadetjuate to 
measurement, new ones were created on the sole ground that 
every quantity must have a numerical measure^,”’** 

It was reserved for the mathematicians of the nineteenth 
century— notably Weierstrass, Cantor, lledokind and Heine - to 
establish the theory on a proper basis. Until their writings 
appeared, a number was looked upon as an expression for the 
result of the measurement of a line by axxother which was 
regarded as the unit of length. To every segment, or, with the 
natural modification, to every point, of a lixie (u>n*(\s ponded a 
definite number, which was either rational or irrational; and by 
the term irrational number was meant a number defined by an 
infinite set of arithmetical operations {e.g. infinite decimals or 
continued fractions). The justification for regarding such an 

*Cf. Etissell, Principles of MoAhemMics (1903), Cfe. XIX, 417. 
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unending sequence of rational numbers as a definite number was 
considered to be tbe fact that this system was obtained as tbe 
equivalent of a given segment by tbe aid of tbe same methods of > 
measurement as those which gave a definite rational number for 
other segments. However it does not in any way follow from ' 
this that, conversely, any arbitrarily given arithmetical represem 
tation of this kind can be regarded in the above sense as an 
irrational number; that is to say, that we can consider as evident 
the existence of a segment which would produce by suitable 
measurement the given arithmetical representation. Cantor* 
has the credit of first pointing out that the assumption that a 
definite segment must correspond to every such sequence is 
neither self-evident nor does it admit of proof, but involves an 
actual axiom of Geometry. Almost at the same time Dedekind 
showed that the axiom in question (or more exactly one which is 
equivalent to it) gave a meaning, which we can comprehend, 
to that property which, so far without any sufficient definition, 
had been spoken of as the continuity of the line. 

To make the theory of number independent of any geometrical 
axiom and to place it upon a basis entirely independent of 
measurable magnitude was the object of the arithmetical theories 
associated with the names of Weierstrass, Dedekind and Cantor. 
The theory of Dedekind has been followed in the previous pages. 
Those of Weierstrass and Cantor, which regard irrational 
numbers as the limits of convergent sequences, may be deduced 
from that of Dedekind. In all these theories irrational numbers 
appear as new numbers, to each of which a definite place in the 
domain of rational numbers is assigned, and with which we can 
operate according to definite rules. The ordinary operations of 
arithmetic for these numbers are defined in such a way as to be in 
agreement with the ordinary operations upon the rational numbers. 
They can be used for the representation of definite quantities, and 
to them can be ascribed definite quantities, according to the axiom 
of continuity to which we have already referred. 


Math. Annalm, 5 (1872), 127. 
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INFINITE SEQUENCES AND SERIES 

11. Infinite Aggregates. We are accustomed to speak of the 
positive integral numbers, the prime numbers, the integers whidh" 
are perfect squares, etc. These are all examples of infinite set®! 
of numbers or sets which have more than a finite number of terms> 
In mathematical language they are termed aggregates, and the 
theory of such infinite aggregates forms an important branch dt 
modern pure mathematics.* 

The terms of an aggregate are all different. Their number 
may be finite or infinite. In the latter case the aggregates are 
usually called infinite aggregates, but sometimes we shall refer to 
them simply as aggregates. After the discussion in the previous 
chapter, there will be no confusion if we speak of an aggregate 
of points on a line instead of an aggregate of numbers. The 
two notions are identical. We associate with each number the 
point of which it is the abscissa. It may happen that, however 
far we go along the line, there are points of the aggregate further 
on. In this case we say that it extends to infinity. An aggregate 
is said to be bounded on the right, or bounded above, when there is 

* Cantor may be taken as the founder of this theory, which the Germans call 
Mengenhhre. In a series of papers published from 1870 onward he showed its 
importance in the Theory of Functions of a Real Variable, and especially in 
the rfgorous discussion of the conditions for the development of an arbitrary 
function in trigonometric series. 

Reference may be made to the standard treatise on the subject by W. H. and 
Grace Chisholm Young, Theory of Sets of Points (1906), and to the earlier chapters 
of Hobson’s Theory of Functions of a Real Variable, Vol. I, already cited. 

The most recent book on the subject, from the advanced point of view, is 
Mengenlehre, by Hausdorff (2 Aufl., Berlin, 1927). 
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no point of it to the right of some fixed point. It is said to be 
hounded on the left, or bounded below, when there is no point of it to 
the left of some fixed point. The aggregate of rational numbers 
greater than zero is bounded on the left. The aggregate of 
rational numbers less than zero is bounded on the right. The 
aggregate of real positive numbers less than unity is bounded 
above and below; in such a case we simply say that it is bounded. 
The aggregate of integral numbers is unbounded. 

12. The Upper and Lower Bounds of an Aggregate. When 
an aggregate (.E')* is hounded on the right, there is a number M which 
possesses the following properties: 

no number of ( E) is greater than M; 

* however small the positive number e mag be, there is a number 
of (E) greater than M — e. 

We can arrange all the real numbers in two classes, A and B, 
relative to the aggregate. A number x will be put in the class A 
if one or more numbers of (E) are greater than x. It will be put 
in the class B if no number of {E) is greater than x. Since the 
aggregate is bounded on the right, there are members of both 
classes, and any number of the class A is smaller than any 
number of the class B. 

By Dedekind’s Theorem (§ 8) there is a number M separating 
the two classes, such that every number less than M belongs to 
the class A, and every number greater than M to the class B. We 
shall now show that this is the number M of our theorem. 

In the first place, there is no number of {E) greater than M, 
For suppose there is such a number M -\-h (A>0). Then the 
number il# 4*|A, which is also greater than M, would belong to 
the class A, and M would not separate the two classes A and B. 

In the second place, whatever the positive number e may be, the 
number M - belongs to the class A. It follows from the way 
in which the class A is defined that there is at least one number 
of (E) greater than M e, 

TMs number M is called the upper bound of the aggregaf.c*, {E), 
It may belong to the aggregate. This occurs when the aggregate 


•^This notation i» conTonient, the letter B being the first letter of the French 
term erusemble. 
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contains a finite number of terms. But wlien the aggregate 
contains an infinite number of terms, the upper bound need not 
belong to it. Eor example, consider the rational numbers whose 
squares are not greater than 2. This aggregate is bounded on 
the right, its upper boimd being the irrational number J2, which 
does not belong to the aggregate. On the other hand, the aggre- 
gate of real numbers whose squares are not greater than 2 is also 
bounded on the right, and has the same upper bound. But J2 
belongs to this aggregate. 

If the upper bound M of the aggregate {E) does not belong to 
it, there must be an infinite number of terms of the aggregate 
between M and M — e, however small the positive number e may 
be. If there were only a finite number of such terms, there would 
be no term of {E) between the greatest of them and M, which is 
contrary to our hypothesis. 

It can be shown in the same way that when an aggregate (E) 
is hounded on the left, there is a number m possessing the following 
properties: 

no number of {E) is smaller than m; 

however small the positive number e may be, there is a number 
of {E) less than m+e. 

The number m defined in this way is called the lower bound 
of the aggregate (E). As above, it may, or may not, belong to 
the aggregate when it has an infinite number of terms. But when 
the aggregate has only a finite number of terms it must belong 
to it. 

13. Limitiag Points of an Aggregate. Consider the aggregate 


There are an infinite number of points of this aggregate in any 
interval, however small, extending from the origin to the right. 
Such a point, round which an infinite number of points of an 
aggregate cluster, is called a limiting poinV^ of the aggregate. 
More definitely, a will be a limiting point of the aggregate {E) if, 
however small the positive number e may he, there is in {E) a point 
other than a whose distance from a is less than e. If there be one 


‘French, jpoin< limits.', German, HdufungspunM. 
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such point within the interval (a — e, a +6-),. there will be an infinite 
number, since, if there were only n of them, and a„ were the 
nearest to a, there would not be in (^) a point other than a whose 
distance from a was less than |a — a„|*. In that case a would not 
be a limiting point, contrary to our hypothesis. 

An aggregate may have more than one limiting point. The 
rational numbers between zero and unity form an aggregate with 
an infinite number of limiting points, since every point of the 
segment (0, 1) is a limiting point. It will be noticed that some of 
the limiting points of this aggregate belong to it, and some, namely 
the irrational points of the segment and its end-points, do not. 

In the example at the beginning of this section, 

11 1 
2 ’ 3 ’ *** ’ 

the lower bound, zero, is a limiting point, and does not belong to 
the aggregate. The upper bound, unity, belongs to the aggregate, 
and is not a limiting point. 

The set of real numbers from 0 to 1, inclusive, is an aggregate 
which is identical with its limiting points. 

14. Weierstrass’s Theorem. An infinite aggregate, hmmded above 
and below, ha^ at least one limiting point. 

Let the infinite aggregate {E) be bounded, and have M and m 
for its upper and lower bounds. 

We can arrange all the real numbers ixx two classes relative to 
the aggregate {E), A number x will be said to belong to the class A 
when an infinite number of terms of {E) are greater than x. It 
will be said to belong to the class (B) in the contrary case. 

Since m belongs to the class A and M to the class B, there are 
numbers of both classes. Also any number in the class A is less 
than any number in the class B. 

By Dedekind’s Theorem, there is a number /a separating the two 
classes. However small the positive number € may be, € 
belongs to the class A, and -be to the class B. Thus the interval 
contains an infinite number of terms of the aggr(‘gate. 

Hence is a limiting point. 

is usual to denote the difference between two real numbers a and b, taken 
positive, by |a -■ & ], and to call it the absolute vaXut or modulus of (a •“ 5). With this 
notation ^ |x| + l2^|, \xy\^\x\\y\. 
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As will be seen from the example of § IS, the bounds M and m 
may be limiting points. 

An infinite aggregate, when unbounded, need not have a limiting 
point; e,g. the set of integers, positive or negative. But if the 
aggregate has an infinite number of points in an interval of finite 
length, then it must have at least one limiting point- 


15. Convergent Sequences. We speak of an infinite sequence 
of numbers u^, u^, ... ... 

when some law is given according to which the general term 
may be written down. 

The sequence u^, u^, ... 

is said to he convergent and to have the limit A, when.^ hy indefinitely 
increasing n, the difference between A and becomes, and thereafter 
remains, as S7nall as we please. 

This property is so fundamental that it is well to put it more 
precisely, as follows: The sequence is said to he convergent and to 
have the limit A, when, any positive number e having been chosen, 
as small as we please, there is a positive integer v such that 
1 A — C e, provided that n^.v. 

For example, the sequence 


has the limit zero, since 1/n is less than e for all values of n greater 
than 1/e. 

The notation that is employed in this connection is 

lim u^ = A, 

n—vQO 

and we say that as n tends to infinity, has the limit A.*^ 

The letter e is usually employed to denote an arbitrarily small 
positive number, as in the above definition of convergence to a 
limit as n tends to infinity. Strictly speaking, the words as small 
as we please are unnecessary in the definition, but they are inserted 
as making clearer the property that is being defined. 

We shall very frequently have to employ the form of words 
which occurs in this definition, or words analogous to them, and 


♦The phrase “ tends to the limit A &b n tends to infinity” is also used. 
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tjbe beginner is advised to make himself familiar with them by 
formally testing whether the following sequences are convergent 
or not : 

(а) 1, 1, 2 ^-, - • ic) I, 1 + 2 , 1 +l H-jJa 

(б) 1, -i, I,.... {d) 1, -1, 1. -1,.... 

A sequence cannot converge to two distinct limits A and B. 
If this were possible, let \A~ B\, Then there are only a 

finite number of terms of the sequence outside the interval 
(A - e, A ‘i-e)y since the sequence converges to the value A. This 
contradicts the statement that the sequence has also the limit jB, 
for we would only have a finite number of terms in the interval 
of the same length with B as centre. 

The application of the test of convergtmcy contained in the 
definition involves the knowledge of the limit A. Thus it will 
frequently be impossible to use it. The required criterion for 
the convergence of a sequence, when we are not simply asked to 
test whether a given number is or is not the limit, is contained 
in the fundamental general principle of convergence: 

A necessary and sufficient condition for the existence of a limit 
to the sequence 

is that a positive integer v exists such that — becomes as 

small as we please when n for every positive integer p. 

More exactly: 

A necessary and sufficient condition for the existence of a limit 

to the sequence u^, u^, ... 

is that, if any positive number e has been chosen, as small as we 
please, there shall be a positive integer v such that 

\Un^p “ < €, when n p,for every positive integer p. 

We shall first of all show that the condition is necessaryi i.e. if 

♦This i« one of the most important theorems of analysis. In the words of 
Pringsheim, “Dieser Satas, mit seiner Ubertragimg anf beliebig^ (se.B. stetiga) 
Zahlenmangen — von du Bois^'Reymcmd als das ^oMffemeints Ck)nverge,nzjf>rinzip^ 
bezeiohnet (AUg. Funot.-Theorie, pp., 0, 260)-»-ist dar aigentlioho Fundame.ntaUatz 
der geaanUen AnaZysis xmd. sollte mit genttgender Betonung seines ftindamantalen 
Characters an der Spitam^ jedes rationellen Xiehrbuohes der Analysis stehen,*^ 
loo, cit., Mfno, d. mfiath, 60. 
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the sequence converges, this condition is satisfied; secondly that, 
>f this condition is satisfied, the sequence converges; in other 
words, the condition is sufficient. 

(i) The condition is necessary. 

Let the sequence converge to the limit A. 

Having chosen the arbitrary positive number e', then take Je. 

We know that there is a positive integer v such that 
1^ — when n^v. 

But ~ '^n) = - A) (A- U^). 

Therefore -A\+\A~Un\ 

C + Je, 

if n^Vy for every positive integer p, 
<€. 

(ii) The condition is sufficient. 

We must examine two cases; Jfirsti when the sequence contains 
an infinite number of terms equal to one another; second, when 
it does not. 

(а) Let there be an infinite number of terms equal to A. 

Then, if 

l^n+ 3 > ~ '^«| < when n^v, and p is any positive integer, 
we may take = A for some value of y), and we have 
\A — Un\<i €3 when n^v. 

Therefore the sequence converges, and has A for its limit. 

(б) Let there be only a finite number of terms equal to one 
another. 

Having chosen the arbitrary positive number e, then take Je. 

We know that there is a positive integer N such that 

\'^n+v ” '^^nl when n^N, for every positive integer p. 

It follows that we have 

\'u^ — U]st\<C^€, when n^N. 

Therefore all the terms of the sequence 

^JV+2j '^N+39 

lie within the interval whose end-points are — Je and -h^e. 

There must be an infinite number of distinct terms in t his 
sequence. Otherwise we would have an infini|tf5tf|^®1^S5??§ilS^ 
equal to one another. 
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Consider the infinite aggregate (B) formed by the distinct 
terms in ... . 


This aggregate is bounded and must have at least one 
limiting point A within, or at an end of, the above interval. 
(Cf. § 14.) 

There cannot be another limiting point A', for if there were 
we could choose e equal to ^\A - A' \ say, and the formula 


'^nl <e, when n V, for every positive integer p, 
shows that all the terms of the sequence 


7/,^, 7/>2y ^ 3 > *•• > 

except a finite number, would lie within an interval of length 
WA —A'\. This is impossible if A, A' are limiting points of the 
stggregate. 

Thus the aggregate (B) has one and only one limiting point A, 
We shall now show that the sequence 

^ 2 , **’ 

converges to A as n tends to oo . 

We have - .dt = (Wn - - A). 

Therefore \Uy^-A \ r-i | -ujsf] + 1 ~ ^ | 

< ie + Je, when n ‘^:N, 

< e, when n,,zN, 

Thus the sequence converges, and has A for its limit. 

We have therefore proved this theorem: 

A necessary and sufficient condition for the convergence of the 
sequence %, 

is thatj to the arbitrary positive number e, there shall correspond a 
positive integer v such that 

when n ^ for every positive integer p. 

It is easy to show that the above condition may be replaced by the 
following: 

In order that the sequence 

Uif Wji, “Mj, ... 

may converge^ it is necessary and sufficient that^ to the arbitrary positive number «, 
there shall correspond a positive integer n such thal. 

\u^j^p — I < € for every positive integer p. 

It is clear that if the sequence converges, this condition is satisfied by « =a v. 
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Further, if this condition is satisfied, and € is an arbitrary positive number, 
to the number 4^ there corresponds a positive integer n such that 
l^n -+33 ~'^n\ < every positive integer p. 

But Kn+j)" - ^ - U„\ 

< ^ € + ^€, when p', p" are any positive integers. 

Therefore the condition in the text is also satisfied, and the sequence con 
verges. 

16 . Divergent and Oscillatory Sequences.* When the sequence 

^3s *** [| 

does not converge, several different cases arise. 

(i) In the first place, the terms may have the property that 

if any positive number Ay however large, is chosen, there is a 
positive integer v such that * 

when n^v. 

In this case we say that the sequence is divergent, and that it 
diverges to 4- oo , and we write this 

lim = + oo . 

n— »-o& 

(ii) In the second place, the terms may have the property that 
if any negative number ^ is chosen, however large A may be, 
there is a positive integer v such that 

u„c—A, when n^v. 

In this case we say that the sequence is divergent, and that it 
diverges to ~ oo , and we write this 

lim Un= — oo . 

n — >00 

The terms of a sequence may all be very large in absolute value, 
when n is very large, yet the sequence may not diverge to +00 or 
to — 00 . A sufficient illustration of this is given by the sequence 
whose general term is ( — 1 )*^n. 

After some value of n the terms must all have the same sign, 
if the sequence is to diverge to + 00 or to — 00 , the sign being 
positive in the first alternative, and negative in the second. 

(iii) When the sequence does not converge, and does not diverge 
to +00 or to “ 00 , it is said to oscillate. 

♦In the first edition of this book, the term divergent was used as meaning 
merely not convergent. In this edition the term is applied only to the case of 
divergence to +00 or to — 00 , and sequences which oscillate infinitely are placed 
among the oscillatory sequences. 
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An oscillatory sequence is said to oscillate finitely, if there is 
a positive number A such that \Un\<. A, for all lvalues of n; and it 
is said to oscillate infinitely when there is no such number. 

For example, the sequence whose general term is ( — 1 )” oscillates 
finitely; the sequence whose general term is ( - l)"n oscillates 
infinitely. 

We may distinguish between convergent and <livergent se- 
quences by saying that a convergent sequence has a finite limit, 
i.e, limw„ = ^, where .4 is a definite number; a divergent sequence 

n — *“00 

has an infinite limit, i.e. lim = -f- oo or lim oo . 

n— Koo n— 

But it must be remembered that the symbol oo , and the terms 
infinite, infinity and tend to infinity, have purely conventional 
meanings. There is no number infinity; l^hrases in which the 
term is used have only a meaning for us when we have previously, 
by definition, attached a meaning to them. 

When we say that n tends to infinity, we are using a short and 
convenient phrase to express the fact that n assumes an endless 
series of values which eventually become and remain greater than 
any arbitrary (large) positive number. Bo far we have 8 U|)posed n, 
in this connection, to advance through integral values only. This 
restriction will be removed later. 

A similar remark applies to the phrases divergence to +00 or 
— 00 , and oscillating infinitely, as well as to our earlier use of 
the terms an infinite number, infinite sequence and infinite (iggre-* 
gates. In each case a definite meaning has been attachcnl to the 
term, and it is employed only with that meaning. 

It is true that much of our work might be siniplified by the 
introduction of new numbers -foo, *-00, and by assuming the 
existence of corresponding points upon the line which we have 
used as the domain of the numbers. But the creation of these 
numbers, and the introduction of these points, would be a matter 
for separate definition. 

17. 1. Monotonic Sequences. If the terms of the sequence 

•** 

satisfy either of the following relaMon^ 

... ... 

or , 

the sequence is said to be monotonic. 
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In tlie iirst case, the terms never decrease, and the sequence may- 
be called monotonic increasing; in the second case, the terms never 
increase, and the sequence may be galled monotonic decreasing 
Obviously, when we are concerned with the convergence or 
divergence of a sequence, the monotonic property, if such exist, 
need not enter till after a certain stage. 

The tests for convergence or divergence are extremely simple in 
the case of monotonic sequences. 

If the sequence 

is monotonic increasing^ and its terms are all less than some fixed 
number B, the sequence is convergent and has for its limit a number 
such that u^-^ p B for every positive integer n. 

Consider the aggregate formed by distinct terms of the sequence. 
It is bounded by u^^ on the left and by B on the right. Thus it 
must have an upper bound ^ (cf. § 12) equal to or less than 
and, however small the positive number e may be there will be a 
term of the sequence greater than fi ~ e. 

Let this term be Then all the terms after are to the 
right oi p — € and not to the right of If any of them coincide 
with from that stage on the terms must be equal. 

Thus we have shown that 

i/5 — when n^v, 

and therefore the sequence is convergent and has p for its limit. 
The following test may be proved in the same way : 

If the sequence u^, ■■■ 

is monotonic decreasing j and its terms are all greater than some fixed 
number A, then the sequence is convergent and has for its limit a 
number a such that u^^ A for every positive integer n. 

It is an immediate consequence of these theorems that a mono- 
tonic sequence either tends to a limit or diverges to -\-co or to — oo . 
17. 2. The Upper and Lower Limits of Indetermination of a Bounded Sequence. 

Let Wj, Wg, ^3, ... be a sequence, bounded above and below. 

Let M^he the upper bound of ... , 

and JUg be the upper bound of Wg, , 

and so on. 

*The words steadily increasing and steadily decreasing are sometimes employed 
in this connection, and when none of the terms of the sequence are equal, the 
words in the stricter sense are added. 
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Similarly let Wj, mg, m 3 , ... be the lower bounds of the corresponding 
sequences. 

Then Jlf, ij? . M^ Z-. ... —i 

Thus lim exists (§ 17. 1 .). 

n— »-oo 

Let this limit be A. 

To the arbitrary positive number e there corresponds a positive integer i\ 
such that 

A rrr < A + c, whcu n r. 

But is the ux>per bound of u^, ^ 

Therefore u„ -Z Mv, when n 1 .^ v. 

Thus tin<iA + €, when n ^ v. 

Also at least one of the set (say Uy) is greater than My - «, 

and thus greater than A - €. 

Take r' a positive integer > A. 

Then A M y' y . 

And at least one (say tz.y--) of the set Uy% Uy'^.-^y Uy'.i. 2 r •••is greater than A - c. 

In this way wo have the infinite set 

"Wa-, 'Ma‘"> ••• 

all greater than A - e. 

We have thus shown that tlioro is a number A associated with the bounded 
sequence aj, ... which has the following properties : 

If c is an arbitrary positive numbery < A -i- €, for all positive integers greater 
than a definite integer depending on «; and > A - c, for an infinite ntmiher of 
positive integers. 

Bimilarly for the lower bounds mg, m 3 , ... we see that lim exists. 

n ‘ »■» 

Denoting this limit by A, we have the <;orre 8 ponding result; > A <, for 

all values of n greater than a definite value, depending on e; ami < A 4 «, for 
an infin ite number of values of n. 

Th<j numbers A and A are called the upper and lower limits of inde termination 
of the sequmesy* and we write 

A S'- lim u^y A = lim Uy^. 

n-n-eo n-*4oo 

It is clear that A A- 

17. 3. Let Ui, u^y t^ 3 , ... , Vj, ^ 2 , V 3 , ... be sequetices of positive lermsy the first 
sequence being hounded abovSy and in the second linn being equal to unity. 

Then lim (Wn«^n) 

n-~*-oo n--4-oo 

It is clear that as Wj, are positive and* the seqmmce Wj, n^f ... is 

boxinded above, the sequence of ijositive terms Uj^v^y ... is bounded 

above, 

♦French : la plus grande Uniite and la jdus petite Umitep or Umites dHwletermi^m- 
tion. German; obere and U7itere Vnbestimmtheitsgre.nze. Other terms are used; 
e.g. obere (untere) Hdufungsgrenze ; of>eres {unteres) Limes; and Limes superior 
(inferior). 
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If possible, let lim /x=lim u^. 

n~->ao w— >00 

Take 2€=yu,' - /x, and let the upper bound of ... be K, 

Since lim v„ = l, there is a positive integer such that 

»— >oo 

K - 1| when j/j. 

Thus \u^v^ “ = l^n! kn - 1 1 < ^ ^ ^ ^^len n ^ v^. 

Therefore '“n^n < when n ^ 

But since lim = /x, there is a positive integer I'a, such that 

n-^30 

< yu. -f- when w ^ i/g. 

Therefore < /^ + €» when n ^ k, 

where i/ is the larger of the integers *' 2 - 

But since lim {u^v^) == /x', we know that > fi' — e, for an infinite number 

n — >00 

of values of n. 

Therefore /x"” cannot be greater than /x. 

Similarly it can be shown that fx' is nof less than fx. 

Hence fx' = fx and the theorem is proved. 

17. 4. (i) If the sequence ... converges, then lim lim ix„=lim 

n— >00 >00 n—^ab 

Since u^, u^, . . . converges, it must be a bounded sequence, and lim w„, 
lim both exist. n-x® 

n-.>ao 

We have to show that they are equal to lim u^. 

n— >oo 

Let lim u^ — l, lim u^ — A, and lim u^ — \, 

n“>oo n — >00 n->-co 

If possible, let A > Z, and take 2e — A~h 
Then there is a positive integer v, such that 

cl + €, when n ^ i'. 

But we are given that >- A — €, for an infinite number of values of n. 
These two inequalities cannot both be true. 

Thus A cannot be greater than 1. 

In a similar way we can show that k cannot be less than 1. 

But A = A. 

Therefore we must have A==A = ^. 

(ii) Conversely, if the upper and lower limits of indetermination of the bounded 
sequence u^, u^, Ug, ... are equal, then the sequence converges to their common 
value. 

We are given that 

iim tx„=:A== A=l^ u^. 

n—irXi n— >oo 

Thus, to the arbitrary positive number €, there correspond positive integers 
and Vg, such that < A-He, when I'l, 

> A ” €, when n ^ 
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Hence |w„ — A| < €, when v, 

where u is the larger of the two positive integers and 

Thus lim = Um = Uin u^. 

n— >-00 n-~-*’CO fi—^oo 

(iii) With this notation it is easy to establish the general principle of con- 
vergence (p. 38), namely that a necessary and sufficient condition for the exist- 
ence of a limit to the sequence u^y u^ ... is that, if any positive number e has 
been choseuy as small as we please, there shall he a positive integer v, such that 
\Un+j, - 'W^l < €, when n v and p is any positive integer. 

There is no difficulty in showing that this condition is necessary for the 
convergence of the sequence. (Cf. p. 39.) 

The difficulty in our former proof was to show that the condition was 
sufficient. 

But, it is clear that with this condition, the sequence Wa, ... is bounded. 


Its upper and lower limits of indetermination therefore exist. 

With the same notation as before, let A and A, be unequal. 

Take 2c = A — A. 

There is a positive integer v, such that 

<€, when p and p = l, 2, 3 (1) 

But < A -1- ^c, for an infinite number of values of n (2) 

And Uy^> A- 1€, for an infinite number of values of n (3) 


I^et p" be the first positive integers greater than p which satisfy (2) and 
(3) respectively. 

Then ~ e, contrary to (1). 

Therefore A and A are equal, and by (ii) lim exists. 

n>~H» 

18- Let A^y A^y A^y ... he an infinite set of closed intervals, each 
lying entirely within the preceding, or lying within it and having 
with it a common end-point*, also let the length of A tend to zero 
as n tends to infinity. Then there is one, and only one, point which 
belongs to all the intervals, either as an internal point of all, or, from 
and after a definite stage, as a common end-point of all. 

1 1 1 1 1 ( i 1 

<*i "a a. p b„, by, b, 

XflO. 3. 

Let the representative interval A^ be given by 
a-^ ^ a^ ^ a^ ^ 

Sb bjj qga! bj -•« 


Tben we bave 
and 
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Tkus tlie sequence of end-points 

( 1 ) 

lias a limit, say a, and for every positive integer n (§ 17. 1). 

Also the sequence of end-points 

^ 2 > ^3 ••• 5 (^) 

has a limit, say and P for every positive integer n (§ 17. 1). 


Now it is clear that, under the given conditions, y? cannot he 
less than a. 

Therefore, for every value of n. 

But lim (6„ — = 0. 

n— >QO 

It follows that a= J3.* 

Therefore this common Kmit of the sequences (1) and (2) satisfies 
the inequalities 

for ev^evy positive integer n, 
and thus belongs to all the intervals. 

Further, no other point {e,g. y) can satisfy a^^y^h^ for all 
values of n. 

Since we would have at the same time 

lim a^-^y and lim ^ y, 

n—i’oo n—*-oo 

which is impossible unless y = a. 

19. The Sum of an Infinite Series. 

JLst . ^ 3 > 

be an infinite sequence, and let the successive sums 

= -ht^2 ^3 

he formed. 

If the sequence S 2 , ^ 3 , 

is convergent and has the limit s, then s is called the sum of the infinite 
series u-^-\-U 2 +u^+ ... 

and this series is said to be convergent. 

’•'This result also follows at once from the fact that, if lim — a and lim 
then lim (a „ - = a—^. (Cf. § 26, Theorem I.) 
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It must te carefully noted that wkat we call tke sum of the 
infinite series is a limit, the limit of the sum of n terms of 

^1 ■+“'^2 ■+•... , 

as 'n tends to infinity. Thus we have no right to assume without 
proof that familiar properties of finite sums are necessarily true 
for sums such as s. 

When lim = 4- go or lim = - oo , we shall say that the 

n — >00 n — +-00 

infinite series is divergent, or diverges to -\-oo or - oo , as the case 
may be. 

If does not tend to a limit, or to + oo or to - oo , then it 
oscillates finitely or infinitely according to the definitions of these 
terms in § 3 6. In this case we shall say that the series oscillates 
finitely or infinitely * 

The conditions obtained in § 1 5 for the convergence of a sequence 
allow us to state the criteria for the convergence of the series m 
either of the following ways: 

(i) The series converges and has s for its sum, if, any positive 

number e having been chosen, as small as we please, there is a positive 
integer v such that when n v, 

(ii) A necessary and svjficient condition for the convergence of 
the series is that, if any positive number e has been chosen, as small 
as we please, there shall be a positive integer v such that 

kn-+jj “ '^nl when n \ ^ v, for every positive integer p,^ 

It is clear that, if the series converges, lim ?/„=:(). This is con- 

n -“>oo 

tained in the second criterion. It is a necessary condition for 
convergence, but it is not a sufficient condition; e.g, the series 

1 4 - 1 + 4 +.. . 

is divergent, though lim u^^O. 

»l™4-O0 

If we denote 

'^n 4'2 . * ■• + jp, or ^n+jp by 

the above necessary and sufficient condition for convergence of 
the series may be written 

when n v, for every positive integer p. 

^Cf. footaote, p. 41. 

fAs renoarked in § 15, this condition can b© replaced by: To the arbitrary 
positive number c there must correspond a positive integer n such that 
■»♦»!<« /or every positive irvteger p. 
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Again, if the series ••• 

converges and has s for its sum, the series 

'^n+l + ‘Wn+2 + ^n+3 + * * * 

converges and has s — s„ for its sum. 

For we have 

Also keeping n fixed, it is clear tkat 

lim 

p—^ao 

Therefore lim (^Rn) = s^Sn- 

Thus if we write jR„ for the sum of the series 

we have ^ 

The first criterion for convergence can now be .put in the form 
\Rn\<‘€, when n ^ V. 

is usually called the remainder of the series after n terms, 
and pi^n) or s^^^ — s^ a partial remainder. 

20. Series whose Terms are all Positive. 

Let -{-'^ 2 +'^ 3 + •** 

he a series whose terms are all positive. The s^im of n terms of this 
series either tends to a limit, or it diverges to 4- oo . 

Since the terms are all positive, the successive sums 

^1“ 

4-^2 4-^^3, 


form a monotonic increasing sequence, and the theorem stated 
above follows from § 17. 1. 

When a series whose terms are all positive is convergent, the series 
we obtain when we take the terms in any order we please is also 
convergent and has the same sum. 

This change of the order of the terms is to be such that there 
will be a one-one correspondence between the terms of the old 
series and the new. The term in any assigned place in the one 
series is to have a definite place in the other. 
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Let 

+« 2 > 

= +‘^2 4 -'?^ 3 , 

Then the aggregate (£7), which corresponds to the sequence 

is bounded and its upper bound <s is the sum, of the series. 

Let (U') be the corresponding aggregate for the series obtained 
by taking the terms in any order we please, on the understanding 
we have explained ab^ve. Every number in (U') is less than s. 
In addition, if A is any number less than s, there must be a nunmer 
of {U) greater than A, and a fortiori a number of (U') greater than 
A. The aggregate ( U') is thus bounded on the right, and its upper 
bound is s. The sum of the new series is therefore the same as the 

sum of the old. 

It follows that if the series 

whose tertns are all positive, diverges, the series we obtain by changing 
the order of the terms must also diverge- 

The following theorems may be proved at once by the use of 
the second condition for convergence (§ 19); 

If the series + ^2 +^^3 + • • • 

is convergent and all its terms are positive, the series we obtain from 
this, either 

(1) by keeping only a part of its terms, 
or (2) by replacing certain of its terms by others, either postUve 
or zero, which are respectively equal or inferior to them, 
or (3) by changing the signs of some of its terms, 

are also convergent. 

21. Absolute and Conditional Convergence, The trigono- 
metrical series, whose properties we shall investigate later, belong 
to the class of series whose convergence is duo to the presence of 
both positive and negative terms, in the sense that the series would 
diverge if all the terms were taken with the same sign. 

A series with positive and negative terms is said to be absolutely 
convergent, when the seHes in which all the terms are taken with the 
same sign converges. 
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In otlier words, tlie series 

4-^2 '^'^3 4 “ 

is absolutely convergent when the series of absolute values 

l“ll +l“2l +l«3l +••• 

is convergent. 

It is obvious tbat an absolutely convergent series is also con- 
vergent in the ordinary sense, since the absolute values of tbe 
partial remainders of tbe original series cannot be greater tban 
those of the second series. There are, however, convergent series 
which are not absolutely convergent: 

e.ff. 1 — J 4~4 ... is convergent. 

1 4- J 4- J ... is divergent. 

Series in which the convergence depends upon the presence of both 
positive and negative terms are said to he conditionally convergent. 

The reason for this name is that, as we shall now prove, an 
absolutely convergent series remains convergent, and has the same 
sum, even although we alter the order in which its terms are 
taken; while a conditionally convergent series may converge for one 
arrangement of the terms and diverge for another. Indeed we 
shall see that we can make a conditionally convergent series have 
any sum we please, or be greater than any number , we care to 
name, by changing the order of its terms. There is nothing very 
extraordinary in this statement. The rearrangement of the terms 
introduces a new function of n, say s\, instead of the old function 
as the sum of the first n terms. There is no a priori reason why 
this function s'^ should have a limit as n tends to infinity, or, if it 
has a limit, that this should be the same as the limit of 

22. Absolutely Convergent Series. The sum of an absolutely 
convergent series remains the same when the order of the terms is 
changed. 

Let (N) be the given absolutely convergent series; {S') the 
series composed of the positive terms of {S) in the order in which 
they appear; {S") the series composed of the absolute values of 
the negative terms of {S),. also in the order in which they appear. 

If the number of terms either in {S') or {S”) is limited, the 
theorem requires no proof, since we can change the order of the 

*Cf. Osgood, Introduction to Infinite Series (1897), 44. 
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terms in the finite sum, which includes the terms of (S) up to the 
last of the class which is limited in number, without altering its 
sum, and we have just seen that when the terms are of the same 
sign, as in those which follow, the alteration in the order in the 
convergent series does not affect its sum. 

Let a be the sum of the infinite series formed by the absolute 
values of the terms of (/S). 

Let be the sum of the first n terms of (S), 

In this sum let n' terms be positive and n" negative. 

Let Sn' be the sum of these n' terms. 

Let Sn-* be the sum of the absolute values of these n" terms, taking 
in each case these terms in the order in which they appear in (S). 

T^hen ~ ■“ 

Sn'<cr, 

Now, as n increases never diminish. Thus, as n increases 

without limit, the successive values of Sn', form two infinite 
monotonic sequences such as we have examined in § 17. 1, whose 
terms do not exceed the fixed number o*. These sequences, there- 
fore, tend to fixed limits, say, s' and s'\ 

Tlius lim («„) = «' -s". 

n»~+-oo 

Hence the sum of the absolutely com^ergent aeries {8) is equal to 
the difference between the sums of the two infinite series formed one 
with the positive terms in the order in which they appear, and the 
other with the absolute values of the negative terms, also in the order 
in which they appear in {8). 

Now any alteration in the order of the terms of {8) does not 
change the values of s' and s"\ since we have seen that in the case 
of a convergent series whose terms are all positive we do not alter 
the sum by rearranging the terms. It follows that {S) ren^ins 
convergent and has the same sum when the order of its terms is changed 
in any way we please, provided that a oae-ona correspondence exists 
between the terms of the old series and the new. 

We add some other results with regard to absolutely convergent 
series which admit of simple demonstration: 

Any series whose terms are either equal or inferior in absolute 
value to the corresponding terms of an absolutely convergent series is 
also absolutely convergent. 
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An absolutely convergent series remains absolutely convergent when 
we suppress a certain number of its terms. 

V 4-^2 + *•• J 

are two absohitely convergent series whose sums are U and 
series (u-^ +(^2 4-^2) 4-... 

and — Vj) 4- (^^2 ~ '^2) 4- . . . 

are also absolutely convergent and their sums are equal to 
respectively. 

23. Conditionally Convergent Series. The sum of a conditionally 
coyiver^ent series depends essentially on the order of its teryns. 

Let {S) be suck a series. The positive and negative terms 
must both be infinite in number, since otherwise the series would 
converge absolutely. 

Further, the series formed by the positive terms in the order 
in which they occur in (^), and the series formed in the same way 
by the negative terms, must both be divergent. 

Both could not converge, since in that case our series would be 
equal to the difference of two absolutely convergent series, some 
of whose terms might be zero, and therefore would be absolutely 
convergent (§22). Also {S) could not converge, if one of these 
series converged and the other diverged. 

We can therefore take sufficient terms from the positive terms 
to make their sum exceed any positive number we care to name. 
In the same way we can take sufficient terms from the negative 
terms to make the sum of their absolute values exceed any number 
we care to name. 

Let a be any positive number. 

First take positive numbers from {S) in the order in which they 
appear, stopping whenever the sum is greater than a. Then take 
negative terms from {S), in the order in which they appear, stopping 
whenever the combined sum is less than a. Then add on'.as many 
from the remaining positive terms as will make the sum exceed a, 
stopping when the sum first exceeds a; and then proceed to the 
negative terms; and so on. 

In this way we form a new series {S') composed of the same 
terms as {S), in which the sum of n terms is sometimes greater 
than a and sometimes lese than a. 


V, the 


U±V 
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Now the series (S) converges. Let its terms be u^, ••• • 

Then, with the usual notation, 

h^«l<€-, when n '^v. 

Let the points and (Fig. 4) correspond to the sums obtained 
in {S')^ as described above, when v groups of positive terms and 
V groups of negative terms have been taken, 

* 

1 1 ^ 

IKu ^ Bv 

Jb’ia. 4. 

Then it is clear that (a — A^) and (B^ — a) are each less than e, 
since each of these groups contains at least one term of (S), and 
(a — A u), {By-- a) are at most equal to the absolute value of the last 
term in each group. 

Let these 2v groups contain in all v' terms. 

The term in (S'), when n' v\ is less in absolute value than e. 
Thus, if we proceed from Ay, the sums s'n' lie within the interval 
(a - e, a 4-e), when n' 

In other words, -a\<€, when n' ^ v\ 

Therefore lim = a. 

A similar argument holds for the case of a negative number, 
the only difference being that now we begin with the ru^gative 
terms of the series. 

We have thus established the following theorem: 

If a conditionally convergent series is gixmn, we can so arrange 
the order of the terms as to make the sum of the new series converge 
to any value we care to name, 
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CHAPTER III 


FUNCTIONS OF A SINGLE VARIABLE 
LIMITS AND CONTINUITY 

24. The Idea of a Function. In Elementary Mathematics, when 
we speak of a function of x, we usually mean a real expression 
obtained by certain operations, e,g: x^, »Jx, logo:, sin-^a;. In 
some cases, from the nature of the operations, the range of the 
variable x is indicated. In the first of the above examples, the 
range is unlimited; in the second, x^O; in the third a;>0; and 
in the last \x\ ^ 1. 

In Higher Mathematics the term ‘‘function of x'' has a much 
more general meaning. Let a and b be any two real numbers^ where 
b>a. If to every value of x in the interval a ^x^b there corresfonis 
a {real) number y, then we say that y is a function of x in the interval 
{a, 6), and we write y=-f(x). 

Sometimes the end-points of the interval are excluded from the 
^domain of x, which is then given by a < a; <6. In this case the 
interval is said to be open at both ends; when both ends are 
included {i.e. a g r S 6) it is said to be closed. An interval may be 
open at one end and closed at the other {e.g. a<x ^ b). 

Unless otherwise stated, when we speak of an interval in the 
rest of this work, we shall refer to an interval closed at both ends. 
And when we say that x lies in the interval (a, 6), we mean that 
a^x^h, but when x is to lie between a and b, and not to coincide 
with either, we shall say that x lies in the open interval {a, b).* 

Consider the aggregate formed by the values of a function /(a?), 

*In Ch. II, when a point x lies between a and 6, and does not coincide with 
either, we have referred to it as within the interval (a, 6), This form of words is 
convenient, and not likely to give rise to confusion. 

65 
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given in an interval (a, b). If tMs aggregate is bounded (cf. § 11), 
we say tkat the function f{x) is bounded in tbe interval. Tbe 
numbers M and tbe upper and lower hounds of the aggregate 
(cf. § 12), are called the upper and lower hounds of the function in the 
interval. And a function can have an upper bound and no lower 
bound, and vice versa. 

The difference {M. — m) is called the oscillation of the function in 
the interval 

It should be noticed that a function may be determinate in an 
interval, and yet not bounded in the interval, 

E.g.let /(0) = 0, and /(rc) = ^ when cOO. 

Then f{x) has a definite value for every x in the interval 0 ^ a? ^ a, 
where a is any given positive number. But f{x) is not bounded in 
this interval, for we can make f(x) exceed any number we care to 
name, by letting x approach sufficiently near to zero. 

Further, a bounded function need not attain its upper and 
lower bounds; in other words, M and m need not be members of 
the aggregate formed by the values of f{x) in the interval. 

E.g. let /(0) = 0, and f(x)=^l—x when 0<a;^'l. 

This function, given in the interval (0, 1), attains its lower bound 
zero, but not its upper bound unity. 

25. lim f(x). In the previous chapter we have dealt with the 

a:— 

limit when n-~^<X) of a sequence u^, u^, ^^ 3 , .... In other words, 
we have been dealing with a function <j>{n), where w is a positive 
integer, and we have considered the limit of this function as n— >oo . 

We pass now to the function of the real variable x and the limit 
of /(a?) when x-^a. The idea is familiar enough. • The Differential 
Calculus rests upon it. But for our purpose we must put the 
matter on a precise arithmetical footing, and a definition of what 
exactly is meant by the limit of a function of a;, as x tends to a 
defi.nite value, must be given. 

fix) is said to have the limit b as x tends to a, when, any positive 
number e having been chosen, as small as we please, there is a positive 
number rj such that \ f(x) — 6| Ce, /or all values of x for which 

0<;|a? — a| ^ 


'•‘Hobson, Zoc. cit. 1 (3rd ed., 1927), 280, uses the ii&na Jluctuation. 
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In otker words |/{a;)~6| must be less tbau c for all points in 
the interval (a — rj, a + 7 ]) except the point a. 

When this condition is satisfied, we employ the notation 
lim f(x) = b, for the phrase the limit off{x), as x tends to a, is h, and 

we say that /(a:) converges to 6 as ic tends to a. 

One advantage of this notation, as opposed to lim/(a;)==6, is 

x~a 

that it brings out the fact that we say nothing about what happens 
when X is equal to a. In the definition it will be observed that a 
statement is made about the behaviour oi f{x) for all values of x 
such that Oc [a; — a| The first of these inequalities is inserted 

expressly to exclude x~a. 

Sometimes x tends to a from the right-hand only (i.e. x:>a), or 
from the left-hand only (i.e. xca). 

In these cases, instead of 0<:(a; — a| ^rj, we have 0<(ic — a) ^77 
(right-hand) and 0 c(a — x)^ 7 ^ (left-hand), in the definition. 

The notation adopted for these right-hand and left-hand limits 
is lim f(x) and lim f(x). 

The assertion that lim /(a?) = b thus includes 

x—^ 

lim f{x) = lim f(x) = b. 

a ;— > a +0 x—hz — 0 

It is convenient to use /(a -h 0) for lim f{x) when this limit exists, 

a;_^ 4-0 

and similarly /(a — 0) for lim f{x) when this limit exists. 

x—*-a—Q 

When /( a ?) has not a limit as x-^a, it may happen that it diverges 
to -f 00 , or to — 00 , in the sense in which these terms were used 
in § 16. Or, more precisely, it may happen that if any positive 
number A, however large, is chosen, there corresponds to it a positive 
number r] such that 

f{x)>A, when 0c|a?~a| ^77. 

In this case we say that lim /( a ?) = +00 , 

Again, it may happen that if any negative number — A is chosen, 
however large A may be, there corresponds to it a positive number rj 
such that f{^) c — A, when 0 <^\x — a\ ^77. 

In this case we say that lim /(a;) = — oo , 

The modifications when/(a^zl::0)= are obvious. 
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Wiien lim/(a;) does not exist, and when f{x) does not diverge 

x—^a 

to + oo , or to — oo , as x-^a, it is said to oscillate as x—>a. It 
oscillates finitely is bounded in' some neighbourhood of that 

point.* It oscillates infinitely if there is no neighbourhood of a in 
which f{x) is bounded. (Of. § 16.) 

The modifications to be made in these definitions when x-^a only 
from the right, or only from the left, are obvious. 


26. Some General Theorems on Limits. I. The Limit of a Sum. 

If \xmf{x) = a and lim g{x) = /?, then lim [/(a?) +g{x)'] = a + y9.f 

x—>a a;— >a x—*-a 

Let the positive number e be chosen, as small as we please. 
Then to Je there correspond the positive numbers rj^^, such that 
|/(a;) -a| <Jf, when 0< |a; - a| ^ 

|^(a;) - /9| < Je, when 0< |aj - a| ^ ^ 72 - 
Thus, if rj is not greater than or 
I /(») -a- P\^\ fix) - a| + \gix) - /3|, 

< Je + ^6, when 0<\x — a\^rj, 

< e, when 0 <z\x a\ Yj . 

Therefore lim [f{x) -i-gix)] = a 4 - /5. 

X — >-£l 

This result can be extended to the sum of any number of 
functions. The Limit of a Sum is equal to the Sum of the Limits. 

II. The Limit of a Product. If lim/(a?) = a and Yvcsxgix) — p, 

X —*-a x-^a 

then lim if(x)g{x)]=^ap. 

x~^a 


Let f(x) = a + y>(x) and g{x) = ^ + y}{x). 

Then lim <p{x) — 0 and lim y){x) = 0. 

x-*-a x—*~a 

Also f(x)g(x) = afi +fi<p(x) +a‘tp{x) ■i-<p{x)yj(x). 

Erom Theorem I our result follows if lim [^(2c)y>(a?)] = 0. 


*f(x) is said to satisfy a certain condition in the neighbourhood of x^a 
when there is a positive number h such that the condition is s«ktisfied when 
0<(a;-al ^4. 

Soxnetimse the neighbourhood is meant to include the point a:=a itself. In 
this case it is defined by \x~-a\ ^ h. 

tThe corresponding theorem for functions of the positive integer n, as w->«oo , 
is proved in the same way, and is useful in the argument of certain sections of 
the previous chapter. 
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Since (p{x) tends to zero as x-^a and y){x) tends to zero as 
a proof of tins miglit appear unnecessary. But if a formal proof 
is required, it could run as follows : 

Given the arbitrary position number e, we have, as in (I), 
\<p{x)\<: Je, when 0 <z\x ~ a\ 
l‘y?(a;)|< Je, when 0 <\x~a\ ^772- 
Thus, if Tj is not greater than rj^ or 77 2> 

|^(a;)y;(2c)i Ce, when 0 <:i\x — a\^r}. 

Therefore lim [<56(ic)^(a;)] = 0. 

a;— va 

This result can be extended to any number of functions. The 
Limit of a Product is equal to the Product of the Limits. 

III. The Limit of a Quotient. 

(i) If lim/(a;) = a ^ 0 , then lim 

ar-j-a x-*-a J \p^) ^ 

This follows easily on putting /(a?) = ^(a;) +a and examining the 
expression 1 1 

a <p{x) H-a’ 

(ii) If lim f{x) = a, and lim g{x) = 7? ^ 0, then lim [ = ■§• 

x-^a x-^a x-^x P 

This follows from (II) and (III (i)). 

This result can obviously be generalised as above. 

IV. The Limit of a Fimction of a Function, lim f[<7>(x)]. 

Let lim = 6 and lim. f{'w)==f{h). 

x—^a u—*-b 

Then limy[<^(cc)]=/‘[ lim <7^>(a;)]. 

x—*-a x—*<i 

We axe given that lim f{u) =/(6). 

u— »-& 

Therefore to the arbitrary positive number € there corresponds a positive 


number such that 

l/[<^)(a;)]-/(6)l <e, when \<}>{x) ~h\ (1) 

Also we are given that lim 

X—Hl 

Therefore to this positive number there corresponds a positive number 
V such that \<f>(x)~b\ Crj^, when 0<:\x-a\^7j (2) 


Combining (1) and (2), to the arbitrary positive number € there corresponds 
a positive number rj such that 

\f[ck(x)']-f{b)\ce,whexi0c\x-a\:^7]. 
lim fl<p{x)^ = f(b) =/ [lim <f>{x)}. 

X-^Ht X—*iX 


Thus 
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EXAMPLES. 

1. If n is a positive integer, lim a;”=0. 

x—^o 

2. If n is a negative integer, lim a;” = + qo ; and lim x‘^= —ao or + oo 

x-^~tO x—>-—0 

according as n is odd or even. 

[If n~0, then x^ — l and lim a:” = l.] 
x-->0 

3. lim (aoX^^ 4- a^x”^~^ 4- ... 4- a^_^x + a„) 
x-~^0 


4. lim 

ar-^O 


apa;”* 4- 
fepa;” 4- 


4-6n-i^ + &n / 


unless 6„ 


= 0 . 


5. lim x^==a'^, if n is any positive or negative integer. 
x—^a 

6. If P(x) = a^x^ 4- aj^x'^-^ 4- ... 4- a^_j^x + 

then lim P(x) = P{a). 


7. Let 
and 

Then 


P(x) = a^x'^ 4- 4- . . 

Q(x)==boX^ + h^x^-^ + .. 

lira a 

i “a «(») «(«)’ ** 


+ 6„_i» + 6„. 

0(a) ^ 0. 


8. If lim /(*) exists, it is the same as lim f{x + a). 

x-i-a x-*-Q 

9. Tf f (x) < g(x) for a - ^ < a; < a 4- A, 

and lim/(a;)=:a, lim g{x)=:^, 

x—xt x—^a 

then a '^. p. 

10. If lim J'(x)^0, then lim \f{x) \ =0, and conversely. 

(K— x—^a 

11. If lim /(a;) = 2*^0, then lim \f{x)\ = \l\. 

x—*-a x—*-a 

The converse does not hold. 


12. Let f{x) be defined as follows: 

f{x) ~x sin 1/a?, when x 0 

/(0)= 0 

Then lim /(a?) =/(a) for all values of a. 


27 . lmf(x). A precise definition of the meaning of the term 

“the limit of /(a:) when a: tends to +00 (or to - 00 )” is also needed. 

f(x) is said to have the limit h as x tends to +00, if, any positive 
number e haviny been chosen, as small as we please, there is a positive 
number X such that 

I f(x) - 6 | < €, when x^X. 
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Wlien this condition is satisfied, we write 

lim f(x) = b. 

X -V + QO 

A similar notation, lim f(x) = h, 

is used when f{x) has the limit 6 as a; tends to — oo , and the precise 
definition of thie term can be obtained by substituting '‘a negative 
number — A’’ and “a; ^ — A” in tlie corresponding places in the 
above. 

When it is clear that only positive values of x are in question, the notation 
lim f{x) is used instead of lim /(a;). 

a ;— *- 4-00 

From the definition of the limit of /(a;) as x tends to ±oo , it follows that 

lim f{x)—h 

a ;— >-+00 

carries with it lim 

And, conversely, if lim ff(x)—b, 

*--^+0 

then lim 

ic— >-+oo \a;/ 

Similarly we have lim f{x)~ lim /’(-V 

The modifications in the above definitions when 
(i) lim /(ir)=+oo or - oo , 

>- + O 0 

and (ii) lim /(a;)=+c» or — oc 

iC— — oo 

will be obvious, on referring to § 25. 

And oscillation, finite or infinite, as x tends to + oo or to — cjo , is treated 
as before. 

28. A necessary and sufl&cient condition for the existence of a 
limit to f(x) as X tends to a. The general principle of convergence.* 

A necessary and svfficient condition for the existence of a limit 
to f{x) as X tends to a is that, when any positive number e has been 
chosen, as small as we please, there shall be a positive number rj such 
that \f{x") —f(x')\ <Ce for all values of x' , x" for which 
0<|a;" — a| <;|£c' — «! ^rj. 

(i) The condition is necessary. 

Let lim/(a;) = 6. 

*See footnote, p. ^8. Another treatment of this question is given belo■v^ in 
. 2 and 29. 3. 
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Let e be a positive number, as small as we please. 

Tben to ie there corresponds a positive number rj such that 
l/(aj)- 61 < Je, when Oc\x - a\ 

Now let x'y x" be any two values of x satisfying 
0 <\x" - a\<c\x' - a\ ^T}, 

Then I fix") ---fix') 1 f(x") - 6| + 1 f{x') - b\ 

<; Je 4- Je 
< c. 

(ii) The condition is sufficient. 

Let €2? ^3? 

be a sequence of positive numbers such that 

^n+l<^n e„ = 0. 

n—>oo 

Let ?7i, J 72 , »?3. ••• 

be corresponding positive numbers such that 

1 /(»") -/(rr')l <^n, '«^Jien 0< joj" - al < |a:' -a\-=rtn \ ^ 

(«=1, 2, 3. ...)J ^ ’ 

Then, since €«+!< we can obviously assume that ^ Vn+x- 
Now take ei and the corresponding 
In the inequalities (1) put x' = a +r]j^ and x" = x. 

Then we have 

0<|/(a?)-/(a+^i)|<ei, when 0<|a? - a| < 

Therefore 

/(a4?7i)-€i</(a;)</(a+i7i) +ei, when 0< [a? - a| <^71. ...(2) 
In Fig. 5 f(x) lies within the interval A-^ oi length 2 ei, with 
centre at when 0<|aj — a| <?7i. 






FIG. 6. 




Now take eg and the corresponding remembering that 772^771. 
We have, as above, 

/(a+ 772 )~e 2 </(a;)</(a+t 72 )+<' 2 , when 0< |a;- a| <772. ...( 3 ) 
Since 772 ^ 77 1 , the interval for x in ( 3 ) cannot extend beyond 
the interval for a; in (2), and /(a +772) is in the open interval A^. 
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Tiierefore, in Fig. now lies witMn tke interval wiiiclr| 

lies entirely within A^, or lies within it and has with it a common 
end-point. An overlapping part of 

{j^(® +^2) ~ ■+-772) +€2} 

could be cut off, in virtue of (2). 


/(a+7)^-€^ f(a^r}^)fCa-^V^)f(£t+v^)+e^ 




In this way we obtain a series of intervals 

-^2> -^3j J 

''i 

each lying entirely within the preceding, or lying within it and i! 
having with it a common end-point; and, since the length of J 
A„^2€n, we have lim A^ = 0, for we are given that lim e„=0. 

n — »-oo n — »-oo 

If we denote the end-points of these intervals by Ug, Og, ... 
and y? 2 > > where fin>cLn, then we know from § 18 that 

lim a„= lim 

n-xjo n -^00 

Denote this common limit by a. 

We shall now show that a is the limit oif(x) as x~^a. 

We can choose e„ in the sequence e^, ... so that 2e„Ce, 

where e is any given positive number. 

Then we have, as above in (2) and (3), 

an</W<i5n, when 0 <|x-a|<? 7 „. 

But a„^ a ^Pn- 

Therefore | /(a?) - ot | < /?„ - a„ 

<2en 

< €, when 0<|x — a|<77„. 

It follows that lim/(ic) = a. 

x--*a 

As a matter of fact, we have not obtained 
|/(a:)-aj<€, when 

in the above, but when 0 <la; '-tJtj <'>7n» 

However, we need only take r) smaller than this and we obtain the 
inequalities used in o\xr definition of a limit. 

29. 1. In the previous section we have supposed that x tends to 
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a from both, sides. Tbe sligkt modification in the condition for 
convergence when it tends to a from one side only can easily be 
made. 

Similarly, a necessary and svjfficient condition for the existence 
of a limit to f{x) as x tends to -\-ao ^ is that, if the ^positive number e 
has been chosen, as small as we please, there shall be a positive 
number X such that 

1/(^0 “/(^O I '^hen x"':>x' ^X. 

In the case of lim fix'), we have, in the same way, the condition 

a:— — 00 

l/(®"0 when x'<ix'^ — X, 

The conditions for the existence of a limit to f(x) as x tends 
to +00 or to — oo can, of course, be deduced from those for the 
existence of a limit as x tends to +0 or .to — 0. 

Actually the argument given in the preceding section is simpler 
when we deal with +oo or — oo and the case when the variable 
tends to zero from the right or left can be deduced from these 

two, by substituting x = -; when it tends to a, we must substitute 

x = a -f- . 
u 


29. 2. The Upper and Lower Limits of Indetermination of the Bounded 
Function f(x), when x-^a. 

As in § 17. 2, there is some advantage to be obtained by using what are 
called the upper and lower limits of indetermination of the function at the point 
considered. They are defined in much the same way as in that section. 

Take a sequence ^ 

where »/i> >) 2 > *)3 ••• and lim >;„=0. 

n — *-00 

Let iUj be the upper bound oif{x), whenO <|a; -a| and its upper 

bound, when 0 <|a; ~a| and so bn. 

Similarly let ... be the corresponding lower bounds. 

Then ... and this monotonic sequence is bounded 

below. 

Therefore lim exists, and we denote it by A. 

*-oc 

It is clear that any other sequence rff, ... 
where ^h'>V 2 >Vz' and lim 7;,j'=0 

will give the same limit A. n— ►<» 


*Cf. Osgood, hehrbuch der FunJctionentheorie, 1 (4 Aufl., Leipzig, 1923), 33. 

The general principle of convergerice of § 15 can also be established in this way. 
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To the arbitrary positive number €, there corresponds a positive integer 
such that ^ < A + c, when 7 i ^ i-. 

Thus /(x) ^ Jfv < A + €, when 0<jx — 

Now take a positive number a < and let r}x = ot- 

Then 

And f(x} > Mx — e for at least one value Xx in 0 < |x - a j fr tjx- 

Therefore f(x) > A - € for at least one value Xx in 0 < \x~a\ ^ a. 

If we now take c \xx — a j and proceed in the same way, we see that 
f{x) > A — € for at least one value Xxr in 0 < [ x — a j ^ p. 

It is thus clear that when 0 < | x ~ a j ^ a, there are an infinite number of 
points at which /(x) > A — e. 

This number A is called the upper limit of indetermination of f(x), when 
x->-a, and we write A = lim f(x). 

X— 

If € is an arbitrary positive number^ there is a neighbourhood 0 <|x — a} ^ > 7 , 
such that for every point of this neighbourhood /(x) < A + e; and in every neigh- 
bourhood of a, however small, there is a point {other than a) at which /(x) > A — 

The lower limit of indetermination X of /(x), when x-^a, is obtained in a 
similar way, and we write X — lim f{x). 

x—^a 

If € is an arbitrary positive number, there is a neighbourhood 0< |x — aj ^ 77 , 
svbh that for every point of this neighbourhood /(x) > A -• c; and in every neigh- 
bourhood of a, however smaU, there is a point {other than a) at which f{x) < A + c. 

It is clear that lim /(x) ^ lim /(x). 

X— >a X — >0 

These definitions may also be extended to the case when we approach a from 
the right-hand or the left-hand. In this way we have lim f{x) and lim /(x), 

X— >-a-fO x~>a-fO 

which are conveniently written /(a H-0) and /(a — 0). Similarly for lim f{x) 

x->-o— 0 

and lim /(x), which are written f{a — 0) and /(»- 0 ). 

X— »-a —0 

29. 3. The following theorems are obtained at once (cf. § 17. 4). 

(i) If liuL f{x) exists, then lim /(x)=Hm /(x)=lim /(x). 

X— x—*u X— >a x— >a 

(ii) Conversely, if lim / (x) = lim /(x), then lim f{x) exists and is equal to their 

x~*a X— ^ X— 

common value* 

(iii) The general principle of convergence for lim f{x), when x->a: 

A necessary and sufficient condition for the existence of a limit to f{x) as x tends 
to a is that, when any positive number e has been chosen,- as small as we please, 
there shall be a positive number rj such that \f{x'') ~f{x') \ < e for all values of 
x\ x" for which 0 < ix"* — a] < jx"' — <xl ^ 77 . 

When the upper and lower limits of indetermination are used the proof that 
this is a sufficient condition for the convergence of /(x) as x-^a is much shorter 
and simpler than that given in § 28. See also § 17. 4 (iii). 
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29. 4. The Oscillation of a Bounded Function at a Point. In § 24 wo 

have defined the oscillation of a function in an interval. \\q now define the 
oscillaiion at a -point. 

Let a be a point in the interval in which f{x) is given, and x/ 2 . ... a 

sequence, where >;j^> 7 ;^ ... and lim , For any positive integer n let 

and be the upper and lower bounds of f{x) in the neighbourhood of 
x — n^ defined by point a itself now being a point of the 

neighbourhood. 

Then as in § 29. 2, we have 

3/2 3/3 . .. ^ 

m-^ T~. in^ '7/- 9»3 ... 3/j. 

Also lim 3/„ and lim exist and are independent of the particular sequence 

n--> r. >t— ^ r. 

^/ 2 > V 3 chosen. 

If these limits are 3/ and m respectively, then {M — m) is called the oscillation 
off(x) at the point a.* 

It is clear that the oscillation at a is the limit of the o.scillation of the function 
in the interval a — 7 ; a; — a + //, as ?/ -> 0. 

Also the oscillation at a is the difference between (i) the greater of f{ci) 

and lim/(ar) and (ii) the smaller of f{a) and lim f{x), 

■x—*a 

At a point where /(re) is continuous, the oscillation is zero, and at any other 
point it is different from zero. 

If the oscillation at it = a is k, then in every neighbourhood a — >/ ' f.' x ' " a -t- 
the oscillation off(x) is greater than or equal to k. 

30. Continuous Functions. The function f(x) is said to be 
continuous when x = if/(x) has a limit as x tends to .r^ from 
either side, and each of these limits is equal to/(.r 0 ). 

Thus /(a;) is continuous ivhen x = Xq, if, to the arbUrary positive 
number c, there corresponds a positive nuniber p such that 

l/(^) '-/(^o)|<‘”> wheyi 

When /(x) is defined in an interval (a, b), we shall say that it 
is continuous in the interval {a, b), if it is contimious for every value 
of X between a and b (a<Zxcb), and if f{a +0) exists and is equal 
^of{a), andf(b~0) exists and is equal tof(b). 

In such cases it is convenient to make a slight change in our 
definition of continuity at a point, and to say that /(x) is con- 
tinuous at the end-points a and h when these conditions are 
satisfied - 

It follows from the definition of continuity that the sum or 

*It may be noted that Hobson {loc. cit. i (.^rd ed., 1027), 300) uses the term salins. 
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product of any number of functions, wMcb are continuous at af 
point, is also continuous at that point. The same holds for the 
quotient of two functions, continuous at a point, unless the deno- 
minator vanishes at that point (cf. §26). A continuous function 
of a continuous function is also a continuous function (cf. §'26 

(IV)). 

The polynomial 

P{x) = -h . . . + 

is continuous for all values of x. 

The rational function 

R{x)=P{x)IQ(x) 

is continuous in any interval which does not include values of x 
making the polynomial Qix) zero. 

The functions sin x, cos x, tan a?, etc. and the corresponding 
functions sin“^a;, cos”kr, tan“^a;, ^ etc. are continuous except, in 
certain cases, at particular points. 

e® is continuous everywhere; log x is continuous for the interval 
a;>0. 

31. 1. Properties of Continuous Functions.* We shall now prove 
several important theorems on continuous functions, to which 
reference will frequently be made later. It will be seen that in 
these proofs we rely only on the definition of continuity and the 
results obtained in the previous pages. 

Theorem I. Let f(x) he continuous in the interval {a, 6)*]*, and 
let the 'positive number e he chosen, as small as we please. Then 
the interval {a, h) can always he hrohen up into a finite number of 
partial intervals, such that | /(a?') —f{x") | <: e, when x' and x" are any 
two points in% the same partial interval. 

Let us suppose that this is not true. Then let c = J(ad'6). 
At least one of the intervals (a, c), (c, h) must be such that it is 
impossible to break it up into a finite number of partial intervals 
which satisfy the condition named in the theorem. Denote by 
(«!, 6i) this new interval, which is half of {a, h). Operating on 

*This section follows closely the treatment given by Goursat, h>c. dt., 1 (4® ed., 
1923), § 8. 

fin these theorems the continuity of f{x) is supposed given in the closed 
interval (a ^ a; ^ 6), as explained in § 30. 

X in or at the ends of the partial interval. 
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(«!, 6 ^) in the same way as we Lave done with {a, h), and tLen 
proceeding as before, we obtain an infinite set of intervals such, 
as we have met in tbe theorem of § 18. The sequence of end- 
points a, ... converges, and the sequence of end-points 

6 , hj, 62 ) ^Iso converges, the limit of each being the same, say a. 
Also each of the intervals (a„, 6 „) has the property we have ascribed 
to the original interval (a, h). It is impossible to break it up into 
a finite number of partial intervals which satisfy the condition 
named in the theorem. 

Let us suppose that a does not coincide with a or h. Since the 
function /(sc) is continuous when x — a, we know that there is a 
positive number 77 such that | /(j») -/(a) | < Je when \x--a\^rj. 
Let us choose n so large that is less than rj. Then the 

interval 6„) is contained entirely within (a - 77 , a -I- 77 ), for we 
know that Therefore, if x' and a;" are any two points 

in the interval (a„, 6„), it follows from the above that 
I /(*')-/(«) I < ie and 1 /(a:") -/(a) | < ie. 

But \f(x') -Ax")mAx') -/(«)] +\f(x") 

Tlius we have 1 fix') —f(x") \ < e, 

and our hypothesis leads to a contradiction. 

There remains the possibility that a might coincide with either 
a or h. The slight modification required in the above argument 
is obvious. 

Hence the assumption that the theorem is untrue leads in every 
case to a contradiction, and its truth is established. 

CoBOLLARY I. Let a, a?!, ^ S' mode of subdivision 

of (a, b) into partial intervals satisfying the conditions of 
Theorem I, 

Then 

1/(0=) |s|/(a) l+|/(a=)-/(a)| 

C.\f{a) I -)- e, whenO<(x~a) ^(Xj^ — a), 

Therefore 

l/(^i)l<l/(a) 1 + 

In the same way 

1 f(x) 1 ^ 1 /(xi) 1 H- 1 f(x) -/(Xi) I 

< I fi^i) I + when 0 < (x ~ Xi) ^ (X 2 ~ a?i) 

<l/(^) I + 2e, when 0<(x~Xi) ^ (Xg — Xj^). 
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Therefore 

l/(*2)! <!/(«) I + 2e. % 

Proceeding in the same way for each successive partial interval 
we obtain from the interval 

l/WI<l/(a)l when 

Thus we see that in the whole interval {a, h) 

i/(^) I <!./(«) I 

It follows that a function which is continuous in a given interval 
is hounded in that interval. 

J Corollary II. Let us suppose the interval (a, 6) divided up 
into n partial intervals (< 2 , xf), x^, ... b), such that 

\f(x') —fix")\ c Je for any two points in the same partial interval. 
Let >7 be a positive number smaller than the least of the numbers 
{x-^ — a), (x^ — Xj), ... — Now take any two points a?' and 

x'" in the interval (a, b), such that \x' -- x"\ If these two 

points belong to the same partial interval, we have 

l/(a=') -/(»")] <if- 

On the other hand, if they do not belong to the same partial 
interval, they must lie in two consecutive partial intervals. In 
this case it is clear that \f{x') —f{x'')\ Cje + Je = e. 

Hence, the 'positive number e having been chosen^ as small as we 
please, there is a positive number rj such that | f{x') —f{x") | <C e, 
when x\ x" are any two values of x in the interval {a, b) for which 
\x' — x"\ ^rj. 

We started with the assumption that f{x) was continuous in 
{a, b). It follows from this assumption that if x is any point in 
this interval, and e any arbitrary positive number, then there is 
a positive number iq such that 

I f{^') ~f {^) I < when \x' -x\^Yj. 

To begin with, we have no justification for supposing^ that the 
same ri could do for all values of x in the interval. But the 
theorem proved in this corollary establishes that this is the case. 
This result is usually expressed by saying that/(ir) is uniformly 
continuous in the interval {a, b). 

We have thus shown that a function which is continuous in an 
interval is also uniformly continuous in the interval. 
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Theorem II. andf(b) are unequal aiid f{x) is continuous 

in the interval (a, b), as x passes from a to b,f(x) takes at least once 
every value between f {a) andf(b)> 

First, let us suppose that /(a) and f(b) have different signs, 
e.g. f(a)<:0 and/(6)>0. We shall show that for at least one 
value of X between a and 6, f(x) = 0. 

From the continuity of f{x), we see that it is negative in the 
neighbourhood of a and positive in the neighbourhood of 6. Con- 
sider the set of values of x between a and b which makes f{x) 
positive. Let A be the lower bound of this aggregate. Then 
a< A<:6. From the definition of the lower bound /(a?) is negative 

or zero in a^xck. But lim f{x) exists and is equal to /(A). 

0 

Therefore/( A) is also negative or zero. But /(A) cannot be negative. 
For if /( A) = — m, m being a positive number, then there is a 
positive number ri such that 

|/(cc)-/(A)|<m, when |a;-Al^^, 

since /(a?) is continuous when a?= A. The function /(a;) would then 
be negative for the values of x in (a, b) between A and X+rj, and A 
would not be the lower bound of the above aggregate. We must 
therefore have /( A) = 0. 

Now let N be any number between f{a) and /(6), which may 
be of the same or different signs. The continuous function 
<k{x) ~f{x) — N has opposite signs when x = a and x — b. By the 
case we have just discussed, </>{x) vanishes for at least one value 
of X between a and 6, i.e, in the open interval (a, b). 

Thus our theorem is established. 

Again, if f(x) is continuous in (a, 6), we know from Corollary I 
above that it is bounded in that interval. In the next theorem 
we show that it attains these bounds. 

Theorem III. If f{x) is continuous in the interval (a, 6), and 
Af, m are its upper and lower bounds, then f{x) takes the value M 
and the value m at least once in the interval 

We shall show first that/(a:) = Af at least once in the interval. 

Let c~\{a + b)] the ux)per bound of f{x) is equal to Af, for at 
least one of the intervals (a, c), (c, b). Beplacing (a, b) by this 
interval we bisect it, . and proceed as before. In this way, as in 
Theorem I, we obtain an infinite set of intervals (a, 6), {a^, b^), 
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{a 2, h^), ... tending to zero in the limit, each, lying entirely witMn 
tlie preceding, or lying witkin it and having with it a common end- 
point, the upper bound off(x) in each being M, 

Let X be the common limit of the sequences a, a^, ... and 
shall show that f{X)~M. 

For suppose f{X) = M — Jiy where A>0. Since /(a?) is continuous 
at X — X, there is a positive number .77 such that 

I /(^) -/( I < iK whs^.jx - X\ Tj. 

Thus f{x)cM — ^h, when \x- Xl ^Mnr]. 

Now take n so large that (6„ — will be less than 77. The 
interval (a„, 6„) will be contained wholly within (A — 77, A +77). 
The upper bound of f{x) in the interval (a„, would then be 
different from M, contrary to our hypothesis. 

Combining this theorem with the preceding we obtain the 
following additional result: 

Theorem IV. If f{x) is continuous in the interval (a, 6), and M, 
m are its upper and lower hounds, then it takes at least once in this 
interval the values M, m, and every value between M and m. 

Also, since the oscillation of a function in an interval was defined 
as the difference between its “upper and lower bounds (cf. § 24 ), 
and since the function attains its bounds at least once in the 
interval, we can state Theorem I afresh as follows: 

Iff{x) is continuous in the interval (a, 6), then we can divide (a, b) 
into a finite number of partial intervals 

{a, (^Ij ^2)? '*• (^n-l? 

in each of which the oscillation of f{x) is less than any given positive 
number.'^ 

And a similar change can be made in the statement of the 
property known as uniform continuity- 

31. 2. The Heine-Borel Theorem. Let an interval (a, h) and an infinite 
set A of intervals, all in {a, b), be given such that every point x of a^x~bis an 
interior point of at least one of the intervals of A. {The ends a and b being 
regarded as interior to an interval of the set, when a is the left-hand end of an 
interval, and b the right-hand end of another interval, ) 

Then a set consisting of a finite number of the intervals of A has the same 

♦The argument of Theorem I, adapted to this case, leads to the theorem : 7/ the 
oscillation at every point of a'~~x^b is less than a giv m number k, then the interval can 
he divided up into a finite number of partial intervals in each of which the oscillation 
is less than h. 
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property ; namely^ every point of the closed interval (a, b) is an interior point of 
at least one of the intervals of this finite set {with the same convention as to the 
ends a and 6). 

Let us suppose that this is not true. Then let c = ^(a 4 - 6). 

At least one of the closed intervals {a, c) and (c, 6) must be such that all its 
points are not interior points of at least one interval of a finite set of intervals 
of the set A. 

Denote by (%, 6i) this new interval, which is half of (a, b). 

Operating on (%, bf) as we have done on (a, 6), and then proceeding as 
before, we obtain an infinite set of closed intervals {a, b), (a^, 6^), {a^, b^) ... 
such that their ends a, a^^ a^y • • . form a bounded monotonic ascending sequence 
(or from and after some value of n are all identical), and their ends b, ^2 >••• 
form a bounded monotonic descending sequence (or from and after some value 
of n are all identical). 

Thus lim <x„ and lim exist, and they are equal, since b^ — a^^^ (6 — a). 

n — >00 ?i— -y-oo ^ 

Suppose that lim a^^a, different from a and 6. 

>O0 

Then a is an interior point of one of the intervals of A, say {a\ h'). And by 
faking n large enough, we can bring and inside {a\ b'). Then all the 
points of this interval (a„, 6„) are interior points of one of the intervals of A, 
contrary to our hypothesis. 

A similar argument applies to the case when a coincides with a or b. 

Thus our theorem is proved. 

Special cases of the Heine-Borel Theorem are the first theorem of § 31. 1 and 
the theorem stated in the footnote on p. 71. 

It can be at once extended to the case of a rectangular domain instead of 
the linear interval ; and is equally useful in dealing with the properties of 
functions of two variables (Cf. § 37). Indeed the proof is independent of the 
number of dimensions. And it finds a place also in the general theory of sets 
of points.* 

The title Heine-Borel Theorem is so generally used by English writers that 
it has been adopted in the text. But German and French mathematicians 
now refer to it as BoreFs Theorem, and there is no doubt that this is the better 
name. The theorem (for the case of a countably infinite set of intervals) was 
first enunciated and proved by Borel. [Thdse, Paris, 1894 ; Annales Sci, de 
VJ^cole Ncrmale (3), 12 (1895), 51 : Legons sur la thiorie des fonctions (Paris, 
1898).] Because of the similarity of BoreFs proof and that by means of which 
Heine f established the uniformity of the continuity of a function, given as 
continuous in a closed interval, it became customary to call it the Heine-Borel 
Theorem. But it may well be the case that the theorem is contained im- 
plicitly in similar demonstrations by authors previous to Heine. And, as 
Lebesgue remarks, the theorem is not one of those of which the demonstration 


* Cf. Hobson, loc. cit. 1 (3rd ed., 1927), § 73. 
t Journal fur Math,, 74 (1872), 188. 
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offers great difficulties.* The merit lay in perceiving it, enunciating it, an^ 
divining its interest, not' in demonstrating it. He refers to it always as t' 
Horel’s Theorem, and regards the other title as unsuitable. 5| 

32. Contmuity in an Infinite Interval. Some of the results of the last 1 
section can be extended to the case when fix) is continuous in x^a, where 

a is some definite positive number, and Um /(x) exists. 

a:— >oo 

Let u=ajx. When x^a, we have 0 1. 

With the values of 24 in Ocw^l, associate the values of /(x) at the corre- 
sponding points in 05 S a, and to 24=0 assign lim /(x). 

x— >00 

We thus obtain a fimction of 24 , which is continuous in the closed interval (0, 1). 

Therefore it is bounded in this interval, and attains its bounds M, m. Also 
it takes at least once every value between M and m, as u passes over the 
interval (0, 1). 

Thus we may say that /(a;) is bounded in the rangef given hy x^ a and the 
new ‘‘point” 35 = 00 , at which fix) is given the value lim fix). 

X~>-O0 

Also /(a;) takes at least once in this range its upper and lower bounds, and 
every value between these bounds. 

For example, the function ^ ^ is continuous in (0, 00 ). It does not 

attain its upper bound — ^unity — ^when 35 ^0, but it takes this value when 
a; = 00 , as defined above. 

33. Discontinuous Functions. When /(x) is defined for 
Xq and the neighhotixhood of x^ (e.g. 0<|£D ^ A), and 
/(a^o +0)=/(jrQ-0)=/(a5Q), then /(a;) is continuous at Xq. 

On the other hand, when f(x) is defined for the neighbourhood 
of Xq, and it may be also for Xq, while /(a?) is not continuous at 
Xq, it is natural to say that /(a;) is discontinuous at Xq, and to call Xq 
a point of discontinuity of /(aj). 

Points of discontinuity may he classifi.ed as follows: 

I*/(^o+^) exist and be equal. If their 

common value is difEerent irom.f{Xf^, or if f(x) is not defined for a^o, 
then we have a point of discontinuity there. 

Ex. fix) =ix- a5o) sin l/(a: ~ Xq), when a>§ia5o. 

Here/(a5o-|-0)=/(a;o -^0) =0, and if we give/*(a;)o any value other than zero, 
or if we leave/(a;Q) undefined, a;^ is a point of discontinuity oif{x). 


* In a review of W. H. and G. C. Young’s “ Theory of Sets of Points ” in the 
jBuU. des sciences math. (2) 31 (1907), 134. 

fit is convenient to speak of this range as the interval (a, 00 ), and to write 
/(oo ) for lim fix). 
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II. f{xQ + 0 ) aiid/(iCp - 0 ) may exist and be unequal. Tben Xq is a 
point of discontinuity oif(x), wliether/(a;o) is defined or not. 

Ex. 

Here f(Xo + 0)=0 and /(^o-0) = l. 

In both, these cases f{x) is said to have an ordinary or simple 
discontinuity at Xq. And tbe same term is applied wh.en the 
point x^ is an end-point of the interval in which /(rr) is given, and 
/(a^o+O), or/(£Co~0), exists and is different from /(a^o), H f{x) is 
defined for Xq, 

III. f{x) may have the limit +co , or — oo , as x^Xq on either 
side, and it may oscillate on one side or the other. Take in this 
section the cases in which there is no oscillation. These may be 
arranged as follows: 

(i) /(a^o +^) =/K - 0) = + oo (or - oo ). 

Ex. f{x) = ll(x-XQ)^, when 

(ii) /(a?o+0)= +QO (or - oo ) and /(xo-0)= ~ CO (or -f-oo). 

Ex. f{oc)-lI{x-XQ), when 

(iii) /(a;o-l-0)= +oo (or -co)'\ or f(xQ- 0 )= 4-oo (or - oo )) 
/(iCo — O) exists / " /(oJq 4-0) exists /' 

Ex. fix) -l/(x~ xf), when x > L 

f(x) ~x-Xq, when x 

In these cases we say that the point Xq is an infinity of /(cc), 
and the same term is used when Xq is an end-point of the interval 
in which /(a;) is given, and /(a^o 4 - 0 ), or/(a?o- 0 ), is 4-ao or - oo . 

It is usual to say that /(a?) becomes infinite at a point Xq of the 
kind given in (i), and that /(a^^) =4-00 (or - 00 ). But this must be 
regarded as simply a short way of expressing the fact that f{x) 
diverges to 4- 00 (or to — 00 ) as x->Xq. 

It will be noticed that tan x has an infinity at ^tt, but that 
tan Jtt is not defined. On the other hand, 

tan ( Jtt — 0 ) = 4 - 00 and tan (Jtt 4 - 0 ) = ~ 00 . 

IV. When /(a?) oscillates at on one side or the other, Xq is said 
to be a point of oscillatory discontinuity. The oscillation is finite 
when f(x) is bounded in some neighbourhood of x^, it is infinite 
when there is no neighbourhood of x^ in which J{x) is bounded 
(cf. § 25 ). 
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(i) /(a;)— sin 1/{x — Xq), when x^Xq. 

(ii) f(x) == 1 /(a; - Xq) sin 1 /{x - Xq), when x ^ Xq, 

In both, these examples Xq is a point of oscillatory discontinuity 
The first oscillates finitely at the second oscillates infinitely. 
The same remark would apply if the function had been given only 
for one side of Xq. 

The infinities defined in (III) and the points at which/(a;) oscillates 
infinitely are said to be points of infinite discontinuity, 

34. Monotonic Functions. The function f{x), given in the interval 
{a, h), is said to he monotonic in that interval if 

either (i) when a^x'cx" 

or (ii) f{x') 'i^f{x"), when a ^ x' <C.x" ^ h. 

In the first case, the function never decreases as x increases 
and it is said to be monotonic increasing', in the second case, it 
never increases as x increases, and it is said to be monotonic de- 
creasing.^ 

The monotonic character of the function may fail at the end- 
points of the interval, and in this case it is said to be monotonic 
in the open interval. 

The properties of monotonic functions are very similar to those 
of monotonic sequences, treated in § 17.1, and they may be estab- 
lished in precisely the same way: 

(i) If f(x) is monotonic increasing when x^X, and f{x) is less 

than some fixed number A %vhen x ^ X, then lim f{x) exists and is 
less than or equal to A. a;->+oo 

(ii) Iff(x) is monotonic increasing when x-^X, andf(x) is greater 

than some fixed number A when x^X, then lim fix) exists and is 
greater than or equal to A. x~^—co 

(iii) If fix) is monotonic increasing in an open interval (a, b), 
and fix) is greater than some fixed number A in that open interval, 
then f {a +0) exists and is greater than or equal to A. 

(iv) If fix) is monotonic increasing in an open interval (a, 6), 
and fix) is less than some fixed number A in that open interval, then 
fib — 0) exists and is less than or equal to A. 


’•‘The footnote, p. 43, also apj)lies here. 
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These results can be readily adapted to the case of monotonic 
decreasing functions, and it follows at once from (iii) and (iv) that 
if f{x) is bounded and monotonic in an open interval, it can only have 
ordinary discontinuities in that interval, or at its ends. 

It may be worth observing that if f{x) is monotonic in a closed 
interval, the same result follows, but that if we are only given that 
it is monotonic in an open interval, and not told that it is bounded, 
the function may have an infinity at either end. 

E.g. f{x) = llx is monotonic in the open interval (0, 1), but not 
bounded. 

At first one might be inclined to think that a function which 
is bounded and monotonic in an interval can have only a finite 
number of points of discontinuity in that interval. 

The following example shows that this is not the case; 

Let f{x) = 1, when J < a? ^ 1; 

let f{x) = J, when ^ < cc ^ 
and, in general, 

let fix) = 1, when 

{n being any positive integer). 

Also let /(0)==0. 

Then f(x) is monotonic in the interval (0, 1). 

This function has an infinite number of points of discontinuity, 

namely at x = ~^ (n being any positive integer). 

Obviously there can only be a finite number of points of dis- 
continuity at which the jump would be greater than or equal to h, 
where k is any fixed positive number, if the function is monotonic 
(and bounded) in an interval.* 


35. Inverse Functions. Let the function /(a:), defined in the interval (a, 6), 
be continuous and mono tonic in the stricter seTiset in (a, h). 

For example, let y=f(x) be continuous and continually increase from A 
to jB as x passes from a to 6. 


Then to every value of y in (A, B) there corresponds 
value of X in (a, 5). [§ 31. 1, Theorem II.] 


one and only one 


♦It follows that if there are an 
set of points is countably infinite. 
tCf. footnote, p. 75. 


infinite number of points rj discontinuity, this 
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This value of a; is a function of y — say 4 >{y ) — ^which is itself continually 
increasing in the interval {A, B). 

The function (j>{y) is called the inverse of the function f{x). I 

We shall now show that 4 ^{y) is a continuous function of y iox the interval in I 
which it is defined. 

Tor let y^ be any number between A and jB, and Xq the corresponding 
value of X. Also let e be an arbitrary positive number such that Xq — e and 
Xq + € lie in (a, b) (Fig. 7 ). 

Let yQ — 771 and + 772 be the corresponding values of y. 

Then, if the positive number 77 is less than the smaller of 77^ and 772, it is 
clear that ja; - aro | < €, when jy — y©! — >?• 


Therefore |</»(y) - (fxiy^) { < e, when \y - yd = V' 

Thus cf>{y) is continuous at yQ. 



A similar proof applies to the end-points A and B, and it is obvious that (i 
the same argument applies to a function which is monotonic in the stricter 
sense and decreasing. 

The fimctions sin“i^a;, cos~^a;, etc., thus arise as the inverses of the functions 
sin X and cos x, where 0 ^x^ ^-r, and so on. ; 

In the first place these appear as functions of y, namely sin~^, where 
0 ^ 2 /= 1 ? coa""V, where O^y^l, etc. The symbol y is then replaced by ’ 
the usual symbol x for the independent variable. 

In the same way log x appears as the inverse of the function e®. 

There is a simple rule for obtaining the graph of the inverse function 
when the graph of f{x) is known. is the image of f{x) in the line y=^x.,r. 

The proof of this may be left to the reader. 

The following theorem may be compared with that of § 26 (IV): 

Let f{u) be a continuous function^ rnonotonic in the stricter sense, and let 
lim fl<^{xy\=f(b). 
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Then Urn ^ists and is eqval to &. 
x-^a 

A strict proof of this result may be obtained, relying on the property proved 
above, that the inverse of the function / (u) is a continuous function. 

The theorem is almost intuitive, if we are permitted to use the graph of f(u). 
The reader is familiar with its application in finding certain limiting values, 
where logarithms are taken. In these cases it is shown that lim log u =log 
and it is inferred that lim ^ = 6.* 

36. l,t Let the bounded function fix), given in the interval (a, 6), be such 
that this interval can be divided up into a finite number of open partial 

intervals, in each of which 
f{x) is monotonic; or, in 
accordance with the more 
usual but less exact expres- 
sion, let the function have 
only a finite number of 
maxima and minima in the 
interval. 

Suppose that the points 
x^, x^, . . . Xn_^ divide this in- 
terval into the open intervals 
(<x, .^ 2 ), ... 6), 

in which /(x) is monotonic. 

-^1 "^2 *^3 ^ Then we know that /(a?) can 

only have ordinary discon- 
tinuities, which can occur at the points a, Xj^, x^, ... x„^i, 6, and also at any 
number of points within the partial intervals. (§ 34.) 

I. Let us take first the case where /’(a;) is continuous at a, x^, . . . x^^^, h, and 
alternately monotonic increasing and decreasing. To make matters clearer, 
we shall assume that there are only three of these points of section, namely 
a?!, x^,, x^, fix) being monotonic increasing in the first interval (a, ccj), decreasing 
in the second ix^, x^), and so on (Fig. 8). 

It is obvious that the intervals may in this case be regarded as closed, 
the monotonic character of fix) extending to the ends of each. 

Consider the functions Fix), Gix) given by the following scheme: 


Fix) 

Gix) 

/(^) 

0 

a :'C . X : iTj 

fi^i) 

fi^'i) -fi^) 


/(®l) +f(x) 

fi^l) ~fi^2) 

X 2 ^ X ^ Xq 

/(^l) ~fi^z) +/(^3) 

/(*i)-/(*2)+/(a;a) -/(:«) 

X^^X'z=Tzh 


*Cf. Hobson, PJane Trigonometry (7th cd-, 1928), p. 130. 

tPor an alternative treatment of tl(e subject matter of this section, soo § 36. 2. 
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It is clear that F{x) and 0{x) are monotonic increasing in the closed interval | 
(a, b), and that f{x) = F'{x) - ^r{x) in (a, h), 

If f\x) is decreasing in the first partial interval, we start with 


F{x) —f{a), G(x) —f{a) -f{x\ when 

and proceed as before, t.e. we begin with the second line of the above diagram, 
and substitute a for rCi, etc. 

Also, since the function f{x) is bounded in (a, &), by adding some number 
to both F{x) and <7(a:), we can make both these functions positive if, in the 
original discussion, one or both were negative. 

It is clear that the process outlined above applies equally well to n partial 
intervals. 

We have thus shown that when the hounded function f{x\ given in the interval 
{a, 6), is such that this interval can he divided up into a finite nurnher of partial 
intervals, f(x) being alternately monotonic increasing and monotonic decreasing 
in these intervals, and continuous at their ends, then we can express f{x) as the 
difference of two {hounded) functions, which are positive and nwnotonic increasing 
i 7 i the interval {a, h). 

II. There remains the case when some or all of the points a, x^, x^,^ ^ 

are points of discontinuity otf{x), and the proviso that the function is alter- 
nately monotonic increasing and decreasing is dropped. 

We can obtain from f{x) a new function 4>{x), with the same monotonic 
properties as f{x) in the open partial intervals {a, Xj), (a^^, x^), ••• ^)» 

continuous at their ends. 

The process is obvious from Fig. 9. We need only keep the first part of 
the curve fixed, move the second up or down till its end-point (.rj, ffx-^^ -l- 0)) 



coincides with (x^^, /(a^i - 0)), then proceed to the third curve and move it up 
or down to the new position of the second, and so on. 

If the values off(x) at a, x^, x^, ... h are not the same as 

/(a + 0), /(a:i + 0) or /(.ri-0), etc., 
we must treat these points separately. 
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In this waj', but arithmetically,* we obtain the function <^(x) defined as 
follows: 

In a (a;) —/(a;), supposing for clearness /’(«)=/(« + 0). 

At , (j){x)=f(x) + aj^. 

In Xi<x cx^, <j!>(a:)=/(a;) + 01 + 02 . 

At a^a , </)(a;)=/(a;) + Oi+a2+a3. 

And so on, 

Oi, 02 , Qg, ... being definite numbers depending onf{Xi ±0), /(x^), etc. 

We can now apply the theorem proved above to the function cj>{x) and 
write <f>(x)=^(x) — in (o, &), 

«l>(a:) and ^(a;) being positive and monotonic increasing in this interval. 

It follows that: 

In a Sr a; < Xi f{x) =^{x) - 

At Xi f(x) — <I>Cx) - ^{x) - Oi- 

In Xi<x<X 2 /(x) = 4>(x)~^(x)-0i-02. 

And so on. 

If any of the terms Oj, Oa, ... are negative we put them 'with <I>(x): the 
positive terms we leave with ''F(x). Thus finally we obtain, as before, that 
f(x):^jF(x)-G(x) in (a, 6), 

where F(x) and G{x) are positive and monotonic increasing in this interval. 
We have thus established the indportant theorem: 

If the hounded^ function f{x), given in the interval (a, 5), is sicch that this 
interval can he divided up into a finite number of open partial intervals, in each 
of which f{x) is monotonic, then we can express f{x) as the difference of two (bounded) 
functions, which are positive and monotonic increasing in the interval {a, h). 

Also it will be seen from the above discussion that the discontinuities of 
F{x) and 0{x), which can, of course, only be ordinary discontinuities, can 
occur only at the points -where f(x) is discontinuous. 

It should, perhaps, also be added that, while the monotonic properties 
ascribed to f{x) allow it to have only ordinary discontinuities, the number 
of points of discontinuity may be infinite (§ 34). 

36. 2. Functions of BoimdedVaxiation.t The functions discussed in § 36. 1 
are a special case of the class of functions known as functions of hounded varia- 
tion introduced into Analysis by Jordan,^ and used by him in the treatment 
of Fourier’s Series. The principal properties of such functions are obtained 
in this section, which may replace § 36. 1. 


♦It will be noticed that in the proof the curves and diagrams are used simplv 
as illustrations. 

fThere is a very complete treatment of functions of bounded variation (fonctions 
k variation bomee) in lebesgue’s Legons sur V Integration, (2« 6d., Paris, 1928) 
Ch. IV. See also de la Vallee Poussin’s Oours d^A-nalyse 2 (4® 6d., 1922), Ch II^ 

tCf. Jordan, Cours d* Analyse, 1 (2® 6d., Paris, 1893), 54. 
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Definition. Let f{x) he hounded in (a, h) and let a = XQ, x^, ... a;„ = 6, 

he a mode of division of this interval. Let y^, ... 2/n-i» Vn values of f{x) 

at these pouits. 

Then i^*(2/r+i “ Vr) =/(&) -f{a) ~ n, 

where p is the sum of the positive differences, and - n the sum. of the negative 
differences. 

n~J 

The sum Si2/r+i —vA denoted hy t, and we have 
0 

n,-l 

« = S|2/r-M-yr|=i?+^. 

0 

To every mode of division of {a, &) into such partial intervals, there correspond 
sums t, p and n. 

When the sums t, corresponding to all possible modes of division of {a, h), are 
hounded and their upper hound is T, we say that T is the total variation of f{x) 
in {a, h), and thatf{x) is q/* bounded variation in this interval. 

Since 2p — t 4-/(6) — f{a), 

and 2?2.=^ -/(6) 4-/(a), 

it is clear that, if f{x) is of bounded variation, the sums p and n are also 
bounded. 

If their upper bounds are P and N, we have 
2P = P4-/(6) -/(a), 
and 2iV = P -/(6) 4-/(a), 

P and — N are sometimes called the positive variation and the negative varia- 
tion in the given interval. 

Again it is clear that a bounded monotonic function is of bounded variation. 
And that, iif{x) is of bounded variation in (a, h), it is also of bounded variation 
in (a, where a “ a < ~ 6. Further f{x) does not cease to be of bounded 

variation, if its value is altered at a finite number of points. 

These facts follow at once from the definition just given, and we proceed 
now to establish further properties of such functions. 

I. Iff{x) is of hounded variation in {a, c) and (c, h), where a cc <.h, it is of 
hounded variation in (a, 6). 

Take any mode of division of (a, h), say, a^x^, x.^, x^, ... x^ = h. 

If one of these points coincides with c, then its sum t satisfies 1 — 1^^ + 1^, 
where and ^^re the sums for this mode of division of (a, c) and (c, h) respec- 
tively. 

If c lies between two points Xr and since 

l*/r+i -2/rl ^ i2/r+i -/(c)t 4- |/(c) -vAk 
it is clear that i ^ + 1^^ with the same notation as before. 

But if T^ and P 2 total variations in (a, c) and (c, h) respectively, 

^ Tx and t^ ~ Tf: 

Therefore ~ Pi 4- T^. 

Thus we have shown that f{x) is of bounded variation in (a, 6). 
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II. Let c be^ a point hetiveen a, h and f{x) he of hounded variation in (a, i>), 
and being its total variatio'ns in (a, h), {a, c) and (c, h). 

Then, T = T^ + T^. 

We have seen that if f{x) is of bounded variation in (a, 6), it is also of bounded 
variation in {a, c) and (c, Z>), and the concluding line of the argument of 
Theorem I shows that 

+ (i) 

Now take the usual arbitrary positive number €. 

There is a mode of division of {a, c) and also of (c, h), for which the sums 

and ^2 satisfy 

Thus + Tg - € < + ^ 2 - 

But these modes of division of (a, c) and (c, h) form a mode of division of 
(a, h). 

Therefore t\ + ^ 

Thus + (ii) 

It follows from the inequalities (i) and (ii) that 

III. If f{x) is bounded in (a, 6), and this interval can he broken up into a 
finite number of partial intervals {open or closed) in which the f unction is mono- 
ionic^ thenf{x) is of hounded variation in (a, b). 

This follows from Theorem I, since in all these intervals /(a;) is of bounded 
variation.* 


*It might be thought that a function with an infinite number of turning points 
in a finite interval could not be of 'bounded variation in that interval. But the 
following example shows that this is not the case. 

Let /(a;) =«* sin when a; > 0, and /(O) =0. 


It is easy to show that there is one turning point and only one in 

(((n+l)7r)^’ (n7r)^y 

where n is any positive integer. 

If the interval extends to the origin, the number of turning points is infinite. 
But the absolute value of the maximum or minimum in the interval 

j,» — than — . 

((h.4-l)ir)'f (n-n-)V 

It follows that the total variation in any interval, (0, a), where a > 0, is less than 




On the other hand the functions 


/(a:) = smiwhen a!>o| /(a:)=a: sin i when .^ > 0 1 

/( 0)=0 } /( 0 ) = 0 * / 

are not of bounded variation in such an interval. 
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IV. If f{x) is ofhouTided variation in (a, 6), it is the di^eren^ of two positive, 
monolonic increasing functionsi and the difference of two hounded monotonic 
increasing functions is a function of hounds variation, 

(i) Ilrst, let -P(a;) and — Nix') be the positive and negative variations for the 
interval {a, x), where a< a? < 6. 

Then, by the definition of P and N, we have 

f{^)~f{o)^P{x)-N{x). 

Also P{x) and N{x) are positive and monotonic increasing functions of x. 
Thus f{x) ^iP{x) +f(a) 4- l/(a){] - IJSr(x) + m^)\l 

which establishes the first part of the theorem. 

(ii) Next let f(x) = F{x) — O {x), 

where F{x) and G{x) are bounded, monotonic increasing functions in {a, h). 
Take any mode of division of the interval 

a=XQ, Xj^, x^, ... x^^^, Xn=h. 

Then f(Xr^i) -f(Xr) ->(^r)3 - LG(Xr+^) - G(Xr}l 

and 2 f f(^r+i) ^fi^r) 1 2 [P (^r+i) P(^r)] + 2 [^(^r+i) ~ ^(^r)] 

0 0 0 

^ [P(6) - P(a)] +. iG{b) - G{a)-], 

Therefore /(a;) is of bounded variation in (a, h). 

V. If fx{x) and f^i^) two functions of hounded variation, so are f^ix) db f^ix) 

and f^(x) f^(x). 

Also, iff{x) is of hounded variation, and j f{x) ] <; some definite positive numher 
in the interval, then lff(x) is of hounded variation. 


(i) Let /i(a:) = Pi(x) - O^ix) and f^ix) = Ffix) - G^{x), 

where Pi(a:), Ffx), Qfjx) and Gf^x) are positive monotonic increasing 
functions. 

Then A(a:) +Ux)=^iF^{x) +F^{x)-] - {Gf,x) +G^{x)\ 

and the sum of the given functions is of bounded variation by Theorem IV. 

Similarly for the difference and product. 


(ii) With the usual notation. 


^\ yr+l-yr 1 I _ I 

yr+1 yr \yr+x\\yr ^ 


if 

Thus the sum t for llf{x) is less than Tfp^, where T is the total variation 
of / (x) in the interval. 


VI. A function of hounded variation has only ordinary discontinuities. 

This follows at once from Theorem IV, for the discontinuities of f{x) must 
also be discontinuities of F{x) and G{x), and these are ordinary discontinuities. 
(§ 34.) 
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If the discontinuities of f{x) are infinite in number, they are countably 
infinite. 

For, if we have a sequence • •• when 

7 /i> 772>773 ... and lim^„=0, 

•n— >-oo 

we know that there is only a finite number of points at which 
F(x-i~ 0 )~F(iv- 0 )\>Vn^ 
where n is any positive integer. 

YU. Iff{x) is of hounded variation in {a, h) and continuous at a point c that 
interval, then T{x), P{x) and N{x) are also continuous at c. 

Take the arbitrary positive number c- There is a mode of division of (a, c), 
say a, x^, x^, ... Xn~i» c, such that the sum t for it satisfies 

T{c)-l€Ct^T{c), 

Also there is a neighbourhood of c such that 

\fix) -*/(c) I < ^€, when 0 < c - a; ^77. 

It is clear that we can take within this neighbourhood, for if it were 

outside it, by adding a point of section within it, we do not diminish the sum t. 

Also < = E I Vr+x -yT\+\ fip) -fi^n-i) I 

^T{c- 0 )-h^€, 

since T(x) is a monotonic increasing function. 

Thus T(c) - ic < T(c - 0 ) + Je, 

and Tic) c Tic - 0) + e. 

It follows that Tic) ^ T(c — 0 ). 

But, since Tix) is monotonic increasing, T(c) <i: Tic — 0 ). 

Therefore we must have Tic) = Tic — 0 ). 

Taking a neighbourhood to the right of a, we find in the same way that 
Tic) ^ Tic + 0 ). 

Thus Tix) is continuous at a;— c, and the same holds for Pix) and Nix). 

37. Functions of Several Variables. So far we bave dealt only 
with functions of a single variable. If to every value of x in the 
interval a^x^h there corresponds a number y, then we have said 
that y is a function of x in the interval {a, b), and we have written 
y=f(x). 

The extension to functions of two variables is immediate : 

To every pair of values of x and y, such that 
a^^x^a\ h^y^h\ 

let there correspond a number z. Then z is said to be a function of 
X and y in this domain, and we write z—f{x, y). 
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If we consider x and y as the coordinates of a point in a plaii^ 
to every pair of values of x and y there corresponds a point in the 
plane, and the region defined by a^x^a\ b-^y^b' will -be < 
a rectangle. I 

In the case of the single variable, it is necessary to distinguish 
between the open interval (a<.x<cb) and the closed interval 
(a ^x^b). So, in the case of two dimensions, it is well to 
distinguish between open and closed domains. In the former the 
boundary of the region is not included in the domain; in the latter 
it is included. 

In the above defi.nition we have taken a rectangle for the domain 
of the variables. A function of two variables may be defined in 
the same way for a domain of which the boundary is a curve O: 
or again, the domain may have a curve C for its external boundary, 
and other curves, C", C" , etc., for its internal boundary. 

A function of three variables, or any number of variables, will 
be defined as above. For three variables, we can still draw upon 
the language of geometry, and refer to the domain as contained 
within a surface S, etc. 

We shall now refer briefly to some properties of functions of 
two variables. 

A function is said to be bounded in the domain in which it is 
defined, if the set oi values of z, for all the points of this domain, 
forms a bounded aggregate. The upper and lower bounds, M and 
m, and the oscillation, are defined as in § 24. 

f{x, y) is said to have the limit I as (x, y) tends to (Xq, y^, when, 
any positive number e having been chosen, as small as we please^ 
there is a positive number rj such that | f{x, y ) “ 2 1 < e for all values 
of {x, y) for which 

\x-XQ\^rj, \y-yo\^v ^ 

In other words, \f{x, y) — l\ must be less than e for all points in 
the square, centre at {Xq, y^, whose sides are parallel to the co- 
ordinate axes and of length 2rj, the centre itself being excluded 
from the domain. 

A necessary and sufficient condition for the existence of a limit 
to fix, y) as {x, y) tends to (Xq, y^ is that, to the arbitrary positive 
number e, there shall correspond a positive number rj such that 
\f{x\y!)—fix",y")\<C€, where {x',y') and (x",y") are any two 
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points other than {Xq, y^) in the squarCy centre at {xq, t/o)* '^hose sides 
are parallel to the coordinate axes and of length 27 j. 

Tte proof of tiis tlieoreiii can be obtained in exactly tbe same 
way as in tbe one-dimensional case, squares taking tbe place of tbe 
intervals in tbe preceding proof. 

A function /(a?, y) is said to be continuous wben x = Xq and 
y = yoy if/(tc, y) bas tbe limit /(a^o, y©) (x, y) tends to (xq, ^o)- 

Tbus, /(a5, y) is continuous when x=Xq and y^y^y if, to the arbi- 
trary positive number e, there corresponds a positive number rj such 
that I /(a?, y) -f(xQ, yo)\<^^ for all values of {x, y) for which 

\x-XQ\^ri and \y-yo\^ri. 

In other words, \f{x, y)—f{xQ, ^o)! iriust be less tban e for all 
points in tbe square, centre at (a?^, whose sides are parallel to 
tbe coordinate axes and of length 2?7.* 

It is convenient to speak of a function as continuous at a point 
(xq, Pq) instead of when x=Xq and y=yo. Also when a fxmction 
of two variables is continuous at (x, y), as defined above, for every 
point of a domain, we shall say that it is a continuous function of 
(a?, y) in tbe domain. 

It is easy to see that we can substitute for tbe square, with 
centre at {Xq, y^), referred to above, a circle with tbe same centre. t 
Tbe definition of a limit would then read as follows: 

f{Xy y) is said to have the limit I as {x, y) tend to (Xq, y^), if, to 
the arbitrary positive number c, there corresponds a positive number 
rj such thal | f{x, 2/) — Z| <e for all values of (x, y) for which 

0 <V{(a: --a:o)“ +(y “ ^0)“} = V- 

If a function converges at (aj^, y^ according to this definition 
(based on tbe circle), it converges according to tbe former defini- 
tion (based on tbe square); and conversely. And tbe limits in 
both cases are tbe same. 

Also continuity at (x^, y^) would now be defined as follows: 

f{Xy y) is continuous at (aj^, y^), if, to the arbitrary positive number e. 


♦There are obviona changes to be made in these statements when wo are dealing 
with a point (a;^. y©) one of the boundaries of the domain in which the function 
is defined. 


We may also use a rectangle, centre at (a;^, and sides 217, 27]' say. 
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there corresponds a positive nuniber tj such that | f{x, y) -/{Xq, yo)| <e 
for all values qf(x, y) for which 

J{(j€ - a;o)2 + (y - y^)^} ^ ri . 

Every function, which is continuous at {Xq, under this de- 
finition, is continuous at [x^, y^) under the former definition, and 
conversely. 

It is important to notice that if a function of x and y is continuous with 
respect to the two variables, as defined above, it is also continuous when con- 
sidered as a function of x alone, or of y alone. 

For example, let /(a;, y) be defined as follows: 


i fix. y) 
1 /( 0 , 0 )= 0 . 


2xy 
x^ + y^' 


when at least one of the variables is not zero. 


Then/(a:, y) is a continuous function of a;, for all values of x, when y has 
any fixed value, zero or not; and it is a continuous function of y, for all values 
of y, when x has any fixed value, zero or not. 

But it is not a continuous function of (x, y) in any domain which includes 
the origin, since /(x, y) is not continuous when x = 0 and y = 0. 

For, if we put x=r cos 0, y~r sin 0, we have /(x, y) =sin 20, which is inde- 
pendent of r, and varies from — 1 to +1. 

However, it is a continuous fimction of (x, y) in any domain which does 
not include the origin. 

On the other hand, the function defined by 
2x’U 

./(O, 0)=0, 


f/(* 


is a continuous function of (x, y) in any domain which includes the origin. 

The theorems as to the continuity of the sum, product and, in certain 
cases, quotient of two or more continuous functions, can be readily extended 
to the case of functions of two or more variables. A continuous function of 
one or more continuous functions is also continuous. 

In particular we have the theorem: 

Ijet u = <f>(x, y), v — ^jr{x, y) he contimioiis at (x^, y^), and let 'IIq = <I>(Xq, y^), 

Vo = yfr{xQ, po). 

Let z=f{u, v) be continuous in (u, v) at (Uq, Vq), 

Then z=fl<f>ix, y), xpix, y)] is coniinuotLS in (x, y) at (Xq, y^). 

Further, the general theorems on continuous functions, proved in § 31, 
hold, with only verbal changes, for functions of two or more variables. 

For example: 

If a function of two variables is contimums at every point of a closed domain, 
it is uniformly continuous in the domain. 

In oilier words, when the positive number e has been chosen, as small as we 
please, there is a positive number ly such that {fix', y')-fix", y") \ <€, token 
(x', y') and ix", y") are any two poitits in the domain for which 
Vf(x' - x-")* + (y' - 2 /)*;- y. 
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CHAPTER IV 


THE DEFINITE INTEGRAL 


38. In the usual elementary treatment of the Definite Integral, 
defined as the limit of a sum, it is assumed that the function of x 
considered may be represented by a curve. The limit is the 
area between the curve, the axis of x and the two bounding ordi- 
nates. 

For long this demonstration was accepted as sufficient. To-day, 
however, analysis is founded on a more solid basis. No appeal 
is made to the intuitions of geometry. Further, even among the 
continuous functions of analysis, there are many which cannot 
be represented graphically. 

I 

E.g. let f{x)=x sin -, when a; < 0, 

X 

and /(0)=0. 

Then f{x) is continuous for every value of x, but it has not a 
differential coefficient when a;=0. 


It is continuous at x=:0, because 

l/(^)“/(0)| = |/(a?)|^k|; 

and l/(^)”/(0)l <€» when if ■»/<€. 

Also it is continuous when since it is the product of two continuous 

functions [cf. § 30]. 

It has not a differential coefficient at a;=0, because 


h 


=sin 


1 


and sin 1/^ has not a limit as A-^0. 

It has a differential coefficient at every point where xi£0, and at such 
points 


.... 1 1 1 

/ (a:)=sin cos 

' XX X 


89 



90 


THE DEFINITE INTEGRAL 


[CH. IV 


More curious still, Weierstrass discovered a function, wMcli is 
continuous for every value of wLile it lias not a difEerential 
coefficient anywhere.* This function is defined by the sum of 
the infinite series 

^ cos b^TTX, 

0 

a being a positive odd integer and b a positive number less than 
unity, connected with a by the inequality a6>l +f7r.t 

Other examples of such extraordinary fimctions have been 
given since Weierstrass’s time. And for this reason alone it would 
have been necessary to substitute an exact arithmetical treatment 
for the traditional discussion of the Definite Integral. 

RiemannJ was the first to give such a rigorous arithmetical 
treatment. The definition adopted in this chapter is due to him. 
The limitations imposed upon the integrand /(a?) will be indicated 
as we proceed. 

In Higher Analysis the Biemann Integral has now been super- 
seded by the Lebesgue Integral, or by one of the others allied to it. 
This advance dates from Lebesgue’s first memoir, which appeared 
in 1902. § Much has since then been done in this field, but the 
ideas involved are far from elementary; and, though it is especially 
in the rigorous treatment of the Theory of Fourier’s Series that the 
advantages of the new definition of the integral are to be found, 
it does not seem proper to introduce it into this work. In an 
Appendix II the Lebesgue Integral is defined and some of its 
distinctive properties are obtained; also it is shown in what way 
its introduction simplifies and completes the more elementary 
treatment of the text. 

*It seeias impossible to assign an exact date to this discovery. Weierstrass 
himself did not at once publish it, but communicated it privately, as was his habit, 
to his pupils and friends. Du Bois-Reymond quotes it in a paper published in 1874. 

f Hardy has shown that this relation can be replaced by Oc a<: 1, 6 > 1 and 
cU>^\ [^cf. Trans. Amer. JHath. Soc., 17 (1916)]. An interesting discussion of 
Weierstrass’s function is to be found in a paper, “Infinite Derivates,” Quart. J. of 
Math., 4n (1916), 127, by Grace Chisholm Yoimg. 

!j;In his classical paper, tfber die Darst^^arkeit einer Function durch eine irigono- 
metrische Reihe. See above, p. 6. 

But the earlier work of Cauchy and Dirichlet must not be forgotten. 

§“Integrale, Longueur, Aire,** Aniiali di Mat. (3), 7 (1902), 230. 

If See Appendix II, where references to books and memoirs on this subject will 
be found. 
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39. The Sums S and s.* Let /(a?) be a boimded function, given 
in the interval (a, b). 

Suppose this interval broken up into n partial intervals 
(a, Xj), (a?!, a^a), ^)» 

where ixcx^<zx 2 ... Caj^_x<:6. 

Let M, m be the upper and lower bounds otf{x) in the whole 
interval, and those in the closed interval x^), writing 

a^XQ and 6 = a?„, 

Let S~M^(x^-a) 

and s = m^ (aj^ - a) (x^ - iCx) + . . . 4-m„ (6 - cc,i_x). / 

To every mode of subdivision of {a, b) into such partial intervals, 
there corresponds a sum S and a sum s such that s^S. 

The sums S have a lower bound, since they are all greater than 
m{b - a), and the sums s have an upper bound, since they are all 
less than M{b — a). 

Let the lower bound qf the sums iS be J, and the upper bound 
of the sums s be I, 

We shall now show that I 

Let a, a?!, ccg, ... b 

be the set of points to which a certain S and s correspond. 

Suppose some or all of the intervals (u, x^), (x^, iCg), ... (a^n-ij b) 
to be divided into smaller intervals, and let 

Vxy 2/2? *•* 2/fc-lJ Vlci S//c+l> Vl-Xi ^2? Vli 

be the set of points thus obtained. 

The second mode of division will be called consecutive to the 
fixst, when it is obtained from it in this way. 

Let S, <T be the sums for the new division. 

Compare, for example, the parts of S and S which come from 
he interval {a^ .x-j). 

Let M\, m\ be the upper and lower bounds of f{x) in (u, ^i), 
m\ in y^), and so on. 

The part of S which comes from (a, x-^ is then 

1 ( 2/1 ”^l) +-^^ 2 ( 2/2 “ 2/l)*** JfcC^l '”2/i:“l)- 

But the numbers M\, ••• cannot exceed M-^, 

Thus the part of ]£ which we are considering is at most equal 
to Mj{x^ — a). 

*The argument which follQws is taken, witli sliglit modifications, from Goursat’s 

Cours d* Analyse, 1 (4® ed., 1923), pp. 1^1 et seq. 
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Similarly the part of E wMcli comes from is at most 


equal to iH 2 (£C 2 “^ 1)5 

Adding these results we have 
Similarly we obtain cr^s. 

Consider now any two modes of division of {a, b). 

Denote them by 

a, a?!, x^, •*. with sums S and s, ( 1 ) 

and a, ... yn-i> with sums S' and s' ( 2 ) 


On superposing these two, we obtain a third mode of division (3), 
consecutive to both (1) and (2). 

Let the sums for (3) be E and cr. 

Then, since (3) is consecutive to (1), 

S and cr^s. 

Also, since (3) is consecutive to (2), 

S' ^E and or ^ 5 ^- 

But E ^ <r. 

Therefore S^s' and S' ^ 

Thus the sum S arising from any mode of division of (a, b) is 
not less than the sum s arising from the same, or any other, mode 
of division. 

It follows at once that 

For we can find a sum s as near I as we please, and a sum S 
(not necessarily from the same mode of division) as near J as we 
please. If I>-J, this would involve the existence of an s and an 
S for which s:>S. 

The argument of this section will offer less difficulty, if the reader follow 
it for an ordinary function represented by a curve, when the sums jS and 3 
will refer to certain rectangles associated with the curve. 

40. Barboirs’s Theorem. T7ie sums S and $ tend respectively 
to J and J, when the points, of division are multiplied indefinitely , 
in suxih a way thctt all the partial intervals tend to zero. 

Stated more precisely, the theorem reads as follows: 

If the positive number e is chosen^ as small as we please^ there 
is a positive number r\ such that, for all modes of division in which 
all the partial intervals are less than or equal to 97 , the sum S is greater 
than J by less than e, and the sum s is smaller than I by less than e. 

Let € be any positive number as small as we please. 
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Since tlie sums S and s liave J and I for lower and upper bounds 
respectively, there is a mode of division such that the sum S for 
it exceeds J by less than Je. 

Let this mode of division be 

a, ctg, ... b, with sums and ( 1 ) 

Then S^cJ 

Let rf be a positive number such that all the partial intervals 
of ( 1 ) are greater than r\. 

Let 

a = x^^ a?!, x^, Xn- 1 , h—Xn, with sums ^2 ^ 2 > ••••( 2 ) 

be any mode of division such that 

( 33 ^ — ^ when r = l, 2 , ... n. 

The mode of division obtained by superposing (1) and (2), 

e.g. a, ajg, «!, ^n-i> with sums and S 3 , (3) 

is consecutive to ( 1 ) and ( 2 ). 

Then, by § 39, we have ^ ^ 3 . 

But ^i<; J H-Je. 

Therefore SqCJ -hie. 

Further, 

<82 - /S3 = 2 a^tXa^ - x^_{) 

M(x', x") denoting the upper bound of /(a?) in the interval (x', x"), 
and the symbol E standing as usual for a summation, extending 
in this case to all the intervals (a3^_i, a?,.) of ( 2 ) which have one of 
the points < 3 ^ 2 , -*• as an internal point, and not an end- 
point. From the fact that each of the partial intervals of ( 1 ) is 
greater than and that each of those of ( 2 ) does not exceed t], 
we see that no two of the a’s can lie between two consecutive x’s 
of ( 2 ). 

There are at most (p “ 1) terms in the summation denoted by 
E. Let \fix)\ have A for its upper bound in (a, 6 ). 

We can rewrite S^ — S^ above in the form 

<83 - = S x,) - «„)}(«* - »,_x) 

+ 35,) - M{aj^, a:,)} (a;, - o*)]. 

But {lf(a 5 ,_i, a:,) - a*)} and {M{x^_i, x;)-M(a^, a:,)} 

are both positive or zero, and they cannot exceed 2 JL. 
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Therefore 2A'E(x^ — ^r~i)y 

the summation having at most (p — 1 ) terms, and (x^ — x^_j) being 
at most equal to t). 

Thus >^2 — /S'a ^ 2 (^ — 1 )Afj. 

Therefore S 2 <:J + Je + 2 (^ — l)Afjj 

since we have seen that S^cJ 4 - Je. 

So far the only restriction placed upon the positive number fj 
has been that the partial intervals of ( 1 ) are each greater 
than fj. 

We can thus choose so that 

^^4(p-l)A' 

With such a choice of 77 , jS:>J +e. 

Thus we have shown that for any mode of division such that the 
greatest of the partial intervals is less than or equal to a certain 
positive number rj, dependent on e, the sum S exceeds J by less 
than €. 

Similarly for s and I; and it is obvious that we can make the 
same 77 satisfy both S and s, by taking the smaller of the two to 
which we are led in this argument. 

41. The Definite Integral of a Bounded Function. We now 

come to the definition of the definite integral of a bounded function 
f{x), given in an interval (a, b). 

A bounded function f{x), given in the interval {a, b), is said to be 
integrable in that interval, when the lower bound J of the sums S 
and the upper bound I of the sums 5 q/* § 39 are equal. 

The common value of these hounds I and J is called the definite 
integral of f(x) between the limits a and h, and is written 

f f(x)dx* 

J a 

It follows from the definition that f f{x)dx cannot be greater 

J a 

than the sum S or less than the sum s corresponding to any mode 
of division of (a, h). These form approximations by excess and 
defect to the integral. 


bound J of the sums 8 is usually called the upper integral otf{x) and the 
bound I of the sums s the lower integraZ. 
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We can replace tlie sums 

s=mj^{xj_- a) + m2{x2-Xj)+... + m„(b- x„_j), / 
by more general expressions, as follows: 

Let 1^1, ^ 2 , ... ... be any values of x in tbe partial intervals 

(a, Xj), (Xj^, X 2 ), ... x^), ... b) respectively. 

Tbe sum 

+/(f2)(a52-®i) +--,-.+/(f„)(6-a:„_i) (1) 

obviously lies between tbe sums /S and s for tbis mode of division, 
since we bave for eacb of tbe partial intervals. 

But, wben tbe number of points of division (a?^) increases inde- 
finitely in sucb a way tbat all tbe partial intervals tend to zero, 

tbe sums S and s bave a common bmit, namely \f{x)dx. 

J a 

Therefore tbe sum (1) bas tbe same limit. 

Tbus we bave shown tbat, for an integrable function /(a?), the 

- a) +/(f*)(x2 - x^) + ... +/(f„)(6 - x„_i) 

has the definite integral I f{x)dx for its limit, when the number 

J a 

of points of division {x^) increases indefinitely in such a way that all 
the partial intervals tend to zero, ^ 2 > •••in being any values of x 
in these partial intervals,"^ 

In particular, we may take a, x-^, x^, ... or x^, ... 

for tbe values of ^ 2 : ••• 

42. Necessary and Sufficient CJonditions for Integrabibty. Any 

one of tbe following is a necessary and sufficient condition for tbe 
integrability of tbe bounded function f{x) given in tbe interval 
(a, b): 

I. When any positive number e has been chosen, as small as we 
please, there shall be a positive nurriber ri such that S — sCefor every 
mode of division of (a, b) in which all the partial intervals are less 
than or equal to rj. 

We bave jS — sCe, as stated above. 

But S^J and s^ I, 

*We may substitute in the above, for/($i), /($2)» **‘/(^n)» values Mi» M2» *.• 
intermediate between (il/i, ^a)> ®tc., the upper and lower bounds of /(a?) 

in the partial intervals. 
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Therefore * e/ — / < e. 

And J must be equal to I. 

Thus the condition is sufficient. 

Further, if I—J, the condition is satisfied. 

For, given e, by Darboux’s Theorem, there is a positive number 
7] such that S—J<Z^e and Z — scJe for every mode of division 
in which all the partial intervals are less than or equal to t]. 

But S — s = {S - J) -\-{I — s)f since I~J. 

Therefore S — sCe, 

II. When any positive number e has been chosen^ as small as we 
please, there shall be a mode of division of (a, h) such that S — s<e. 

It has been proved in (I) that this condition is sufficient. Also 
it is necessary. For we are given I =J, as f{x) is integrable, and 
we have shown that in this case there are any number of modes 
of division, such that S — scie. 

III. Let 0), cr he any pair of positive numbers. There shall he. a mode of 
division of (a, h) sicch that the sum of the lengths of the partial intervals in which 
the oscillation is greater than or equal to a> shall he less than cr.* 

This condition is sufficient. For, having chosen the arbitrary positive 
number e, take 

“ ^^ 2(6 - a)’ 

where M, m are the upper and lower bounds respectively of f{x) in (a, h). 

Then there is a mode of division such that the sum of the lengths of the 
partial intervals in which the oscillation is greater than or equal to co shall 
be less than cr. Let the intervals ^r) iu which the oscillation is greater 

than or equal to a> be denoted by and those in which it is less than a> by dr, 
and let the oscillation (Mr — nir) in Xr) be denoted by a>^. 

Then we have, for this mode of division, 

^ g ZZZ “f- 


<(-M' 2{M 


< 

and, by (II), /(a;) is integrable in (a, b). 

Also the condition is necessary. For, by (II), if f{x) is integrable in (a, h), 
there is a mode of division such that S — s <c tocr. Using X),., dj- as above, 

^ 


*Cf. Pierpont, Theory of Functions of Real Variables, 1 (1905), § 498. 
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Therefore toor > 

and < cr. 

43. lategrable Functions. 

I. If f{x) is continuous in (a, 6), it is integrahle in (a, h). 

In the first place, we know tliat/(a;) is bounded in the interval, 
since it is continuous in {a, h) [cf. § 31. 1]. 

NText, we know tliat, to tke arbitrary positive number e, there 
corresponds a positive number rj sucLl that the oscillation oif{x) 
is less than e in all partial intervals less than or equal to r} 
[cf. § 31. 1]. 

Now we wish to show that, given the arbitrary positive number e, 
there is a mode of division such that S -sCe [§ 42, II]. Starting 
with the given e, we know that for €j(h-a) there is a positive 
number rj such that the oscillation of /(a?) is less than e/(6 — a) in all 
partial intervals less than or equal to rj. 

If we take a mode of division in which the partial intervals 
are less than or equal to this rj, then for it we have 

Therefore /(jr) is integrable in (a, 6). 

II. If f{x) is monotonic in (a, h), it is integrahle in {a, b)* 

In the first place, we note that the function, being given in the 
closed interval (a, h), and being monotonic, is also bounded. We 
shall take the case of a monotonic increasing function, so that 
we liave /(a) ^f{x^) ^/(a:^) . . . S/(&) 

for the mode of division given by . 

a, x^, •*. 

Thus we have 

S =/(a5i)(a;i - a) - Xj)... +f{b){h - j 

s =/(*) (®i - «) +/(*i)(a52 - ail). . . +/(a:„_i)(6 - ) 

Therefore, if all the partial intervals are less than or equal to rj, 
^-sSr?[/(6)-/(a)], 

since ^ f(Xi)-f(a), /(ajg) -/(ajj), .../(6) 
are none of them negative. 

♦Since a function of bounded variation (cf. § 36. 2) is the difference of two 
monotonic functions, it follows from § 45, III that functions of bounded variation 
are integrable. 
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If we take ^^f{b)-fCay 

it follows that S — SC€. 

Thus f{x) is integrable in (a, b). 

The same proof applies to a monotonic decreasing function. 

We have seen that a monotonic function, given in (a, b), can 
only have ordinary discontinuities, but these need not be finite in 
number (cf. § 34). We are thus led to consider other cases in 
which a bounded function is integrable, when discontinuities of the 
function occur in the given interval. A simple test of integra- 
bility is contained in the following theorem: 

III. A hounded f unction is integrable in {a, Z>), when all its points 
of discontinuity in (a, b) can be enclosed in a finite number"^ of intervals 
the sum of %vhich is less than any arbitrary positive number. 

Let € be any positive number, as small as we please, and let 
the upper bound of \f{x)\ in (a, b) he A. 

By our hypothesis we can enclose all the points of discontinuity 
of f(x) in a finite number of intervals, the sum of which is less than 
f/4^. 

The part of jS — s coming from these intervals is, at most, 2 A 
multiplied by their sum. 

On the other hand, f(x) is continuous in all the remaining 
(closed) intervals. 

We can, therefore, break up this part of (a, b) into a finite 
number of partial intervals such that the corresponding portion 
of S-scie [cf. (I)]. 

Thus the combined mode of division for the whole of (a, b) is 
such that for it aS — sCe. 

Hence f(x) is integrable in (a, b). 

In particular, a hounded function, with only a finite number of 
discontinuities in {a, b), is integrable in this interval. 

The discontinuities referred to in this Theorem III need not 
be ordinary discontinuities, but, as the function is bounded, they 
cannot be infinite discontinuities. 

*It will be shown in Appendix II, § 10 that a bounded function is also integrable 
according to Riemann’s definition of the integral, when the points of discontinuity 
can be enclosed in an infinite number of intervals, if the sum of the lengths 
of these intervals can be made as small as we please, and, in particular, when its 
pointy df discontinuity forip a countably infinite set. 
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IV- If cb hounded function is integrahle in ectch of ike partial 
intervals (a, a^), {a^, ... h)^ it is integrahle in the whole 

interval {a, h). 

Since tlie function is integrahle in eacli of these p intervals, 
there is a mode of division for each Xe,g. a^), such that S-s 

for it is less than e/^, where e is any given positive number. 

Then 8 — s for the combined mode of division of the whole 
interval {a, h) is less than €. 

Therefore the function is integrahle. 

From the above results it is clear that if a hounded function is 
such that the interval {a, h) can he broken up into a finite number 
of ope'iv partial intervals, in each of which the function is monotonic 
or continuous, then it is integrahle in {a, h). 

V. If the hounded function f{x) is integrahle in {a, h) , then | f{x) | 
is also integrahle in (a, h). 

This follows at once, since S—'s for \f(x)\ is not greater than 
S — s for f{x) for the same mode of division. 

It may be remarked that the converse does not hold. 

E.g. let f{x)~l for rational values of x in (0, 1), 
and f{x) = - 1 for irrational values of a; in (0, 1). 

Then \f{x)\ is integrahle, but f{x) is not integrahle, for it is obvious that 
the condition (II) of § 42 is not satisfied, as the oscillation is 2 in any interval, 
however small. 

44. If the bounded function f(x) is integrahle in (a, b), there are an infinite 
number of points in any partial interval of (a, b) at which f{x) is continuous.* 

Let o>i> cu 2 > wg . * . be an infinite sequence of positive numbers, such that 

lim a)„=:0. 

w— »-O0 

Let (a, /5) be any interval contained in {a, h) such that a = a <; /? < 6. 

Then, by § 42, III, there is a mode of division of {a, h) such that the sum 
of the partial intervals in which the oscillation of/(a;) is greater than or equal 
to a>i is less than {p -a). 

If we remove from {a, h) these partial intervals, the remainder must cover 
at least part of (a, /3). We can thus choose within (a, y5) a new interval 
(ui, such that -Ui) <i(/9~a) and the oscillation in (oti, ^i) is less 
than wi. 

Proceeding in the same way, we obtain within (a^, fti) a new interval ( 02 , ^ 2 ) 
such that (^ 2 -<^ 2 ) oscillation in (og, ^ 2 ) is less than Wg. 

And so on. 


*Cf. Pierpont, loc^ cU,, | 508. A more general theorei^is-given^inrAppgudix If, 
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Thus we find an infinite set of intervals A 2, , each contained entirely 
within the preceding, while the length of tends to zero as n-> 00 , and the 
oscillation of /(x) in also tends to zero. 

By the theorem of § 18 , the set of intervals defines a point (e.y. c) which 
lies within all the intervals. 

Let e be any positive number, as small as we please. 

Then we can choose in the sequence 0)2, a number <0r less than c. 
Let Arhe the corresponding interval (a^ Pr)» Q-nd rj a positive number smaller 
than (c — a^) and {Pr — c)- 

Then { / (x) -/(c) j < €, when ja; — c j ^ 77, 

and therefore we have shown that f{x) is continuous at c. 

Since this proof applies to any interval in (a, &), the interval (a, P) contains 
an infinite number of points at which /(a?) is continuous, for any part of (a, /?), 
however small, contains a point of continuity. 

45. Some Properties of the Definite Integral. We shall now 
establish some of the properties of | f{x)dx, the integrand being 

J a 

bounded in (a, b) and integrable. 

I. Iff(x) is integrable in (a, 6), it is also integrable in any interval 
(a, P) contained in (a, b). 

From § 42, I we know that to the arbitrary positive number e 
there corresponds a positive number rj such that the difference 
S — sCe for every mode of division of (a, b) in which all the partial 
intervals are less than or equal to rj. 

We can choose a mode of division of this kind with (a, p) as 
ends of partial intervals. 

Let S, <r be the sums for the mode of division of (a, p) included 
in the above. 

Then we have — — $<Ce. 

Thus f(x) is integrable in (a, p) [§ 42, II]. 

II. If the valice of the integrable function f (x) is altered at a finite 
nunnher of points of (a, 6), the function <p{x) thus obtained is integrable 
in (a, 6), and its integral is the same as that off{x). 

We can enclose the points to which reference is made in a 
finite number of intervals, the sum of which is less than e/4.4, 
where e is any given positive number, and A is the upper bound 
of \(p{x)\ in (a, 6). 

The part oi S — s for <t>{x), arising from these intervals, is at 
most 2A multiplied by their sum, i.e. it is less than Je. 
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On the other hand, f{x) and ^(x), which is identical with f(x) 
in the parts of (a, h) which are left, are integrable in each of these 
parts. 

Thus we can obtain a mode of division for the whole of them 
which will contribute less than Je to S — s, and, finally, we have 
a mode of division of {a, h) for which S — sCe. 

Therefore cj>{x) is integrable in {a, h). 

Further, f cj>{x)dx=[ f{x)dx. 

a J a 

For we have seen in § 41 that | cj>{x) dx is the limit of 

J a 

. - *i) +••• +^>(fn)(& 

when the intervals {a, x^), (x^, x^), ... b) tend to zero, and 

Si, # 2 , in s-re any values of x in these intervals. 

We may put /(fj, /(Sz), for — 4>(.in) in 

this sum, since in each interval there are points at which <f>(x) and 
f(x) are equal. 

In this way we obtain a sum of the form lim 
which is identical with I f{x)dx. 

^ a 

III. It follows immediately from the definition of the integral, 
that if f(x) is integrable in {a, 6), so also is Cf{x), where C is any 
constant. 

Again, if ffx) and /aC^c) a,re integrable in {a, 6), their sum is 
also integrable. 

For, let {S, s)^ (/S', s') and (2), o-) be the sums corresponding to 
the same mode of division for fx{x)yf 2 {x) and/i(ic) 4-/2(a?). 

Then it is clear that 

2-o-^(/S-5)+(^'-5'), 
and the result follows. 

Also it is easy to show that 

Cb Cb 

I Cf{x) dx=C\ f{x) dx, 

J a J a 

and f {fi{x)+fj,x)}dx={ fi{x)dx + { f^{x)dx. 

<3 a -3 a 3 a 

IV. The ^product of two integrable functions f-fx), f%{x) is integ- 
rable. 

To begin with, let the functions fx{x), f^ix) be positive in {a, h). 
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Let m^; be tbe upper and lower bounds of 

/i(^)j/2(^) /i(^) AC®) partial interval 

Let {S, s), (/S^ 5') and (E, cr) be the corresponding sums for a 
certain mode of division in which (x^-i, x^) is a partial interval. 

Then it is clear that 

^ MJM\ - V = - m\) + m\{M^ - m^). 

A fortiori, ^ M {M'^ — m'^) + M\M,. — , 

where M, M' are the upper bounds oifj.{x),f2ix) in (a, h). 

Multiplying this inequality by {x^ - x^^f) and adding the corre- 
sponding results, we have 

S - cr ^ - s') +M'(S - s). 

It follows that E-<t tends to zero, and the product oif^{x), /^{x) 
is integrable in (a, h). 

If the two functions are not both positive throughout the 
interval, we can always add constants and Cg, so that/i(x) +Ci, 
/^(sc) +C2 remain positive in (a, h). 

The product 

(/i(*) +Ci)(/2(x) +C2)=/i(a:)/2(a;) -hc^fi^x) +c^Mx) + 0^02 

is then integrable. 

But 0i/2(cc) +02/1(0;) +C1C2 is integrable- 

It follows that/i(a;)/2(o;) is integrable. 

On combining these results, we see that if fiix), f2(x) .../„(a;) 
are integrable functions , every 'polynomial in 
/iW, Mx) —f„(,x) 
is also an integrable functionJ^ 

46. Properties of the Definite Integral {continued). 

I. f f{x)dx—-\ f(x)dx. 

J a •> b 

In the definition of the sums S and s, and of the definite integral 

{ f(x)dx, we assumed that a was less than b. This restriction is, 

a 

however, unnecessary, and will now be removed. 

If a >6, we take as before the set of points 
a, x^, x<^, ... 5 C,i_i, 

and we deal with the sums 

s=m-y{x-i^ -a)+m^{x2 -ccj) +... + m„(6-a:„_i)./ 


*This result can be extended to any continuous function of the n functions 
[cf. Hobson, Theory of Functions of a Real Variable, 1 (3rd ed., 1927), § 337 (6)1* 
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The new sum S is equal in absolute value, but opposite in sign, :i 
to the sum obtained Jrom 

by ^n~-2» *•* 

The existence of the bounds of S and s in (1) follows, and the 
definite integral is defined as the common value of these bounds, 
when they have a common value. 

It is thus clear that, with this extension of the definition of 

§ 41, we have f f{x)dx^ - f f(x)dxy^ 

•'a Jb 

a, b being any points of an interval in which /(re) is bounded and 
integrable. 

II. Let c he any point of an iyvterval (a, h) in which f{x) is hounded 
and integrable. 

Then I f{x)dx—\ f(x ) dx H- f f{x) dx. 

J a J a *' c 

Consider a mode of division of {a, b) which has not c for a point 
of section. If we now introduce c as an additional point of section, 
the sum S is certainly not increased. 

But the sums S for (a, c) and (c, b), given by this mode of 

division, are respectively not less than f f{x) dx and f f(x) dx. 

•’a J c 

Thus every mode of division of (<x, b) gives a sum S not less than 

f f(x) dx 4- r fix) dx. 

It follows that • “ • ® 


f f{x)dx^\ f{x)dx + \ f(x)dx. 

Ja J 'a •> c 


If we consider the sum Sy in the same way we find that every 
mode of division of (a, b) gives a sum s not greater than 


It follows that 


Thus we must have 


f f{x)dx + \ f{x)dx. 

.1 a J c 

f f (x) da; ^ f f(x) da; 4- f f(x) dx. 
J a J a i c 

have 

f f{x) da; = f f{x) da; 4- f f{x) dx. 
J a J ff- J c 


’•'The results proved in §§ 42—45 are also applicable, in some cases with slight 
verbal alterations, to the Definite Integral thus generalised. 
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If c lies on {a, h) produced in eitlier direction, it is easy to 
show, as above, that this result remains true, provided that f{x) 
is integrable in (a, c) in the one case, and (c, 6) in the other. 


47, If f(x)^g(x), and both functions axe integrable in (a, b), 
then J* f(x) ds a j" g(x) dx. 

Let 4>{x) =f{x) - g{x) S 0. 

Then is integrable in (a, 6), and obviously, from the sum s. 


Therefore 


f (l>{x) dx ^ 0. 

J a 

f f{x) do? — f g{x) dx ^ 0. 

J a J a 


Corollary I. If f{^) 'is integrable in {a, b), then 

If f(,x)dx\-s\ \f{x)\dx. 

\Ja I Ja 

We have seen in § 43 that if f(x) is integrable in (a, b), so also 
is |/(a:)|. 

And -\fix)\sf(x)s\f(x)\. 

The result follows from the above theorem. 

Corollary II. Let f{x) be integrable and never negative in («, 6). 

Iff{x) is continuous at c'in {a, b) andf{c)^0, then f f{x)dx:>0. 

J a 

We have seen in § 44 that if f{x) is integrable in (a, 6), it must 
have points of continuity in the interval. What is assumed here 
is that at one of these points of continuity /(a?) is positive. 

Let this point c be an internal point of the interval (a, 6), and 
not an end-point. Then there is an interval (c', c"), where 
aCc'<Zc<Cc"<Ch, such that f{x)':>k for every point of (c', c"), 
h being some positive number. 

Cc' 

Thus, since /(aj)^O in (a, c'), 1 f(x)dx^0. 

J a 

rc" 

And, since f{x) > X; in (c', c"), I f(x) dx ^ k{c' - c')>0. 

c' 

Also, since /(a;) ^0 in 6), f f{x)dx^0, 

Jc" 

Adding these results, we have I f(x) dx > 0. 

•1 a 

The changes in the argument when c is an end-point of (a, h) 
are slight. 
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CoKOLixARY III. Let f{x) ^ g {x), and both be irtjtegraMe in {a, 6). 

At a point c in (a, b), let f{x) and g{x) both be continuous^ and 

f{c)>g(c). Then f f{x)dx>{ g{x)dx. 

J a .'a 

TMs follows at once from Corollary II by writing 

By the aid of the theorem proved in § 44, the following simpler result may 
be obtained: 

If f{x) > g{x)f and both are integrahle in (<z, 6), then 
f f(x)dx > [ g{x)dx. 

For, if ,/*(a;) and g{x) are integrable in (a, &), w-e know that f{x)~g{x) is J 
integrable and has an infinite number of points of continuity in (a, 6). ;? 

At any one of these points /(a;) — g{x) is positive, and the result follows from f} 
Corollary II. ' 

48. The First Theorem of Mean Value. Let <p{x), \jr{x) be two i 
bounded functions, integrable in (a, 6), and let keep the same 
sign in this interval; e.g. let ^0 in (a, 6). 

Also let M, m be the upper and lower boimds of 0(x) in (a, 6). 
Then we have, in (a, 6), 

and multiplying by the factor which is not negative, 

m\f/^(x) ^ ^(jx)\f/-{x) ^ M\f/-(x), 

It follows from § 47 that 

mf ylr{x)dx^{ <p{x)\f/-{x) dx ^ M\ x/r(cc)dx, 

since g>(x)yp'(x) is also integrable in (a, 6). 

Therefore f </)(x)\l/^{x)dx = ju{ yp-(x)dx 

J a a 

where p is some number satisfying the relation M. 

It is clear that the argument applies also to the case when 

\fr{x) ^ 0 in (a, b). 

If (p{x) is continuous in {a, b), we know that it takes the value 
ju for some value of x in the interval (cf. § 31). 

We have thus established the important theorem; 

1/ (p{x), V^(^) bounded functions i integrahle in (a, 6), <j>{x) 
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being continuous and keeping the same sign in the interval, 

then f = y^(x)dx, 

J a J a 

where i is sojne definite value of x in x^h. 

Furtlier, if <p{x) is not continuous in (a, 6), we replace cl>{^) 
by fi, where p satisfies the relation M, and m, M are the 

bounds of <p{x) in {a, 6), 

This is usually called the First Theorem of Mean Value. 

As a particular case, when </){x) is continuous, 

f (p{x)dx = (b — a)(f>(i), where a^i^b. 

J a 

It will be seen from the corollaries to the theorem in § 47 that in certain 
cases we can replace a ^ ^ 6 by ac^cb.* 

However, for most apx^lications of the theorem, the more general statement 
in the text is sufficient. 


49. The Integral considered as a Function of its Upper Limit. 
Let/(a;) be bounded and integrable in (a, h), and let 

F{x)=r\' f{x)dx, 

J a 

where x is any point in (a, 6). 

Then if {x +h) is also in the interval, 

F{x +h) - F{x)=^V^^f{x)dx. 

j X 

Thus F{x+h) — F{x) = ph, 

where p^: M, the numbers M, m being the upper and lower 
bounds of f(;x) in (ic, x-\-h). 

It follows that F{x) is a continuous function of x in {a, h). 
Further, \if{x) is continuous in {a, 6), 

F{x -^h) ~ F{x)=hf{^), where x^^f^x+h. 

When h tends to zero,/(|^) has the limit f{x). 

Therefore lim =f{x). 

h-~>Q ^ ^ 

Thus when f{x) is continuous in (a, 6), I f{x)dx is continuous 

J a 

in {a, 6), and has a differential coefficient for every value of x in 
(a, h), this differential coefficient being egual to f{x). 


*Cf. Pierpont, Zoc. cit., pp. 367-8. 
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TMs is one of the most important theorems of the Calculus. 
It shows that every continuous function is the differential coeffi- 
cient of a continuous function, usually called its primitive, or 
indefinite integral. 

It also gives a means of evaluating definite integrals of con- 
tinuous functions. For if f{x) is continuous in (a, b) and 

= f fix)dx, 

I 

we know that F{x)—f(x). Suppose that, by some means or 
other, we have obtained a continuous function ^(x) such that 

We must then have F{x) — <j>{x)+C, since f (F(x) - (p(x)) = 0 in 
(a, 6).* 

To determine the constant C, we use the fact that vanishes 
at x = u. 

Thus we have I /(ar)da? = ^(aj) - 0(a). 

J a 

50. 1. The Second Theorem of Mean Value. We now come to a 

theorem regarding the integral | (/j{x) ^jr{x) dx of which frequent use 

J (I 

will be made, especially in the more symmetrical form given in (III). 
The proof is simpler, when we begin with the special case taken in 
(I), where <f){x) is monotonic decreasing and never negative in (a, 6). 

I. Let <i>{x) be bomided^ monotonic decreasing, and never negative in 
(a, b) ; and let \lr{x) be bounded and integrahle, and not change its sign 
more than a finite number of times in (a, 6).t 

Then T (p{x)\fx{x)dx=<i>{a) f •v/r(x)cZx, 

J a J a 

where i is some definite value of x in a x ^ b. 

Since we are given that ^lr(x) does not change sign more than a 
definite number of times in (a, b), we can take 

a — a^, a-y, a^, ... a„_i, a^^^b, 

such that ^r{x) keeps the same sign in the partial intervals 
(a, af), (^i> ^ 2)9 •*• ^w)* 

*Cf. Hardy, loc. cit. (5th ed., 1928), 228. 

fThis limitation will be removed in the proof of § 50. 2. 
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Then <l>{a:)\jr{x)(lx=^<l>{a+())^ \Jr(x)dx ^\jr{x)dx, 

whfire i is some definite value of x in a „ - £c ; 6.* 

Also it is clear tiiat we can in the same way replace 0(a +0) 
and respectively, by any numbers A and B, provided 

that A^(p{a+(}) and J5^(/>(6-0) in the case of the monotonic 
increasing function; and A^<l>{a + 0), B-^<j>{h — 0) in the case of 
the monotonic decreasing function. 

We thus obtain, with the same limitation on <p{x) and as 
before, 

cb ri Cb 

V. I (f>{x)\IAx)d(f—A\ xlr{x)dx+B\ \]A'^)dx, 

J d »' (B " i 

where A ^ (j>{a -t- 0) and B^<l>(b — 0), if <p{x) is monotonic increasing, 
and A^. <j>(a +0), B ^ tp{b — 0), if <p{x) is monotonic decreasing, 
S being some definite value of x in a '^x-^b. 

The value of f in (I)-(V) need not, of course, be the same, and 
in (V) it will depend on the values chosen for A and B. 

Theorems (I) and (II) are the earliest form of the Second Theorem 
of Mean Value, and are due to Bonnet, f by whom they were 
employed in the discussion of the Theory of Fourier’s Series. 

Theorem (HI) was given by Weierstrass in his lectures and du 
Bois-Reymond,J independently of Bonnet. 

50 . 2 . In the proof of the Second Theorem of Mean Value given in § 50. 1 , 
it is assumed that the second function '^{x) does not change sign more than a 
finite number of times in the interval (a, 5). 

In this section, we show that this restriction is unnecessary. 

It will be sufficient to prove (I), as the other results (II) - (V) follow directly 
from (I). 

Xci <f){x) J>e hounded, monotonic decreasing, and never negative in (a, hi ) ; and 
let yfr{x) be hounded and integrahle in (a, b), 

cb rf 

Then 1 <j>{x)^f^{x)dx—<f>(a) \ yf/{x)dx, 

.'a .'a 

where ^ is some definite value of x in a ~x ^1= b. 

Let the positive number € be chosen, as small as we please. 

♦Corresponding results hold for (I) and (II) : 

e.g. f <p{x)\l/{x)dx~<f>{a+0) ( yp{x)dx, 

■ « : a 

takes the place of (I). . 

\Mem. cour. Acad, roy. BruxeUea, 23 (1850), 8; also Journal de Math., 14 (1849), 
249. 

XJournalfnr Math., 69 (1869), 81; and 79 (1875), 42. 
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There is a mode of division of (a, 6), say 


such that for it 


<x — iCj, a? 2 , ... Xjj^ — by 


the sum S for <J>(x) xp{x) 


< \ ^{x)xl/{x)dx 

.'tt 

cb 

and the sum s for <j){x) '^(a:)> \ <j>{x)^jr{x) dx 
ja 


::}■ 


also the sum S for yjr{x) 


^fr{x)dx + 


<f>{ay 


and the sum s for ^fr{x) > j ■\f/-{x)dx 


1 . 

r 


n~ 1 

Let o- = 2 i^r+i - ^r) 

0 

w — 1 

where Cr~yjr{x^){Xr+^-Xr)y 

0 

n - 1 

= do<j>{XQ) + 2^ <f>{^r) i^r -* where dr = CQ + 0^ + ... +Cr. 


( 1 ) 

( 2 ) 


= <*0 [^(“^o) - +■■■ 

+ <^n — 2 [*^(^71—2) “ 1) l)]* 

None of the multipliers of (io» ••• ^n-i negative. 

Let dp and d^j be the smallest and largest of d^, ... 

Then we have 

d„ ( “f W.(*r) - ‘/■(*r+l)] + - O’ = d, ( ”f [<#.(*,) - <#>(*r+l)] + • 

to J I 0 j 

i.e. dp<f>{a) ^ (T ~ dq<f>{a). (3] 

Thus cr — /M where fx is some number satisfying dp — fj, — dq. 


Now dp = '£Cr = ^ (^r+i ~ ^r)* 

0 0 

Therefore the sum s for -^{x) for (a;^, ... ^v+i) ^ ^ 

'yf^{x) for (Xq, x-^y ... 

And I •\l/{x)dx lies between these numbers s and S. 

}a 

Also {S - s) for yfxix) for (Xq, arj, . .. ^ {S - s) for ^^(a:) for 

(a:o, x^y...xj<^^^-^ by (2). 

Therefore (f, > ir(x)dx - 'j 

and similarly ^b(a) i 

Therefore, by (3) and (4), 

<ji{a)^ ^^*^{x)dx -2e < dp<fi{a) ^ <r — dgcf>{a) < ^ T//'(a;) dx + 2€ (5) 

But the sum i? for 

<j>{x)\lr{x) for (Xq, Xj, ... x„) the sum S for <p{x)'yf/(x) for (X(„ x^, ... x„)- 
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Therefore by (1), cr- f <f>{x)yp-{x)dx j < 

Ja ^ 

- e < J <ji{x) yf/'ix) dx c a- + 1 . 

Therefore by (5), ^ 

^ - 3e < cr - € < I* <f>{x)-xp{x) dJa; < cr + € < 

i//(a;)^7a; + 3c 

Let in, TO be the largest and smallest values of ylr(x)dx in (a, h). 

.'a 

Then <^(a) ^ yf^{x) dx ^ m4>(a) and <j>{a) ^ ^jr{x) dx ^ Mij>{a). 

Thus we have from (6), 

m</j(a ) - 3€ < f \f/{x)dx < in ^(a) + 3e. 

. Ja 


And it follows that 


mcfy(a) ^ (f>(x)-\fr(x)dx'^ Mcf>{a), 

- * 


1 <f>(x)ylr(x)dx = (l>(a)\ y//^(x)dx, 

* ® j a 

where ^ is some definite value of a; in a ^ a; g &. 


INFINITE INTEGRALS. INTEGRAND BOUNDED. 
INTERVAL INFINITDE. 

51. In tEe definition of tlie ordinary integral f f{x) dx, and in 

X. • • “ 

the preceding sections of tMs cliapter, we liave supposed tliat the 
integrand is bounded in the interval of integration which extends 
from one given point a to another given point 6. We proceed to 
extend this definition so as to include cases in which 

(i) the interval increases without limit, 

(ii) the integrand has a finite number of infinite discontinuities.* 


I. Integrals to + oo . 



Let f{x) he hounded and integrahle in the interval (a, h), where 
a is fixed and h is any number greater than a. We define the integral 

I f{^)dx as lim j f(x)dx, when this limit exists, f 

J a x~-*<n J a ' 


’“For the definition of the term “infinite discontinuities,” see § 33. 
fit is more convenient to use this notation, but, if the presence of the variable x 
m the integrand offers difficulty, we may replace these integrals by 

f{t)dt and lim 
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We speak of | J'{x)dx in this case as an infinite iniegrcil, and say that it 
converges. 

On the other hand, when | f{x)dx tends to oo as a;->oo, we say that the 
infinite integral f f{x)dx diverges to oo , and there is a similar definition of 


divergence to — oo of [ f{x)dx. 


Jo X- 

I c”-*" dx — lim I e~‘^ dx — lim ( 1 — €~*) = 1 . 

0 x—^oQ J 0 a:— 9-00 

f = lim f lim 2/^1 -i)=2. 

Ji ir->Qo V 

f e* da; = oo ; \ = oo . 


e* dx = lim | e* da;= lim (e* — 1 ) = oo . 

) X — >"00 • 0 X — >-00 

= lim [ — lim 2( ■y/x — 1) = oo . 

I V X a;— >00 • 1 \^X X— xo 


Similarly 


1 1 , r* da; 

log-dx=~oo; 


These integrals diverge to oo or — cao , as the case may be. 

Finally, when none of these alternatives occur, we say that the infinite 

r* 

integral | f(x)dx oscillates finitely or infinitely, as in §§ 16 and 25. 

Hx 3 

sin X dx oscillates finitely. 

I X sin X dx oscillates infinitely. 

.'a 

n. Integrals to - oo . | f (x) dx. 

J —00 

When f(x) is bounded and integrable in the interval (a, 6), where 
b is fixed and a is any number less than b, we define the integral 

f f{x)dx as lim f f{x) dx, when this limit exists. 

J —00 x—^-ooJ X 

We speak of | f{x)dx as an infinite integral, and say .that it converges. 
The cases in which [ f{x)dx is said to diverge to oo or to — oo , or to oscillate 
finitely or infinitely, are treated as before. 


c* dx = l. 


dx _1 
, (l-2a;)* 2* 
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Ex. 2. I dx diverges to oo . 

ro 

1 sinh X dx diverges to — oo . 

J — X 

I sin X (lx oscillates finitely. 

I'O 

X sin X dx oscillates infinitely. 

- X 

in. Integrals from -oo tooo. f f(x)dx. 

J - 00 

Ca roo 

If the infinite integrals I / (x) dx and I f{x) dx are both convergent, 

— 00 j a 

we say that the infinite integral 1 f(x)dx is convergent and is equal 
to their sum. 

Since j f{x)dx=\ f{;x)dx + \ f(x)dx, aCaCx, 

•'a J a J a. 

Too r<x) 

it follows that, if one of the two integrals f{x)dx or 1 f{x)dx 
converges, the other does. " 

Also f / (;x) dx = f f{x) dx + [ f(x) dx. 

J <i J u a. 

Similarly, £/(;r)fZx=| f{x)dx+^''f{x)dx, a<a<a, 

and, if one of the two integrals f(ot) dx or [ ' /(x) dx converges, 
the other does. 

Also /(x) dx = I f{x) dx + \ f{x) dx. 

J - ao J — 00 J a 

Thus J J'{x)dx+^ f{x)dx=^ f{x)dx+^ f(po)dx, 

and the value of f{x)dx is independent of the point a used in 
the definition. 

52. A necessary and sufficient condition for the convergence 
of f f(x)dx. 

J a 

Let F{x)=\^ J{x)dx. 

J a 

The conditions under which F{x) shall have a limit as x->co 



THE DEFINITE INTEGRAL 


have been discussed in §§ 27 and 29. 1. In the case of the infinite 
integral we are thus able to say that: 

poo 

I. The integral 1 f{x) dx is convergent and has the value J, when, 

J a 

any ^positive number e having heen chosen, a>s smalt as we please,, there 
is a positive number X. such that 

““ f provided that x^X. 

J a 

And further: 

II. A necessary and sv^fficient condition for the convergence of 

poo 

ike integral I f{x)dx is that, when any positive number e has been 
J a 

chosen, as small as we please, there shall be a positive number X 
such that 

f{af)dx <e 

for all values of x\ x*' for which x''>x* ^ X, 

poo 

We have seen in § 51 that if t f{x)dx converges, then 

J a 

poo poo 

J f(x)dx=\ f{x)dx-^\ f{x)dx, ada. 

poo * 

It follows from (I) that, if I f{x)dx converges, to the arbitrary 
positive number € there corresponds a positive number X such 
jj* f{x)dx <€, when x^X. 

Also, if this condition is satisfied, the integral converges. 

These results, and the others given in §§ 53-58, can be extended 
immediately to the infinite integral 

I f(x)dx. 

53. f f(x)dx. Integraiid Positive. If the integrand f{x) is 

“ px . 

positive when x:>a, it is clear that I f(x)dx is a monotonic in- 

poo a 

creasing function of r. Thus I f{x)dx must either converge or 
diverge to oo . 

I. It will converge if there i$ a positive number A such that 
^ f(x) dxcA when x>a, and in this case J f{x) dx ^ A. 
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It will diverge to co if there is no such number. 

These statements follow from the properties of monotonic 
functions (§ 34). 

Further, there is an important “comparison test ’’ for the con- 
vergence of integrals when the integrand is positive. 

II. Let f{x)y g{x) he two functions which are positive, hounded and 
integrahle in the arbitrary interval {a, h). Also let g{x) ^f{x) when 

a? ^ a. Then, if I f{x) dx is convergent, it follows that I g{x) dx is 

•'a J a 

roo M 

convergent, and ^ g{x)dx^^ f(x)dx. 

For from § 47 we know that 

J g(x)dxS^ f{x)dx, when x'>a. 

Therefore T g(x)dx<: f(x)dx. 

Ja J X 

Then, from (I), J” f(x)dx. 

Ill- If g(x) g f(x), and J f(x)dx diverges, so also does 

f g(x)dx* 

J a 

This follows at once, since f g{x)dx^ \ f{x)dx. 

Ja J a 

One of the most useful integrals for comparison is f — , where 

a>0. 

We have £ J {* 1 - _ ai-"}, when nf^l, 

J^~=loga;-loga, when n = l. 


and 


♦Since the relative behaviour of the positive integrandbs f(x) and g{x) matters 
only as «-»►(» , these conditions may be expressed in terms of limits: 

When g(x)ff(x) has a limit as x~>-qo , | g{x)dx converges, if | f(x)dx converges. 

J^en gix)Jf(x) has a limit, not zero, or diverges, as x-»-qo , J g{x)dx diverges, 
*1 \ /(*) ^ diverges. ’ ** 
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lim 1 

dx _ 


a :— >00 J 


n--r 

i 

rdx 


%.e, j 


n — 1* 

lim 1 

dx_ 

: 0 O, 


^ diverges. 

l xva + ^) *^“>0. 

L V0=T) ‘^'^“8“’ V(J-1) > i’ * = 2- 

« f*sm®a; , . sin^a;^ 1 , ^ 

3. I (ia; converges, since ^ ^ when a: ^ a > 0. 

54. Absolute Convergence. The integral ^ f(x) dx is said to 
be absolutely convergent when f{x) is hounded and integrahle in the 
arbitrary interval (a, 6), and J | f{x) | dx is convergent. 

Since f /(cc) dJa? I ^ f | f{x) | dx, for a?" > a?' ^ a 

I (cf. § 47, Cor. I), 

^00 

it follows from § 52, II tbat if 1 |/(a;) | dx converges, so also does 

|.go J a 

1 f(x)dx. 

J a 

But tbe converse is not true. An infinite integral of this type 
may converge, and yet not converge absolutely. 

For example, consider tbe integral 

r ?^dx. 

Jo ® 

Tbe Second Theorem of Mean Value (§ 60. 1) shows that this 
integral converges. 

For we have 

f J!_ f sin X dx+-„ f sin x dx, 

where 0 C x' ^ x'\ 

But' 

sin X dx and 1 J sin x dx are each less than or equal to 2. 
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Therefore 


■ ^ 2 




r !i?L? dx < e, wHen *"> is' S X, 

1 JiC' ^ 


provided that 


Therefore converges, and we shall find in § 88 that 

its value is Jtt. 

But the integral J -I dx diverges. 

To prove this, it is only necessary to consider the integral 

f-i^ 

Jo « " 

where n is any positive integer. 


€ 


We have 


n frir 


(r- D tt 35 


But r .. iy, 

J(j— 1)«^ Jo l)7r 4-y 

on putting x—(r-~ l) 7 r -\-y. 


Therefore 


I (r~l) 7 r 35 /-TT, 




3? TT ^ r 


But the series on the right hand diverges to oo as n~>oo . 
Therefore lim dic = ob 

n—moJ 0 35 


^ da5=ob 


But when x:>n 7 r. 


Therefore 


f^’^jsii 

Jo 


dx=ao . 
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When infinite integrals of this type converge, but do not con- 
verge absolutely, the convergence must be due to changes of sign 
in the integrand as x^oo . 


I 

J a 


dx. 


55. The ^-Test for the Convergence of 

I. Z/Ct f{x) be hounded and integrahle in the arbitrary interval 
{a, b) where a>-0. If there is a number y greater than 1 such that 

^oo 

x^f{x) is bounded when x^a, then 1 f{x) dx converges absolutely. 

J a 

Here \x^^f{x)\<iA^ where is some definite positive number and 
x^a. 

converges. 


Thus 

But we know that 
It follows that 


l/WI<; 

r ^ 

Ja ‘ 

poo 

1 l/(ic)| dx converges. 

J a 

poo 

Therefore I fix') d/x converges, and the convergence is absolute. 

t a 


II. Let fix) be bounded and integrahle in the arbitrary interval 
(a, 6), where a>0. If there is a number fju less than or equal to 1 

such that xffix) has a positive lower bound when x^a, thenj fix)dx 
diverges to <x> ^ ® 

Here we have, as before, 

x^f(x)^A>0, when x^a. 


It follows that 
dx 


x^ 




But 




diverges to oo when 


pao 

It follows that J fix) dx diverges to 


00 . 


III. Let fix) he bounded and integrahle in the arbitrary interval 
(a, 6), where a>0. If there is a number p less than or equal to 1 

poo 

such that x^fix) has a negative upper bound when x^a, then | fix) dx 
diverges to — oo ^ ® 

This follows from (II), for in this case 

- xffix) 

must have a positive lower bound when x^a. 
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But, if lim (xi^f(x)) exists, it follows that xi^f(x) is bounded in 

a:-->co 

x^a; also, by properly choosing the positive number X, x^^f{x) 
will either have a positive lower bound, when this limit is positive, 
or a negative upjer "bound, when this limit is negative provided 
that X ^ X. 

Thus, from (I) -(III), the following theorem can be immediately 
deduced: 

Let f(x) he hounded and integrahle in the arbitrary interval {a, 6), 
where a>0. 

^If there is a number y greater than 1 such that lim {x^^f{x)) exists, 

poo 

then 1 f{x) dx converges. 

J a 

If there is a number y, less than or equal to 1 such that lim {x^f{x)) 

f oo 

f{x)dx diverges; and the same is true 


if x>^f{x) diverges to -^-co , or to — co , as x~>co . 

We shall make very frequent use of this test, and refer to it 
as the ‘'/^-test/’ It is clear that we are simply comparing the 

dx 

integral 1 f{x)dx with the integral I and deducing the con- 

vergence or divergence of the former from that of the latter. 


So converges, since x = 

2- diverges, since x = i. 

It should be noticed that the theorems of this section do not apply to the 

. sin X , 
integral - dx. 


roo 

56. Further Tests for the Convergence of 1 f(x)dx. 

J a 

I. If <p{x) is hounded when x^ a, and integrahle in the arbitrary 

poo poo 

interval (a, 6), and 1 •y]r{x)dx converges absolutely, then I (p{x)\fy{x) dx 

J a J a 

is absolutely convergent. 

For we have \<}){x)\<:.A, where A is some definite positive 
number and x^a. 
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f , l^.WI |\^(a 2 )|c?x<Af \\p~{x)\dx, 

X J x' 

poo 

Since we are given tliat j \yfx{x)\dx converges, the result 


Also 
when x"^x'>a. 


sm X , 


dx converge absolutely, when 72 - and a are 


follows. 

Ex. 1. [ 

positive. 

2. I cos hx dx converges absolutely, when a is positive. 


I COS HfVXt 

3 ^ I ■ — 2 , " 2 dx converges absolutely. 


II. Let <p(x) he monotonic and bounded when x^a. Let yj/^ix) be 
bounded and integrable in the arbitrary interval {a, 6), and not change 
sign more than a finite number of times in the interval. Also let 


r 


■yp-(x) dx converge. 

poo 

Then \ cl>{x)\jr{x)dx converges. 

J a 

This follows from the Second Theorem of Mean Yalue, since 

Cx" rx" 

J ^ tp{x)\]y^{x) dx — <p{x')^ ^ dx +^(£c")J V^(cr) dx, 
where adx' ^ x". 

But \cf>{x*)\ and each less than some definite positive 

number A. 

Also we can choose X so that 


f \lr{x)dx and f \lr{x)dx 
J x' J ^ 


are each less than ej^A, when x">x* ^ X, and e is any given 
positive number, as small as we please. 

It follows that 

I 

1 (p{x)'\lr{x) dx <e, when x">x' ^X, 

M X 

and the given integral converges. 


Ex. 1 




- dx converges. 


2. I ( 1 — dx converges when a > 0. 
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III. Let 0(a?) he monotonic and hounded when a, and 

lim ^(aj) = 0. 

Let he hounded and integrahle in the arbitrary interval (a, h), 

and not change sign more than a finite number of times in the interval. 

Also let I \fi(x)dx he hounded when x^a. 

J a 

Then j <l>(x)y{/^(x) dx is convergent. 

J a 

As above, in (II), we know that 

j* <f>(x)\fr(x) dx = J dx + 0(a;") J ‘'/^(a;) dx, 

where a<.x* ^ f ^ x'\ 

But f \b{x)dx\<:Af when x:>a, where A is some definite 
positive number. 

And f >/^(a;) da; I ^ j f y//-(x)dx + f \P'{x)dx 

J x' I 1 1 a 1 J a 


Similarly 


roT 

|j \l/^(x)dx c2A. 
lim 95>(a;) = 0. 


Therefore, if e is any positive number, as small as we please, 
there will be a positive number X such that 


I <f){x) I <: when x^ X. 


It follows that 


I 

I g>{x)\{^{x)dx Ce, when x'':>x' ^ X, 
1 J x' 

and I da? converges. 

J a 


- dx converge, when n and a axe positive. 


[ Ijr^ sin X dx converges. 


cos ax — cos hx 


dx converges. 
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The Mean. Value Theorems for the Infinite Integral. 

57. The First Theorem of Mean Value. 

be bou7i<iedt when x ~ a, and iniegrdble in the aThitrary interval (os, 6). 
Let 'ylr(x) keep the same sign hi x^ a, and \ yfr{x)dx converge. 
f” f” 

Then | < 56 (a:)^(a?)cZa;=/A j ^{x)dx, 

where m^ fx^ M, the upper and lower hounds of 4>{x) in x^a being M and m. 

We have m ^ <{>{x) ^ AT, when £c ^ a, 

and, if \p{x) ^ 0, 

m\p{x) ^ (f)(x)rp{x) ’^Mxp{x). 

Therefore m j '^(x)dx^^ 4>{x)xp{x)dx^M^ \p{x)dx, when x^a. 

But, by § 66, I, I <f>{x)\p{x)dx converges, and we are given that 

-X, Ja. 

I '^{x)dx converges. 

Thus we have from these ineq[ualities 

xp{x)dx^^ <b{x)-^{x)dx'^M^ ylr{x)dx. 

In other words, | <l>{x)yp-{x)dx=fL^ yp-{x)dx, 

where 

58. The Second Theorem of Mean Value. 

Lemma. Let | f{x)dx be a convergent integral, and F(a;) = J f{x)dx{x'^a). 

Then T{x) is continuous when x^a, and bounded in the hiterval (a, oo ). Also 
it takes at least once in that interval every value between its upper and lower 
bounds, these being included. 

The continuity of F{x) follows from the equation 

F{x 4- A) - F{x) = - j ^ f{x) dx. 

Further, lim Fix') exists and is zero. 

ae— »-ao 

It follows from § 32 that Fix) is bounded in the interval ia, cxi ), as defined 
in that section, and, if M, m are its upper and lower bounds, it takes at least 
once in (a, oo ) the values M and m and every value between M, m. 

Let <f>(x) be bounded and monotonic when x^a. 

Let "yfrix) be bounded and integrable in the arbitrary interval (a, b), and not 

change sign more than a finite number of times in the interval. Also let j •\jr{x)dx 
converge. 

roo Cf (-00 

Then \ <fiix)^Jrlx)dx=<f>{a + 0)\ t//{x)dx + <j>{cx>)\ \p{x)dx, 
ja ia is 

where a ^ ^ ^ oo 


♦Cf. Fierpont, loc. cU., § 654. 
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Suppose <f>(x) to be monotouic increasing. 

We apply the Second Theorem, of Mean Value to the arbitrary interval 
(a, 6). 

Then we have 

<f)(x)ip{x)dx — <f>(a + 0){^ ^(a;)da:+ </>(6 -0)[^ yf/’{x)dx, 

J a J a 


where a ^ ^ ^ 6. 
Add to both sides 


J5 = <^oo)[ ylr(x)dx, 
Jb 


observing that exists, since <f>(x) is monotonio increasing in a; ^ a and 

does not exceed some definite number (§ 34). 


Also lim B=:0 and 1 <f>(x)\//(x)dx converges ( 


I 56, II]. 


Then i5 + \ <h{x)y}^{x)dx 

Ja 

= ^(a + 0)[ i/r(a;)da;4-^(6~0)f^ \i'(a;)da;4'«/*(oo )f xp{x)dx 

Ja }$ Jb 

= t^a + 0)Q \p{x)dx - -f- - 0)Q^ if/{x)dx — i^(x)dx^ 

fOO 

+ ^(x)dx 


= <^(a + 0)j^ i/^(a:)da:+17+F, 

where U = {<^6 - o) -- <f>(a + 0)} f ^ xp{x)dx. 


•( 1 ) 


and 


F = {<^(oo ) - <^(6 -0)}| \l/-(x)dx. 


Now we know from the above Lemma that 1 yl/(x)dx is bounded in (a, oo ). 

Jx 

Let Jf, m be its upper and lower bounds. 

Then m yf/{x)dx ^ M, 

and m'^\^^‘^{x)dx^ M, 

Therefore {<^(6 - 0) - <^(a + 0)}m. {</E>(fe - 0) - <j>{a + 

{<^( 00 ) - <^(6 - 0)}m ^ F ^ {<^(00 ) - <^(& - 0)}iH. 

Adding these, we see that 

{<^( 00 ) - <f>{a + 0))m ^ 1/ + F ^ {</>( po ) - <^(a + 0)}-af . 

Therefore U+V= fi{<j>(oo ) — <f>(a + 0)}, where m ^ p, ^ Jf, 

Insert this value for U+V in (1), and proceed to the limit when 6->oo . 

Then <f>{x)yfr{x)dx = <f>(a + 0) [ •\jr{x)dx + fx'{<f>{oo ) - <f>(a + 0)}, 

where fi'=lim /x. 

b—*<o 

This limit must exist, since the other terms in (1) have limits when 
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Also, since M, 

it follows that m ^ M, 

TOO 

But yjr{x)dx takes the value ft' at least once in the interval ). 

Thus we may put /t,' = [ yp'{x)dx, where oo . 

Therefore we have finally 

f <fi{x)-\lr(x)dx — <f>{a + 0)\^^{x)dx + <f>(ao)\ \p{x)dx^ 
where a ^ ^ oo . 

It is clear that we might have used the other forms (III) and (V), § 60. 1, 
of the Second Theorem of Mean Value and obtained corresponding results. 


INFINITE INTEGRALS. INTEGRAND INFINITE. 

59. f f(x)dx. In tLe preceding sections we liave dealt witli 

J a poo pa; poo 

th.e infinite integrals 1 f{x)dx, I f{x)dx and 1 f(x)dxy wlien 

j a J — ,oc J —00 

tlie integrand f{x) is bounded in any arbitrary interval, however 
large. 

A further extension of the definition of the integral is reqtdred 
so as to include the case in which/(5c) has a finite number of infinite 
discontinuities (cf. § 33) in the interval of integration. 

First we take the case when a is the only point of infinite 
discontinuity in (a, 6). The integrand fix) is supposed bounded 
and integrable in the arbitrary interval (a-hf, 6), where 

p6 

On this understanding, if the integral | f{x)dx has a limit as 

... P . P 

^ we define the infinite integral I f{x)dx as lim j fix)dx, 

Si mil arly, when the jpoirvt h is the only ^oint of infinite discon- 
tinuity in (a, 6), and f{x) is hounded and integrable in the arbitrary 
interval (a, b — S), where aC.b— ^<6, we define the infinite integral 
p& cb~^ 

I fix)dx as lim I f{x)dx, when this limit exists. 

J a >0 J a 

Again, when a and b are both joints of infinite discontinuity, we 

rb 

define the infinite integral I f{x) dx as the sum of the infinite integrals 

J a 

I f{x)dx and I f(x)dx, when these integrals exist, as defined above, 

J a J c 

c being a 'point between a and b. 
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Tliis definition is independent of the position of c between a and 
b, since we have 

f f{x) dx=^{ f(x) dx + \ ‘f(x) dx, 

J a J a J c' 

where a<:c'Cc (cf. § 51, III). 

Finally, let there he a finite number of points of infinite discon- 
tinuity in the interval (a, 5). Let these points he x-^, x^, ... x^, where 

a^^x^Cx^i C-X^^b. We define the infinite integral I f(x)dx by 
the equation “ 

f f(x) dx=^{ V(®) dx + { dir -h ... 4“ f f{x) dx, 

Ja Ja J xi J Xn 

when the integrals on the right-hand exist, according to the definitions 
just given. 

It should be noticed that with this definition there are only to 
be a finite nnmber of points of infinite discontintdty, and /(a;) is 
to be bounded in any partial interval of (a, 6), which has not one 
of these points as an interval point or an end-point. 

This definition was extended by du Bois-Reymond, Dini and Harnack to 
certain cases in which the integrand has an infinite number of points of infinite 
discontinuity, but the case given in the text is amply sufficient for our purpose. 
The modern treatment of the integral has rendered further generalisation of 
Riemaxm’s discussion chiefly of historical interest. 

It is convenient to speak of the infinite integrals of this and 
the succeeding section as convergent, as we did when one or other 
of the limits of integration was infinite, and the terms divergent 
and oscillatory are employed as before. 

Some writers use the term_projper integral for the ordinary integral \ f{x)dx, 

J a 

when/(a;) is bounded and integrable in the interval (a, 6), and improper integral 
for the case when it has points of infinite discontinuity in (a, 6), reserving the 
term infinite integral for 

[ fix)dx, f* f{x)dx or ( f{x)dx. 

Ja J— 00 J—QO 

French mathematicians refer to both as intigrales gSniralisies; Germans 
refer to both as uneigentUche Integrate, to distinguish them from eigentliche 
Integrate or ordinary integrals. 

60. rf(x)dx. f“ f(x)d3:. f" f(x)dx. 

J a J —00 J —00 

Let/(x) have infinite discontinuities at a finite number of points 
in any interval, however large. 
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59 - 61 ] 

For example, let there be infinite discontinuities only at x^, 
x^i ... in a? ^ a, f{x) being bounded in any interval (c, 6), where 

Let a^x^cx^, ... <a?„<6. 

Then we have, as above (§ 59), 

f f{x)dx=[ f{x)dx-\-{ f{x)dx + .., + \ f{x)dx + \ f(x)dx, 

J a J a J 2:1 J itij J c 

where Xn<^cCb, provided that the integrals on the right-hand 
side exist. 

It will be noticed that the last integral J f{x)dx is an ordinary 
integral, f(x) being bounded and integrable in (c, b). 

If the integral | f{x) dx also converges^ we define the infinite integral 
I f{x) dx by the equation: 

J a 

f f{x) dx={ fix) (^cc -h f fix) dx + ... + [ fix) da; -f j* fix) dx, 

J a J n J iCi 1 */> c 

It is clear that this definition is independent of the position of c, 
since we have 

j fix)dx + [ /(a;)da;=f fix)dx-^\ fix)dx, 

J Xn J C J X„ J C' 

where x^CcCc'. 

Also we may write the above in the form 

f f{x)dx={ ^fix) da; -h f fix) da; -h . . . + f* fix) dx. 

Ja Ja J Xx ^ Xn 

The verbal alterations required in the definition of [ fix)dx 

J —00 

nco 

are obvious, and we define I fix)dx, as before, as the sum of 

J _00 

the integrals f fix) dx and f fix) dx. 

J —00 J a 

It is easy to show that this definition is independent of the 
position of the point a. 

61. Tests for CJonvergence of f f(x)dx. It is clear that we 

J a 

] 3 Leed only discuss the case when there is a point of infinite discon- 
tinuity at an end of the interval of integration. 
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If a? = a is tlie only point of infinite discontinuity, we have 

f f{x)dx = \ixD. f f{x)dx, 

J li § — >0 ^ 

when this limit exists. 

It follows at once, from the definition, that: 

I. The integral f f{x)dx is convergent and has the rvalue I when, 

J a 

any positive number e having been chosen, as small as we please, 
there is a positive number rj such that 

— f f{x)dx <€, provided that 0<.i^r], 
a a+^ 

And further: 

II. A necessary and sufficient condition for the convergence of 

Cb 

the interval 1 f{x) dx is that, if any positive number e has been chosen, 
J a. 

as small as we 'please, there shall he a positive number rj such that 


J a+r' 


f{x) dx 


Also, if this infinite integral f f{x) dx converges, we have 

J a 

^ f{x)dx—\ f{x)dx-{-\ f{x)dx, a<x<h. 

J a J a lx 

It follows from (I) that, if f f{x)dx converges, to the arbitrary 

J a 

positive number c, there corresponds a positive number r) such that 
jj* f{x)dx I Ce, when 0<(a? — a)^rj. 

Absolute Convergence. The infinite integral I f{x)dx is said 

I a 

to be absolutely convergent, if f{x) is hounded and integrahle in the 

Cb 

arbitrary interval (a + ^, 6), where — a, and I \f{x)\dx 

converges. “ 

It follows from (II) that absolute convergence carries with it 
ordinary convergence. But the converse is not true. An infinite 
integral of this hind may converge, hut not converge absolutely,* 
as the following example shows. 


♦Cf. § 43, V; § 47, Cor. I; and § 54. 
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An example of such, an integral is suggested at once by § 54. 

It is clear* that [ dx 

.»o ^ 

converges* but not absolutely, for this integral is reduced to 

r 

.*1 iC 

by substituting 1 Jx for x. 

P dx 

Again, it is clear that | ^ converges, if 0<»<1. 

J a \X — (1) 

For we have 


r / ^ \n = 

Therefore lira f — when Oewd. 

Ja+f (a;-a)“ 1-n 

Also the integral diverges when n^l. 

From this we obtain results which correspond to those 
of § 55. 


III, Let f(x) be hounded and integrahle in the arbitrary interval 
(a H- b), where 0< f <6 — a. IJ there is a number fi between 0 and 1 

such that {x — aYf{x) is hounded when acx-^b, then j* f{x)dx 
converges absolutely. ^ 

Again, 

IV. Let f(x) be hounded and integrahle in the arbitrary interval 
(a+i, b), where 0c^<:6~a. If there is a number greater than 
or equal to 1 such that {x — uYfigi) has a 'positive lo'ioer hound when 

f h 

f{x) dx diverges to in 

a 

the first case, and to - oo i7i the second case. 

And finally, 

Y. Let f(x) be hounded and integrahle in the arbitrary interval 
{a -f f , b), where 0 < ^ < 6 — a. 

If there is a number p between 0 and 1 such that lim (x — aYf(p^) 

x-^a +0 

exists, then | f{x)dx converges absolutely. 

J a 

If there is a nmnher p greater than or equal to 1 such that 
lim {x — aY f{oc) exists and is not zero, then\ f{x)dx diverges'; and 

x-^a+O <J ft- 

the sa7n>c is true if {x ~ aYfip) tends to -(-oo , or to — <x> , as x-~>a -f 0, 
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We shall speak of this test as the yW-test for the infinite integral 

I f(x)dxy when x — a is a point of infinite discontinuity. It is 
J a 

clear that in applying this test we are simply asking ourselves 
the order of the infinity that occurs in the integrand. 

The results can be readily adapted to the case when the upper 
limit 6 is a point of infinite discontinuity. 

Also, it is easy to show that 


VI. If <^(x) is hounded and integrahle in (a, b), and 

I \]r{x)dx converges absolutelg, then I <f>{x)yj/^{x)dx is absolutely 
Ja J a 

convergent. (Cf. § 56, I.) 

The tests given in (III) - (VI) will cover most of the cases which 
we shall meet. But it would not be difficult to develop in detail 
the results which correspond to the other tests obtained for the 

convergence of the infinite integral I f{x)dx. 

J a 

No special discussion is required for the integral I f{x)dxy 

^ a 

when a certain number of points of infinite discontinuity occur 

in (a, 6), or for J f{x) dx, j f{x) dx, and J f{x) dx, as defined 

in § 60. These integrals all reduce to the sum of integrals of the 
types for which we have already obtained the required criteria. 

We add some examples illustrating the points to which wc have 
referred. 


Ex. 1. Prove that 

(i) Eet 

Then 


dx 


Jo(l 4- it-) \/x 

f{x)^ 


ri dtjc 

— converges and that I --Ti -r diverges. 

^ Jo ^ ^ / 


( 1 •+• a;) \/x' 

lim f{x) = 1. 
a -— >0 


The /x-test thus establishes the convergence of | x) ^/x* 

(ii) 

Then limx/(x) = l. 

x— K) 

Therefore the integral diverges by the same test. 


Ex. 2. Prove that “T+n*^ converges, when 0 
The integral is an ordinary finite integral if 
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Also lim a;« { = 1. 

a:— >0 +ti/ 

Therefore the integral converges when 0 <» < 1 It diverges when n ^ 1. 
ri ^ 

Ex. 3. Prove that \ converges. 

Jo V J- “■*)) 

The integrand has infinities at a:=0 and 1. 

We have thus to examine the convergence of the two infinite integrals 

da; 

Jo V{J»(1 -a?)}’ 'a V{a;(l -a;)}' 
where a is some number between 0 and 1. 

The joc-test is sufficient in each case, 

\l v{xa-=o)} ^ 

ri i 

-L VMl-x)i sinoejim «1 -a;)V(*)) = l. 


where we have written f(x) = 


V{^(l-a;)>’ 


fin- 

Ex. 4. Show that | log sin x dx converges and is equal to — Jtt log 2. 

Jo 

The only infinity is at a;=0, and the convergence of the integral follows 
from the ya-test. 

Further, 

rTT r^TT 

^ log sin xdx —2 | log sin 2a; dx 


fl 

■ log 2 + 2 

- n 


log sin X dx->r 2 \ 


= 7r log 2 + 4 1 log sin x dx. 


log sin X dx ~2 \ log sin x dx. 


log sin xdx— — log 2. 


From this result it is easy to show that the convergent integrals 

[ log (1 —cos a;) da; and f log (1 + cos as) da; 

Jo Jo 


are equal to — tt log 2. 


Ex. 5. Show thatf cos 27ia; log sin xdx converges and is equal to — when 
> Jo 

7i is a positive integer. 

The only infifiity is at a; =0 and the convergence of the integral follows from 
the fjt- test (or from the last example). 
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Further, on integrating by patts, we see that 

f'oos 2w log sia * Ac = - ^ 2^ cos x 

Jo 2w Jo sin X 

1_ sin (2n + l)a; + sin (2n - l)a; 


sin (2m + l)x 


1 +2 cos 2rx. 


It follows that 


cos 2r)x log sin x dx=: ■ 


From this we obtain at once 

ri’f Tj- 

\ cos 271X log cos X dx~ — — cos nTT. 

Jo 4:71 

[ cos fix log 2(1 — cos x)dx= — — , 

Jo ^ 

fir ^ 

and I cos nx log 2(1 + cos x)dx=s — cos titt, 

Jo ^ 

Ex- 6. Discuss the convergence or divergence of the Gamma Function 
integral | dx. 

(i) Let n ^ 1. 

Then the integrand is bounded in 0<x^a, where a is arbitrary, and we 

foo 

need only consider the convergence of 1 g— dx. 

Ja 

The /x-test of § 55 establishes that this integral converges, since the order of 
e® is greater than any given power of x. 

Or we might proceed as follows: 


Since c* = l+a:4-o 


when X > 0, 


e® > — (r =any positive integer). 


x»-n+i* 

But whatever n may be, we can choose r so that r ~ w + 1 > 1. 

It follows that, whatever ?i may be, 
roo 

I dx converges. 

(ii) Let 0 < n- < 1 . 

In this case has an infinity at x=:0. 

The ^-test shows that [ dx converges, and we have just shown that 


roo 

j g— asajn — 1 converges. 


Therefore I g — dx converges. 
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(iii) Let = 0. 

In this case has an infinity at a;=0, and the /x-test shows that 

fi 

I dx diverges to 4- co . 

Ex. 7. Discuss the integral [ log cc dx.* 

Jo 

Since lim log a;) “0, when r>0, the integral is an ordinary integral, 

ic— s-O 

when > 1. 

Also we know that 

I log a; da: — j^a;(log rr- 1)J =a:(l -log a:) - 1. 

It follows that I log X dx = ]xm a;{(l — log a;) — 1} = - 1. 

-'o ar-^0 

Again, lim (a*^ x a;”“^ log x) =lini (a:^ +n-\ j^g =o, if /x > 1 - n. 
a:->0 x~^Q 

And when 0 < 1, we can choose a positive number yx less than 1 which 

satisfies this condition. 

Therefore [ x^~^ log x dx converges, when 0 < % = 1. 

•0 

Finally, we have 

lim {x X a;”-^ j log x j ) =lim x^ ) log a: | = oo , when 
a;— ^0 a;— >0 

Therefore | a;”~i log x dx diverges, when n^O. 
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EXAMPLES ON CHAPTER IV. 

1. Show that the following integrals converge: 

\\ ,d:c, , 

Jq l+cosa; + e®' Jt 1 + a; + ac® 4- sin a; Jo 


cosh hx dx. 




0 ' Jo 1 + a: ■ Jo 1 

2. Discuss the convergence or divergence of the following integrals: 


I r~77% \ 1 where 0 < c < I, 

]aix--a)V(b-xy Jo a; + l Jo^*^-! 

foo 0^—1 foo 1 fw 

^1—dx, ^ .dx, sin^e cos”0 d0. 

Jo x+l Jo a;-! Jo 

3. Show that the following integrals are absolutely convergent: 

! b 1 dx r°° 

sin~-^^, 1 6a: do;, | x'^^sin nx dx (m>0), 

and f dx, 

]a Q(x) 

where P(aj) is a polynomial of the mth degree, and Q(x) a polynomial of the 
wth degree, n^m + 2, and a is a number greater than the largest root of 

g(a:)=0. 

4. Let /(a;) be defined in the interval 0 < a:^ 1 as follows: 
f(x)=2, i<x^l, f(x)=-B, 

/(a:)=4, i<x^i, f(x)=-5, Icx^h 
and so on, the values being alternately positive and negative. 

Show that the infinite integral [ f{x)dx converges, but not absolutely. 

Jo 

6. Using the substitution x~e-^, show that ^ 

[ a;*”'~^(log xy^dx 
Jo 

converges, provided that m > 0 and n>- —1. 

And by means of a similar substitution, show that 

f oo 

i^lQg xy^dx 

-1 

converges, provided that m< 0 and n > — 1. 


6. Show that 


I ar(log xy+f^ 


converges when |a>0 and that it diverges 


when fjL^O, the lower limit a of the integral being some number greater than 
unity. 

Deduce that if there is a number ft > 0, such that lim {ir(log a:)i'+'My*(a;)} exists, 

X~^co 

rcc 

then f{x)dx converges, and give a corresponding test for the divergence of 

this integral, f{x) being bounded and integrable in any arbitrary interval 
(a, 6), where 6 > a. 
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^ converges, 

" dan 


J 2 (a; + sin^a;) log x 


diverges. 


7. On integrating 1 cos x log x dx by parts, we obtain 


Deduce 


foo 

that \ 

h 


f cos X log X dx~sin. x log a; — f ^ 

•' 1 1 a; 

cos X log X dx oscillates infinitely. 


Also show that 1 cos x log x dx converges, and is equal to 


' dx. 


8. On integrating , ^ cos x^ dx by parts, we obtain 


J x' 

where x"' > x^ 0. 


cos x^dx - 


sin x"^ — > sin x'^ + \ 

2a; 2a; 2 J x’ 


1 f-c" sin a: ^ 
a;a 


dx. 


Deduce the convergence of \ cos x^dx. 


9. Let fix') and p(a;) be bounded and integrable in (a, &), except at a certain 
number of points of infinite discontinuity, these points being different for the 
two functions. 

Prove that ^ f{x)g{x)dx converges, if ^ and [ ( g{x) { dx converge. 

Ja Ja 

IQ. Let f(x) be monotonic when x~a, and lim/(a;) =0. 

JP — >-00 

Then the series f{a) +/(a + 1) +/(a + 2) + . . • 

is convergent or divergent according as I f{x)dx converges or diverges. 

J CL 

Prove tfiat for all values of the positive integer n. 


1 1 1 
2v'1'‘“3V2'^4V3”’ 


Aso show that 
converges to a value between |(7r + l) and Jtt. 

sin 2nx 


11. (i) Prom the relation- 

sin 2«.a; 


2 2 cos (2r - l)a;, 
sm X 1 


show that 


( ^ 

Jo s 


n f 'vr— 1 

cfa; = 2 e L i - 

sm X 1 2r - 1 


Deduce that lim 


f*’*‘ sin 2nx ^ 

Jq sin X ~ 2* 

(ii) By integration by parts, show that 

* /I 1\ 

lim! sm27ia:(-: — ~-~)dx—0. 
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(iii) From the above, prove that 


X 2’ 


12 (i) Prove that jf = I sin 2nx cot x dx 

Jo 

-~^ dx, 

Kn=i^> and v=Iim 5i5Lf rfa;. 

n—^oo Jo ^ 

(ii) By integration by parts^ show that lim (v„ ~ uj =0. 


(iii) From the above, prove that 


sma: , tt 
dx=-^. 

X 2 



CHAPTER V 


THE THEORY OF INFINITE SERIES, WHOSE TERMS ARE 
FUNCTIONS OF A SINGLE VARIABLE 

62. We shall now consider some of the properties of series 
whose terms are functions of x. 

We denote such a series by 

and the terms of the series are supposed to be given for values 
of X in some interval, e,g. (a, 6),* 

When we speak of the sum of the infinite series 

+^2(2;) +i^ 3 (cc) + ... 

it is to be understood:f ‘ 

(i) that we settle for what value of x we wish the sum of the 

series; 

(ii) that we then insert this value of a; in the different terms 

of the series; 

(iii) that we then find the sum — — of the first n terms; 

and 

(iv) that we then find the limit of this sum as n->oo , keeping 

X all the time at the value settled upon. 

On this understanding, the series 

u^{x) +W2(®) + 4-... 

is said to be convergent for the value x, and to have f(x) for its sum, 

♦As mentioned in § 24, when we say that x Ues in the interval (a, b) we mean 
that a^x-Sh, In some of the results of this chapter the ends of the interval 
are excluded from the range of x. When this is so, the fact that we are dealing 
with the open interval {a<x<b) will be stated. 
tCf. Baker, Nature, 59 (1899), 319. 


1.37 
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if, this value of x having been first inserted in the different terms of 
the series, and any positive number e having been chosen, as small 
as we please, there is a positive integer v such that 
I f{x) - sjx) I < €, when n~^u. 

Rurtlier, 

A necessary and sufficient condition for convergence is that, if any 
positive number e has been chosen, as small as we please, there shall 
be a positive integer v such that 

!«»+,.(*) I n^v, 

for every 'positive integer p. 

A similar convention exists when we are dealing with other limiting processes. 
In the definition of the differential coefficient off{x) it is understood that we 
first agree for what value of x we wish to know /''(x); that we then calculate 

/(x) a,ndf(x-i-h) for this value of x; then obtain the value and 

finally take the limit of this fraction as A^O- 

Cb 

Again, in the case of the definite integral 1 f(x, a) dx, it is understood that 

Ja 

we insert i]i/(x, a) the particular value of a for which we wish the integral 
before we proceed to the summation and limit involved in the integration. 

We sliall write, as before (§ 19), 

f(x)-s„{x)=R^{x); 

where fix) is the sum of the series, and we shall call RrJipo) ^he 
remainder after n terms. 

As we have seen in § 19, Rn(^) is the sum of the series 

+«^«+2(^) +^-^n+3(^) + ... . 

Also we shall write 

,i?„(a:)=s„+,(a:) - s„(x), 
and call this a partial remainder. 

With this notation, the two conditions for convergence are 

(i) ' |jK„(ir)|<e, when n^v; 

(ii) \^R^ix)\<Z€, when n^p, 
for every positive integer p."^ 

A series may converge for every value of a; in the open interval a<x<.b 
and not for the end-points a or b. 


*■ When there is no ambiguity it will sometimes be convenient to omit the x in 
«n(^)» and write Rn and ^R^. 
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E.g, the series 1 +a;4-a:®4- ... 

converges and has for its sum, when - 1 < a; < 1. 

When a; = 1, it diverges to + oo ; when x— ~ 1, it oscillates finitely. 

63. The Smn of a Series whose Terms are Continuoiis Functions 
of X may be discontinuous. Until Abel* pointed out that the 
periodic function of x given by the series 

2 (sin a? — f sin 2x sin Zx — 

which represents x in the interval —7r<.x<Z7r, is discontinuous 
at the points a; = (2r + l)7r,r being any integer, it was supposed that 
a function defined by a convergent series of functions, continuous 
in a given interval, must itself be continuous in that interval. 
Indeed Cauchy^ distinctly stated that this was the case, and later 
writers on Fourier’s Series have sometimes tried to escape the 
difiiculty by asserting that the sums of these trigonometrical series, 
at the critical values of x, passed continuously from the values 
just before those at the points of discontinuity to those just 
after. J 

This mistaken view of the sum of such series was due to two 
different errors. The first consisted in the assumption that, as n 
increases, the curves y=5„(a:) must approach more and more 
nearly to the curve when the sum of the series is f{x) 

an ordinary function capable of graphical representation. These 
curves y = ^«(cc) we shall call the approximation curves for the 
series, but we shall see that cases may arise where the approxi- 
mation curves, even for large values of n, difier very considerably 
from the curve 

It is true that, in a certain sense, the curves 

(i) y = s„{x) and (ii) y=f(x) 

approach towards coincidence; but the sense is that, if we choose 
any particular value of x in the interval, and the arbitrary small 
positive number e, there wiU be a positive integer u such that, for 
this value of x, the absolute value of the difference of the ordinates 
of the curves (i) and (ii) will be less than e when 


♦Abel, Journal fUr Math.^ 1 (1826), 316. 

tCauchy, Gours (^Analyse (1821), 1*^*^ Partie, p. 131. Also (Euvres de Cauchy, 
(Ser. 2), T. Ill, p. 120. 

JCf. Sacbse, loc. cit,*, Donkin, Acoustics (1870), 53. 
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Still this is not the same thing as saying that the curves coincide 
geometrically. They do not, in fact, lie near to each other in the 
neighbourhood of a point of discontinuity of f(x); and they may 
not do so, even where /(x) is continuous. 

The following examples and diagrams illustrate these points: 

Ex. 1. Consider the series 



.. , 0 . 
1 

nx + 1 ^ 


when a; = 0, lim .s„(rc) =0, since .5,^(0) =0. 

The curve y =/* (a;), when consists of the part of the line 2/ = 1 for which 

X > 0, and the origin. The sum of the series is discontinuous at x=0. 

Now examine the approximation curves 

y = 1 i—- . 

' nx~hl 

This equation may be written 

As 91 increases, this rectangular hyperbola (cf. Fig. 10) approaches more and 
more closely to the lines 2/ = l» x=:0. If we reasoned from the shape of the 

tjy 



FIG. 10. 


approximate curves, we should expect to find that part of the axis of y for 
which 0 < 2 / < 1 appearing as a portion of the curve y—f{x) when x ^ 0. 
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As is certainly continnous, when the terms of the series are contmnous, 
the approximation curves will always differ very materially from the curve 
y^f (^)f when the sum of the series is discontinuous. 


Ex. 2. 


where 


Consider the series 

u^(x) + u^{x) 4 * u^{x) + ..., x^O, 

u ^ (n~l)x 

^ 1+n^a^ 


In this case 
and 


. . IMj 

lim s^(x) =0 for all values of x. 


Thus the sum of this series is continuous for all values of x, but we shall 
see that the approximation curves diff^ very materially from the curve 
y—f{x) in the neighbourhood of the origin. 



The ciirve y =«„(*) = 

has a maximum at (1/w, and a minimum at ( — 1/w, —4) (ol* H)* 
points on the axis of x just below the maximum and minimum move in towards 
the origin as n increases. And if we reasoned from the shape of the curves 
y— a„(a;), we should expect to find the part of the axis of y from — 4 to 
appearing as a portion of the curve y—f{pc). 

Ex. 3. Consider the series 

u^(x) +U2(x) + Ug{x) 4- . - . , ago, 

lim s„(a;)==0 for all values of x, 
n — >00 


where 

Here 

and 
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The sum of the series is again, continuous, but the approximation curves 
(cf- Fig. 12), which have a maximum at a minimum at 

( — 1/V^^> differ very greatly from the curve y~f{x) in the neigh- 

bourhood of the origin. Indeed they would suggest that the whole of the 
axis of y should appear as part of y =/* (x). 



I’m. 12. 


64. Repeated Limits. TKese remarks dispose of the assump- 
tion referred to at the beginning of the previous section that the 
approximation curves y — Sn{x)j when n is large, must approach 
closely to the curve y—f{x), where /(a?) is the sum of the series. 

The second error alluded to above arose from neglect of the 
convention implied in the definition of the sum of an infinite 
series whose terms are functions of x. The proper method of 
finding the sum has been set out in § 62, but the mathematicians 
to whom reference is now made proceeded in quite a different 
manner. In finding the sum for a value of a?, say x^y at which 
a discontinuity occurs, they replaced x by a function of n, which 
converges to as n increases. Then they took the limit when 
n-^co of in its new form. In this method x and n approach 
their limits concurrently, and the value of this limit may quite 
well differ from the actual sum for x = Xq, Indeed, by choosing 
the function of n suitably, it can be made to take any value between 
/(a?o+^) /(a?o- 0), while in some cases it goes outside this 

interval (cf. Ch. IX, p. 293). 
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For instance, in the series of § 63, Ex. 1, 


a;+l ■*‘(x+l)(2a:+l) ■*'— * 
we Lave seen tLat a?=0 is a point of discontinuity. 

If we put x—pjn wliere p is positive, in tLe expression for 
and tLen let n-^co , p remaining fixed, we can make lim s^ipfn) take 

71— >0O 

any value between 0 and 1, according to our cboice of p. For we 


Lave Sn{pln) = 


p+V 


wMch. is independent of n, and 


71— VVJ p -f- Ji 


wbicli passes from 0 to 1 as ^ increases from 0 to oo . 

It will be seen tbat tke matter at issue was partly a question 
of words and tbe misunderstanding of a definition. The confusion 
can also be traced, in some cases, to ignorance of tbe care wbicb 
must be exercised in any operation involving repeated limits, for 
we are really dealing bere witb two bmiting processes. 

If tbe series is convergent and its sum is /(a?), then 


/(a?)=lim s^{x), 

M-^OO 


and tbe limit of f{x) as x tends to assuming tbat there is sucb 
a limit, is given by 

. lim / (a?) = lim [lim s^(a;)] (1) 

a:— >a-Q 71— 

If we may use tbe curve as an illustration, tbis is tbe or- 
dinate of tbe point towards wbicb we move as we proceed 
along tbe curve y=f{x), tbe abscissa getting nearer and nearer 
to Xq, but not quite reaching Xq. According as x approaches Xq 
from tbe right or left, the limit given in (1) will be/(ajo-i-0) or 
/(a^o-O). 

Now/(a?o), tbe sum of tbe series for x=^Xq, is, by definition, 

bm 

n—^oo 

and since we are now dealing witb a definite number of con- 
tinuous functions, 5n{^) is a continuous function of x in tbe interval 
witb wbicb we are concerned. 

Thus (a^o) = lim (x). 
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Therefore jbhe sum of the series for x = Xq may be written 

lim [lim s„(a;)l. ..(2) 

n— >oo .c— »-.ro 

The two- expressions in (1) and (2) need not be the same. They 
are so only when f (x) is continuous at Xq. 

65. Uniform Convergence.* When the question of changing the 
order of two limiting processes arises, the principle of uniform con- 
vergence,. which we shall now explain for the case of infinite series 
whose terms are functions of x, is fundamental. What is involved 
in this principle will be seen most clearly by returning to the series 


+ 


In this series 
and 

Also 


x+1 (a;-hl)(2ir-M) 


nx+V 
lim5„(a?) = l when x>0. 




p, x>0, and J?„(0) = 0. 


nx-{-V 

If the arbitrary positive number e is chosen, less than unity, and 
some positive x is taken, it is clear that l/{nx + l)Ce for a positive 
n, only if 

1 


--1 


n>- 


JS.g, let € = 


103+1 ■ 

If a:— 0*1, 0*01, 0-001, ... , 10~^, respectively, ll{nx + l) <c only when 
7l>10^ 10% 10», ... lO*'^®. 

And when e = and a; = 10~^, n must be greater than IO/H -7 if 

l/(7ia: + l) <€. 

As we approach the origin we have to take more and more terms of the 
series to make the sum of n terms differ from the sum of the series by less than 
a given number. When ar=:10“®, the first million terms do not contribute 
1 per cent, of the sum. 

1-1 

The inequality 


shows that when n is any given positive number less than unity, 


*A simple treatment of uniform convergence will be found in a paper by Osgood, 
Bull. Atnftr. Math. Soc.^ 3 (1800). 
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and X approaclies nearer and nearer to zero, tiie smallest positive 
integer wMcli will make ••• all less than e increases 

without limit. 

There is no positive integer v which will make R^{x), R^x{x), ... 
all less than this e in the smne v serving for all values of x 

in this range. 

On the other hand there is a positive integer v which will satisfy 
this condition, if the range of x is given by x^a, where a is some 
definite positive number,. 


Such a value of v would be the integer next above 



Our series is said to converge uniformly in cc ^ u, but it does not 
converge uniformly in a? ^ 0. 

We turn now to the series 


ufx) , 

and define uniform convergence* in an interval as follows: 

Let the series u-fx) +U2{x) +^3(0?) H-... 

converge for all values of x in the interval a^x^b and its sum he 
f{x). It is said to converge uniformly in that interval, if^ any 
'positive number e having been chosen, as small as we please, there 
is a positive integer v such that, for all values of x in the interval, 

I f{x) — sjgi) ( < e, ivhen n ^ i/.f 

It is true that, if the series converges, |J 2 „(a;)|<e for each x in 
{a, b) when 

The additional point in the definition of uniform convergence 
is that, any positive number e having been chosen, as small as 
we please, the same value of v is to serve for all the values of x in the 
interval. 

For this integer v we must have 

\R,{x)\, ,.. 

all less than e, no matter where x lies in {a, b). 


*The property of uniform convergence was discovered independently by Stokes 
(cf. Tratis. Phil. Soc. Camb., 8 (1847), 533) and Seidel (cf. Ahh. JLL MuncJien, 

5 (1848), 381). See also Hardy, Proc. Phil. Soc. Camb., 19 (1920), 148. 

fWe can also have uniform convergence in the open interval a <i x <. b, ov the 
half- open intervals a <,x^b, x C. b-, but, when the terms are continuous 
in tlie closed interval, uniform convergence in the open interval carries with it 
uniform convergence in the closed interval (cf. § 68). 
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Tile series 3oes not converge uniformly in {a, b) if we know that 
for some positi\"e number (say eo) there is no positive integer v 
which will make i r> / \ t \ / n r 

all less than eQ for every x in (a, b). 

It will be seen that the series 


a; +1'^ (a: +l)(2a: +!)■'■••• 

converges uniformly in any interval a ^ x^b, where a, b are any 
given positive numbers. 

It may be said to converge infinitely slowly as x tends to zero, 
in the sense that, as we get nearer and still nearer to the origin, 
we cannot fix a limit to the number of terms which we must take 
to make |22,i(aj)|<:€'. It is this property of infinitely slow con- 
vergence at a point ( e.g, Xq) which prevents a series converging 
uniformly in an interval including that point. 

Further, the above series converges uniformly in the infinite 
interval x^a, where a is any given positive number. 

It is sometimes necessary to distinguish between uniform con- 
vergence in an infinite interval and uniform convergence in a fixed 
interval, which may be as large as we Release. 

The exponential series is convergent for all values of x, but it 
does not converge uniformly in the infinite interval x^O, 

For in this series Rn(^) is greater than x^jnX, when x is 
positive. 

Thus, if the series were uniformly convergent in 
would need to be less than e when n v, the same v serving for 
all values of x in the interval. i 

But it is clear that we need only take x greater than (i/Ie)" to 
make RrSp) greater than e for n equal to v. 

However, the exponential series is uniformly convergent in the 
interval (0, 6), where h is fixed, but may be fixed as large as we 
please. 

For take c greater than h. We know that the series converges 
for a? = c. 

Therefore R^{c)<^€, when n^v. 

But Rn{x)<:Rn{c), when 0 ^x^hc^c. 

Therefore when n^v, the same v serving for all values 

of X in (0, 6). 
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From the uniform convergence of the exponentiaJ series in the 
interval (0, 6), it follows that the series also converges uniformly 
in the interval ( - h, b), where in both cases b is fixed, but may 
be fixed as large as we please. 

Ex. 1. Prove that the series 

1 + ... 

converges uniformly to 1/(1 — a;) in 0 ^ a; ^ afo < 1. 

Ex. 2. Prove that the series 

(1 — a:) + a;(l — a;)-|-a:2(l — a?) + ... 
converges tiniformly to lin0^a;^a:o<l. 

Ex. 3. Prove that the series 

(1 -a;)2 4-£c(l + + 

converges uniformly to (l—a;) inO^a;^!. 

Ex. 4. Prove that the series 

111 
l+x» 2+a?>'*'3 + a^ "• 

converges uniformly in the infinite interval a; ^ 0. 

Ex. 5. Prove that the series 

X X X 

1 .2‘^2T3"*"F7i‘^ * 

converges uniformly in the interval (0, 6), where h is fixed, but may be fixed 
as large as we please, and that it does not converge uniformly in the infinite 
interval ar ^ 0. 

66. A necessary and sufficient condition for Uniform Con- 
vergence. When the sum /(a?) is known, the above definition often 
gives a convenient means of deciding whether the convergence is 
uniform or not. 

WTien the sum is not known, the following test, corresponding 
to the general principle of convergence (§ 15), is more suitable. 

Let +'^ 2 ( 0 ;) + . . . 

be an infinite series, whose terms are given in the interval (a, 6). 
A necessary and oufficient condition for the uniform convergence of 
the series in this interval is that, if any positive number e has been 
chosen, as small as we please, there shall be a positive integer v such 
that, for all values of x in the interval, <e, when n^p, for 

every positive integer p, 

(i) The condition is necessary. 

Let the positive number e be chosen, as small as we please. 
Then take Je. 
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Since the series is uniformly convergent, there is a positive 
integer p, such that 

\f{x)-s^{x)\c^e, when 

the same v serving for all values of x in (a, h), f{x) being the sum 
of the series. 

Let n", W be any two positive integers such that ^v. 

Then | Sr,^{x) - s^ix) | ^ [ Sn'^ix) ~f{x) | + 1 f(x) - Snix) i 

<e. 

Thus - sjx) | <e, when n ^ i/, for every positive integer p 

the same p serving for all values of x in {a, h). 

(ii) The condition is sufficient. 

We know that the series converges, when this condition is 
satisfied. 

Let its sum be/(a;). 

Again let the arbitrary positive number e be chosen. Then 
there is a positive integer p such that 

l^n+y(3J) when W^p, for every positive integer p, 
the same p serving for all values of x in (a, h). 

Thus s^{x) - i€Cs^+p(x)CSy{x) H- Je. 

Also lim s^_i. 3 ,(a?)=/{ir). 

p—*-ao 

Therefore s„ (x) — Je ^f(x) ^ Sy (x) + Je. 

But !s„(x)-/(x)|g|s„(a;)-s^(a;)| + |s„(a:) -/(a;)|. 

It follows that, when n is greater than or equal to the value p 
specified above, 

<€, 

and this holds for all values of x in (a, b). 

Thus the series converges uniformly in this interval. 

67. 1. Weierstrass’s M-Test for Uniform Convergence. The 
following simple test for uniform convergence is due to Weierstrass: 

The series +^ 3 (®) + • • • 

will converge uniformly in (a, b), if there is a convergent series of 
positive constants 

Af + Af2 4- Afg Hh - . . , 

svich that, no matter what value x may have in (a, b), 

\uj^x)\^ M^for every positive integer n. 
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Since tlie series + . . . 

is convergent, witk tlie usual notation, 

■t-^n+2 

when for every positive integer jp. 

But +iM„+ 2 (a:)| +... +\u„^^{x)\. 

Thus li,-Rn(aj)lS ^n+\ +il4'„+2 +... 

Ce, when for every positive integer 

the inequality holding for all values of x in (a, 6). 

Thus the given series is uniformly convergent in (a, b). 

For example, we know that the series 
1 +2a-f-3a^+... 

is convergent, when a is any given positive number less than 
xinity. 

It follows that the series 

1 +205 +305^+... 

is uniformly convergent in the interval ( - a, a). 

Ex. 1. Show that the series 

X cos d-^x^ cos 20 4- cos 30 -i- . . . 

is tuuformly convergent for any interval (Xq, x^), w'here - 1 < a-Q < Xj < 1 and 
0 is any given number. 

Ex. 2. Show that the series 

X cos d + x^ cos 20 + a;^ cos 30 + ... 
x^ 

and ^ cos 0 + cos 20 + cos 30 + . • . 

are uniformly convergent for all values of 0, when ja;( is any given positive 
number less than unity. 

67. 2. Further Tests for Uniform Convergence. In the Af-Test 
the series converges absolutely and uniformly. But absolute 
convergence is not required in the following tests, usually called 


Abel's Test and Dirichlet's Test. 

I. Abel’s Test. Let the series 

U-^{X) +'U2(X) ( 1 ) 

converge uniformly in (a, h) cmd the sequence 

^ 2 («)> %(»)> (^) 


he monotonic for every {fixed) x in (a, h) and uniformly hounded.^ 

*A function fni^) u7iiformly hounded in an interval, when there is a 

positive number JKT, independent of x and to, such that \Sn{p^) I for every value of 
X in the interval, and every positive integer n. 
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Then the series 

+U2ix)Vz(x) +U3(x)V3(x) + ( 3 ) 

is uniformly convergent in (a, b). 


Let j,R„(x) be tbe partial remainder for tbe series (3) and 
„r„(x) tbe sum of n terms and tbe partial remainder for tbe series (1). 
Then ,«„(») = u„+i(x)v„+i(x) +M„+ 2 (^)««+ 2 (a:) + . . . 

= ir„(a:)«J„+i(a;) + [2»-„<a:) - ir„(a?)] v„+2(a:) + ... 

+ [»»■«(»=) - s^ir„{x)] v„+^(x) 

= !»■«(*) [^n+l(a;) - -On+i^x)] + ... 

+p-i‘rn(x) [«J„+*-i(a:) - v^+„(.x)] + pr„(x)v„^(x)...(4:) 
Now it is known that 

[«n+i(») - '«n+2(a:)]. [«'«+2(a:) - ■w„+ 3 (a;)], [f'„+p-i(a:) - v^+^(x)] 

all have the same sign, x being fixed; and that there is a positive 
number K such that \vJjx)\<:iK for all values of x in (a, h), and 
every positive integer n. 

Also, since the series (1) converges uniformly, when the arbitrary 
positive number e is chosen, there is a positive integer y, such that 

ll»‘n(®)|. l2^n(*)|. l»’-n(a:)| 

are each less than e/S-ff when the same v serving for all 

values of x in (a, b). 

It follows from (4) that 

a»-^n(^) ^ ^ 3 A 

Cfe+Je 

Ce, when n^p, 

the same v serving for all values of x in (a, h). 

Thus the series (3) is uniformly convergent in (a, 6)* 

Ex. 1. Let flo + + ^2 + • • • S'* convergent series of constants and v„(a;) = a:”. 

Tben X converges uniformly in 0 ~ a; ^ 1. 

Ex. 2. Let a^ + a^ + ... be a convergent series of constants and v«(a:) 

Then 2 a^^{x) converges uniformly in a; ^ 0. 

Ex. 3. Let aQ + ai.4-a2 + *“ ^ convergent series of constants and Oq, Oi, 

Oj, ... be a monotonic ascending sequence of positive numbers. Then the series 

+ a^e~^v ^ + 

converges uniformly in a; = 0. 
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II. Dirichlet's Test. Let 

sj^x) ■=^ u^(x) H- 2^2(0;) 4 - . . . u^ix). 

Then the series 

U:SP^)v^{x) +u^{x)v^{x) +u^{x)v^{x) + ... 
converges uniformly in (a, b) provided that 
(i) Sn{x) is uniformly hounded in (a, b)* 
and 

(ii) v^{x), v^ix), Vq{x), ... is a monotonic sequence converging uni- 
formly to zero in {a, 6). 

With, the same notation as above, 

~ [^n+l(^) “ '^n+l{pd) H-[<S„4.2(27) — ^n+lC^)] ^n4-2(^) + •*• 

■t l(^)] '^n+3>(^) 

- - '^n+2.iP^)} + •*. 

L^n+u-lG^) ■” '^n4-3>(^)] 

+ ^n+p(aj)Vn+p(x) - Sj,x)v^^y^x). 

Then we have at once 

|^JS„(a?)|<J5r{|i;«^.i(a;)-v„^.^(a;)| + \v^+^{x)\ 4|v,,+i(a;)l}. 

But the sequence vfx), v^ix)^ ... converges uniformly to zero. 
Therefore we know' that, however small the arbitrary positive 
number e may be, there is a positive integer v, such that J 

Vn(x) <^, when n^p, 

the same v serving for all values of x in the interval. 

And vf^x), v^{x), etc., are all of the same sign. 

Therefore 

|,,JR„(a;) !<<:•, when n^v, 

the same v serving for all values of x in (a, b), and the series 

ao 

2 ujx)vjx) 

1 

converges uniformly in (a, b). 

Ex. 1. The series —i— - — i - + .. } .v - 
l+a;2 2 + a;* 3 4*0?^ 

converges uniformly when x^O. 


'•‘Cf* footnote on p. 149. 



152 


INFINITE SERIES WHOSE TERMS 


Lch. V 


Ex. 2. The series sin. x + ^ sin 2x + ^ sin 3a; 4- - . - 

cos cos 2a: 4- ^ cos 3a; + . . . 

converge uniformly in (a, Z>), when 0 <; a <: 6 < 27r. 

Ex. 3. The series- sin x — ^ sin 2a; 4-^ sin 3a; ... 

cos x — ^ cos 2a; 4- cos 3a; ... 
converge uniformly in ( — a, a), where 0*< a <: tt. 

Ex. 4. The series sin a; 4-^ sin 3a; 4-^ sin 5a; + ... 

Jsin 2a;4-i sin 4a; 4-^ sin 6a; 4- ... 

cos a;4-i cos 3a; 4- cos 5a; 4- ... 
i cos 2a: 4-i cos 4a; 4-^ cos 6a; + , . . 
converge uniformly in (a, 6), when 0 <c a <: 6 < tt. 

Ex. 5. The series D sin nx and X ^ 

converge uniformly in (Xq, a;i) when 0 < aJo < a;i < 27r, provided that the 
constants a^, ... form a monotonic sequence an.d lim a^=0. 

68. Uniform Convergence of Series whose Terms axe Con- 
tinuous Fimctions of x. In the previous sections dealing with 
uniform convergence the terms of the series have not been assumed 
continuous in the given interval. We shall now prove some 
properties of these series when this condition is added. 

I. Uniform convergence implies continuity in the sum. 

If the terms of the series 

+U2{pc) -hu^(x) 

are continuous in {a, b), and the series converges uniformly to f(x) 
in this interval, then f{x) is a continuous function of x in {a, 6). 

Since the series converges uniformly, we know that, however 
small the positive number e may be, there is a positive integer v, 
such that 

l/(®)-«»(*)l<ie, when n^v, 
the same v serving for all values of a; in (a, b). 

Choosing such a value of n, we have 

fix) = s^ix)-i~It^(x), 

where Jt, for all values of x in (a, 6). 

Since Sn(x) is the sum of n continuous functions, it is also con- 
tinuous in (a, b). 

Thus we know from §31 that there is a positive number r] such that 

when X, x' are any two values of x in the interval (a, b) for which 
\x'-x\^ri. 
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But fi<c')^sJixf)+RJ.x'), 

wtere 1 «„(»') l<ie. 

Also fix') -f{x) = [s„(a:') - s„(x)] + RJx') - R„(x). 

Thus \f{x') -/(a:)l^|s„(a;') -s„(a5)l +(i2„(a;')| +lJ2„(a:)|. 

< 4 ® 

< €, when \x' — x\^rj. 

Therefore f{x) is continuous in (a, h). 

II. If a series, whose terms are continuous functions, has a dis- 
continuous sum, it cannot he uniformly convergent in an interval 
which contains a 'point of discontinuity. 

For if the series were uniformly convergent, we have just seen 
that its sum must be continuous in the interval of uniform con- 
vergence, 

III. Uniform convergence is thus a sufficient condition for the 
continuity of the sum of a series of continuous functions. It is not 
a necessary condition ; since different non-uniformly convergent 
series are known, which represent continuous fxinctions in the interval 
of non-uniform convergence. 

For example, the series discussed in Ex. 2 and Ex. 3 of § 63 
are uniformly convergent in cc ^ 0, for in both cases 

|i?,i(a7)|< — , when a;^a>0. 

' ^ nx na 

Thus |jK„(a;)| Ce, when which is independent of x. 

But fche interval of uniform convergence does not extend up to 
and include x~0, even though the sum is continuous for all 
values of x. 

This is clear in Ex. 2, where RJjc) — i ^ if it is asserted 

that \Rn{x)\C€, when n^v, the same v serving for all values of x 
in a; ^ 0, the statement is shown to be untrue by pointing out that 
for a; = l/i^, R^ (x) = J, and thus 1 R^i ^) | <fc: e, when n^v, right through 
the interval, if e<Cj. 

nP^x 

Similarly in Ex. 3, where Rn{^) = ^ asserted that 

|i2„(a;)[<€, when n^v, the same v serving for all values of x in 
x^O, we need only point out that for x=llJv^, R^{x) = \sjv^. 
Thus when n^v, right through the interval, if €<^. 
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There is, in both cases, a positive integer i/ for which 
i2„(l/m)<e<J, when p, but this integer is greater than 1/m. 

Thus it is clear that the convergence becomes infinitely slow 
as x-^0. 

IV. If the teTTns of the series are continuous in the closed interval 
(a, b), and the series converges uniformly in (XCccc6, then it must 
converge for x = a and x = b, and the uniformity of the convergence 
will hold for the closed interval {a, 6), 

Since the series is uniformly convergent in the open interval 
acxcb, we have, with the usual notation, 

when :(1) 

the same v serving for every x in this open interval. 

Let m, n be any two positive integers, satisfying this relation. 

Since the terms of the series are continuous in the closed interval 
(a, b), there are positive numbers and ^735 such that 
1 I > h, when 0^(x-a)^7J^, 

and I s„(x) - s^ia) | < Je, when 0 ^ (a; - a) ^ ?7 2 . 

Choose a positive number rj not greater than or 772 , and let 
0 ^ (a; — a) ^ 77 . 

Then |s„(a) -s„(a)| 

= |Sm(«) -«,„(»)[ +1M*) -■*«(“=) I 


Cfc-, when (2) 

A similar argument shows that 

kmW -^n(^)l <e, when m>n v (3) 


From ( 2 ) and (3) we see that the series converges for x = a and 
a; = 6 , and, combining (1), (2) and (3), we see that the condition 
for uniform convergence in the closed interval (a, b) is satisfied. 
If the -terms of the series 

Wi(a;) + + . . . 

are coBtinuous in (a, 6), and the series converges unifor ml y in every interval 
(a, ^), where acac ^ cb, the series need not converge for x~a ov x=b, 

E.g. the series l-^2x + ^x^ + . . . 

converges uniformly in ( — a, a), where a <c 1, but it does not converge for 

a;= — 1 or a; = l. 

However we shall see that in the case of the Power Series, if it converges 
for x^a or x==b, the uniform convergence in (a, />*) extends up to a or 6, as 
the case may be. (Cf. § 72.) 

Hut this property is not true in general. 
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The series of continuous functions 

u^(x) + u^ix) + ^^ 3 ( 0 ;) + . . . 
may converge uniformly for every interval (a, /?) within (a, b), and convolve 
for a; — a or x~h, while the range of uniform convergence docs not extend up 


to and include the point a or b. 

JS.g. the series x + Ix^ — ^x^ 4 - + Ix"^ — }x* + (1) 

formed from the logarithmic series 

X - la;* + - .(2) 


by taking two consecutive positive terms and then one negative term, is 
convergent when — 1 <; a; ^ 1, and its sum, when a; — 1, is :} log 2.* 

Further, the series (2) is absolutely convergent when }a;| < 1, and therefore 
the sum is not altered by taking the terms in any other order. (Gf, § 22.) 

It follows that when \x\ <; 1 the sum of (1) is log (1 + x), and when a; = 1 its 
sum is f| log 2. 

Hence (1) is discontinuous at a; = l and therefore the interval of uniform 
convergence does not extend up to and include that point. 

69. Uniform Convergence and the Approximation Curves. Let a series of 
continuous functions be uniformly convergent in (a, b). 



1 s^ix) - Sn(x) I < e, when m> n ^ v, 
the same v serving for all values of a; in the interval. 

In particular, j s^{x) — I < when m> v, 

and we ahA.n suppose v the smallest positive integer which will satisfy this 
condition for the given € and every x in the interval. 

Plot the curve y=^s„{x) and the two parallel curves y=Sv{x) forming a 
strip cr of breadth 2^, whose central line is y—s^.{x). (Fig. 13.) 

*Cf. Hobson, Plane, Trigonometry (7th ed., 1928), 251. 
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All the approximation curves y=s^{x), ?»> r, lie in this strip, and the curve 
y —f ^vheTef(x) is the sum of the series, also lies within the strip, or at most 
reaches its boundaries. (Cf. § 66 (ii).) 

Next choose e' less than c, and let the corresponding smallest positive integer 
satisfying the condition for uniform convergence be u'. Then v' is greater 
than or equal to v. The new curve y=:Sv'(x) thus lies in the first strip, and 
the new strip cr' of breadth 2€', formed as before, if it goes outside the first 
strip in any part, can have this portion blotted out, for we are concerned only 
with the region in which the approximation curves may lie as m increases from 
the value v. 

In this way, if we take the set of positive numbers 

O €' >- . . , where Hm €(«> = 0, 

K — 

and the corresponding positive integers 

wc obtain the set of strips cr, <r', a-", ... 

Any strip lies within, or at most reaches, the boundary of the preceding 
one, and their breadth tends to zero as their number increases. 

Further, the curve y —f (x) lies within, or at most reaches, the boundary of 
the strips. 

This construction, therefore, not only establishes the continuity of the sum 
of the series of continuous functions, in an interval of uniform convergence, 
but it shows that the approximation curves, as the number of the terms 
increase, may be used as a guide to the shape of the curve for the sum right 
through the interval.* 

70. 1. A sufficient Condition for Term by Term Integration of a 
Series whose Terms are Continuous Functions of x When the 
series of continuous functions 

is uniformly convergent in the interval (a, 6), we have seen, that 
its sum, /(x), is continuous in (a, h). It follows that f{x) is 
integrable between Xq and x^, when a ^ x^cx^ ^ h. 

But it does not follow, without further examination, that the 
series of integrals 

j iij^{x)dx + \ u^{x)dx + \ u^{x)dx 

- 1.^0 

is convergent, and, even if it be convergent, it does not follow, 
without proof, that its sum is J f(x) dx. 


*Of course the argument of this section applies only to such functions as can be 
graphically represented. 
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Tlie geometrical treatment of the approximation curves in § 69 
suggests that this result will be true, when the given series is 
uniformly convergent, arguing from the areas of the respective 
curves. 

We shall now state the theorem more precisely and give its 
demonstration : 

Let the functions Uj^(x), U 2 (x), ... be continuous in {a, h), 

and let the series 

Ui(x) +U2(x) -hUQ(x) + ... 


be uniformly convergent in {a, h) and have fix) for its sum. 
Then 

f-Cl fjfl 

I f{x)dx=\ Uj^ix)dx+\ U2(x)dx + \ U2ix)dx-\-.., ^ 

J Xa ^ Xa J xo J Xo 


where a ^x^C.x^'^b. 

Let the arbitrary positive number e be chosen. 

Since the series is uniformly convergent, we may put 

/(*)=Sn(®)+jRn(®), - - 


where 


when n^Vy 


/A 

'i' 


the same v serving for all values of x in (a, b). 

Also f{x) and Sn{x) are continuous in {a, b) and therefore 
integrable. 

Thus we have 


J Xi Txi Cxi 

fix) dx = \ Sn{x) dx 4- 1 Rn{^) 

Xq •' 3*0 Xo 

where u ^ £^0 ^ 

Therefore | fix)dx—\ 5,t(aj) da; 1 = | Itnix)dx 

i 3-0 j 3*0 1 1 J 3;o 


<€^ 


h — a 
Ce, when n^v. 


But 


cxi « rxi 

I Sn{x)dx=^\ u^{x)dx. 

J Xo 1 Xo 

cxi rxi 

Therefore ^r(^) <e, when i/. 

J Xo 1 •* 3*0 

Thus the series of integrals is convergent and its sum is I f{x) dx, 

Jx^ 
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CoROLT^ARY' T. Let he continuous in {a, h) 

and the series ••• 

converge uniformly to f{x) in {a, 6). 

Then the series of integrals 

tx rx Cx 

I dx + I ti 2 {x) dx + u^{x) dx-\- 

converges uniformly to 1 f(x)dx in (a, 6), when a^XQ<cx:^b. 

j Xo 

This follows at once from the argument above. 

CoROLiiARY II. Let u^(x), uf(x), u^{x), ...he continuous in (a, h) 
and the series Uj^(x) +u^(x) +u^(x) + ... 

converge uniformly to f{x) in {a, h). 

Also let g(x) he hounded and integrahle in {a, h). 

Then f f{x)g{x) dx~^\ uj^x)g{x) dx, 

-j Xo 1 •f Xo 

where a'^x^dx-^h, and the convergence of the series of integrals is 
uniform in {a, h). 

Let the arbitrary positive number € be cbosen, and let M be 
the upper bound of \g{x)\ in {a, h). 

Since the series ^^^uAx) converges uniformly to f{x) in (a, h), 
we may put f{x) = sj,x) •+■ 


where 




T, when n ^ v. 


'M{b-aY 

the same v serving for all values of x in {a, h). 
Therefore we have 


f{^)9 i^) da; - 1 s^{x)g(x)dx + \ R^{x) g {x) dx, 

Xo >Jxo J a-o 


where 


; Xf^Cx ^ h. 


Thus jf /(a;)ff(x)dx-f s^{x)g{x)dx\=J\\^ RJ^x)g{x)dx 

Xo J Xo I M -To 

r x n rx 

f(x)g(x)dx- u,,(x)g(x)dx 

.3*0 1 Ja-o 


"Mib-a) 
Ce, when n 

which proves our theorem. 


Tl/T >Z. ^ ^ ~~ ^o) 

V, 
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It is clear that these integrations can be repeated as many 
times as we wish. 

Ex. 1 . To prove that 

log (1 -2?/ cos a; + 2 /®) da: = 0, when 
.'o 

= 7r log 2 /®, when l2/|> 1. 

We know that 

V — cos X o « 

= - cos * - s, cos 2* - 1/2 oos 3a! + . 

when \y \ <1. 

Also the series (1) converges uniformly for any interval of y within ( — 



(§67.1). 

Therefore i _ 2y cos x+ y <^ ' - 2 cos na: J' j/"-' dy, when \y \ < 1. 

Therefore log (1 - 2y ces a: + 2 /^) = - ^ ^ when jt/l < l.f ..(2) 

But the series (2) converges uniformly for all values of a:, when \y\ is some 
positive number less than unity (§ 67. 1). 

— 2yQoax + y^)dx= — 2 — [ cosnxdx, when (yl < 1. 
-2y oosx-¥y^)dx—0f when jyj < 1. 


Thus log(l 

-'o 

Therefore f log(l 
-'o 


But log (1 —22/ cos x-\-y^)dx~\^ [^log log (^1 ~ ^ + ^ 

Therefore \ log (1 - 2y cos x + y^)dx~7r log y^, when j?/| > 1. 

J 0 

Ex. 2. Prove that, if m is a positive integer. 


■-IT 
- 0 


COS mx log (1 — 2y cos x + y^)dx :=z —tt— or 


y~7I 


according as | y | c 1 or j y 1 > l.J 


*It follows from Ex. 4, p. 131, that we may replace the symbols <;, > by ^ 
and ^ respectively. 

fif X is not zero or an oven multiple of tt, the series on the right-hand of (2) 
converges when y = 1 • 

It follows from Abel’s Theorem on the Power Series (§ 72, VII) that 
log 2(1 —cos a;) = — S , when x^O or 2r7r. 

1 71 - 

Again, if x is not an odd multiple of tt, the series on the right-hand of (2) converges 
when y =: — 1 . 

Then, as above, we have 

log 2(1 + cos x) — :IS( — 1)’*—^ when x (2r -h l)7r. 

Jit follows from Ex. 5, p. 131 that these results hold also for | y | — 1- 
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70. 2. Tl^p following extension of the theorem in the preceding section ii 
sometimes useful. 

Let u^{x) ... hefanctiorLS integraUe in {a, b) and let 3^{x)=^^ Uj.{x) and 

f(x)=^Ur(x). ^ 

1 

r/ius if (i)/(a!) is irUegrable in {a, h), and (ii) ihe series converges uniformly to 
f{x) 171 {a, c), xdhere c is any number between a and b, and (iii) sjx) is xiniformlu 
bou7ided ui {a, b), 






u^{x)dx. 


f{x)dx = 

Ct 

Since the sum sj^x) is uniformly bounded in (a, 5), there is a positive number 
A (mdependent of x and n), such that 

\s„{x)lcK 

for every x in {a, b) and every positive integer n. 

Let the arbitrary positive number « be chosen, and let c be taken so that 
b -cc- 




Then s„(x)dx=j‘^ (/(a:) -*„(*) + - [‘ s„(x)dx. 


(1) 


And 


But 
Therefore 


\^^f{x)dx - s^{x)dx \f{x) - s„{x)[dx + [* \f{x)\dx + [* I s„{x) \dx. (2) 


!«„(») I <ir. 

I /(^) I = j lim Sn{x) 1 ^ K\ 


But the series converges uniformly in (a, c). 
Thus there is a positive integer v, such that 


\f{x) —s^{x) j c-^- 


"2(6 -a) 

the same v serving for all values of a; in (a, c). 
It follows from (2), that 


when n \ 




I 2(6 -a) 
< ^6 + 

<e. 


(c-a)+2(6-c)A, 


when n'^v. 

Thus, under the conditions stated in the theorem. 


r 

Jrt 


/(a:)da; = :S Urix)dx, 

' I Ja 

This may be extended as follows: 

ief the integrate function Ax) be the sum of the series of integraUe functions 
...and let this series converge uniformly in aSx^b, except for a 
finite number of stA-inUrvaU, the sum of whose Ungths can be made less tLnany 
given number. Also Ut s„(x) =± u^x) be uniformly bounded in (a, b). 
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Then 


f f{x)dx — '£. ^ Ur{x)dx>* 
.'a I .a 


71 . A sufficient Condition for Term by Term Differentiation. 

If the series u^{x) +u^{x) +u^{x) + ... 

converges in {a, 6) and each of its terms has a differential coefficient^ 
continuous in (a, 6) , and if the series of differential coefficients 
{^) {x) +uf {x) + ... 

converges uniformly in {a, b), then f(x), the sum of the original series^ 
has a differential coefficient at every j>oint of (a, h), and 

f (^)— (^) (^) “^^3 (^) +••• • 

Let <p (x) = uf (x) +U 2 ^ (x) + (x) + . . . . 

Since this series of continuous functions converges uniformly 
in (a, 6), we can integrate it term by term. 

Thus we have 


C^i 

I cl>{x)dx=^\ uf{x)dx + \ uf{x)dx~\-\ uf{x)dx+..., 

j Xo j Xo J Xo j Xo 

where a^XQC.x-^'^h. 

* Therefore I (f{x)dx—\u-jfxf) - ufxff\ -f [w 2 (^®i) “ '^ 2 (^ 0 )] * 

Jxo 

But +■••• 

and /(^o) = Wx (a^o) +^2 (^o) + ^3 (^o) + • • • * 

Therefore 1 <f> (x) dx = f{xf} — /( 2 C 0 ) • 

Jxo 

Now put Xq = x and £Cx=:a:+Aa;. 

Then, by the First Theorem of Mean Value, 
^{S)Ax.=f(x+Ax) -f(x), 
where x ^ f ^ a? + Ax. 


Therefore 




*Cf. The Mathematical Gazette, 13 (1927), 438. In this paper by the author on 
“ Term by Term Integration of Infinite Series'” further information on this subject 
will be found ; and a proof is given of the theorem due to Arzela (1885) that when 
the series of integrable functions ?ij^(ar), 'Mgfa;), ... converges to the integrable function 

/(a:), and the sum is uniformly bounded in (a, 6), then 

f& * (6 

\ /(q;)da; = w \ n.r{x)dx 

.'a 1 J a 
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But lim — 

since is continuous in (a, 6). 

Therefore /(cc) has a differential coefficient /'(a?) in (a, 6), 
and — 

=:?^^'(a?) {x) {x) + ... . 


It must be remembered that the conditions for continuity, and 
for term by term differentiation and integration, which we have 
obtained are only sufficient conditions. They are not necessary 
conditions. We have imposed more restrictions on the functions 
than are required. But no other conditions of equal simplicity 
have yet been found, and for that reason these theorems are of 
importance. 

It should also be noted that in these sections we have again 
been dealing with repeated limits (cf. § 64), and we have found 
that in certain cases the order in which the limits are taken may 
be reversed without altering the result. 

In term by term integration, we have been led to the equality, 
in certain cases, of 

I lim s^ {x) dx and lim I ^s^ (x) dx. 

.'0 » — n— 

Similarly in term by term differentiation we have found that, 
in certain cases, 


lim [lim 

h—^0 \ rh J 

are equal. 


and lim f lim f ~ )~| 

„_^oo L/i— >0 \ n / J 


72. The Power Series. The properties of the Power Series 
ao + - 

are so important, and it offers so simple an illustration of the results we' have 
just obtained, that a separate discussion of this series will now be given. 

I. If the series + a^x + + . . . 

is convergent for a: = a;o, absolutely convergent for every value of x such that 
1*1 < 1 * 01 - 

Since the series is convergent for x=:s:q, there is a positive number if such 
that la„*„”l < Jif, when »i£0. 

|a„*«| = |o„a:o”|x 


But 
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Therefore if =c d, the terms of the series 

X4J 

1^0 1 + {aia:j + |a2i^52{ + .-. 

are less than the corresponCUng terms of the convergent series 

Af{l4-c4-c2+...}, 

and onr theorem follows. 


II. If the series does not converge for x—Xq, it does not converge for any vodue 
of X such that j r j > j 

This follows from (I), since if the series converges for a value of a;, such that 
|a;l> jajoj, it must converge for-a;=a:o. 


III. It follows from (I) and (II) that only the following three cases can occur: 

(i) The series converges for a;=0 and no other value of r. 

E.g. l + l!a; + 2! + , 

1+ a; + 2^3:2 4-3*0:® + ... . 

(ii) The series converges for all values of x. | 

E.g, l+a: + ^ + ,.. . 


(iii) There is some positive number p such that, when | a; | < p, the series 
converges, and, when [ a; J > p, the series does not converge. 

E.g. 

The interval — p <i x <c. p is called the interval of co'k jrgence of the series. 
Also it is convenient to say that, in the first case, the interval is zero, and, in 
the second, infinite. It will be seen that the interval of convergence of the 
following three series is ( - 1, 1): 


1 +a; + a;* + ... , 

- X x^ 

1 + Y 2 ^ • 


But it should be noticed that the fibrst of these does not converge at the ends 
of the interval; the second converges at one of the ends; and the third con- 
verges at both. 

In the Power Series there cannot be first an interval of converp-''nce, ther: 
an interval where the convergence fails, and then a return to conv__gence. 

Also the interval of convergence is symmetrical with regard to the origin. 
We shall denote its ends by L\ L. The series need not converge at L' or L, 
but it may do so; and it must converge within L'L. 


IV. If the series converges for a value of x^O, then the sequence 

1 j I 

l®ll> 1^2!”? l^sl > ••• 

1 

is hounded ahovei and if lim =/>*>>■ 0, the interval of convergence is 

n— >00 

1 1 1 

— If lim \a^ 1^=0, the series converges for all values of x. 
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We are given that the series converges for some value of a; ^ 0. 

Then, as in (I), there is a positive number Jf, which we may take greater than 
unity, such that aM, for all values of n, 

- M 
Thus lo„l«<|^|, 

above and below. 


for all values of n, and the given sequence is bounded 


By § 17. 2, lim Ja^j” exists. 

«— »-oo 

1 

Now let lim j [« = /x> 0. 

n— *■<» 

Take any x for which (a;| <l//x, and choose a definite point between |a:| 
and l/ya. 

Then p.< IIxq, and, from the properties of the upper limit of indetennina> 
tion, there is a positive integer v, such that 

when n^v. 

Therefore \a^x^\<.\, when n^v. 

And = |a^a;o”l X 


< 1, when I , 


Thus the series converges absolutely when \ x\ <l//x. 

Again, take any x for which |a;j > l//ji. 

i 1 

Then I «« i — lor an infinite number of values of n. 

‘ ' I a; I 

Thus 1 a^x”- 1 > 1 for an infinite number of values of n. 

And the series '^^x^ cannot converge when ja; |> 1/yu.. 

It follows that when /x > 0, the interval of convergence of the series is 


— 1/fXCX ClJjUL. 

2_ 

Finally let lim la„j»»=:0. 

n—^co 

Take any value of x other than zero. 

Then, by the properties of the upper limit of indetermination, there is a 
positive integer v such that 

1 1 

Thus I < when n ^ i', 

and in this case the series converges for all values of x. 

Returning to the notation of (HI), we now show that 


V. The series is absolutely convergent in the open interval — pCxC p. 
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VI. The series is ahsolutely and uniformly convergent in the closed interval 
— p + — where 8 is any assigned positive number less than p. 


FIG. 14. 

To prove (V), we have only to remark that if Vis a point a^o, where — p cx^cp, 
between N and the nearer boundary of the interval of convergence, there are 
values of x for which the series converges, and thus b 3 (I)it converges absolutely 
for a;=:a:o. 

•f , -t- H H 

li M O M N L. 

FIG. 15. 

To jprove (VI), let M', M correspond to — p 4- S and x~p- 8 respectively. 
We now choose a point N (say aro) between M and the nearer boundary L. 
The series converges absolutely for x = Xq, by (V). 

Thus, with the usual notation, 

1 1 + I <^ 71 + 1 4- . . . < €, when n^v. 

But 1 4- { |4-... 

is less than the above for every point in M'M, including the ends M. 

It follows that our series is absolutely and uniformly convergent in the 
closed interval (M', M).* And the sum of the series is continuous in this 
closed interval. 

It remains to examine the behaviour of the series at the ends of the interval 
of convergence, and we shall now prove Abel’s Theorem: f 

VII. If the series converges for either of the ends of the interval of convergenccj 
the interval of uniform convergence extends up to and includes that point, and the 
continuity of fix'), the sum of the series, extends up to and includes that point. 

This follows at once from Abel’s test for uniform convergence given in § 67. 2. 
Let the series converge for the end p of the interval of convergence. 

Then in Abel’s test, take «„ = a«p” and = . (Cf. Ex. 1, p. 150.) 

We thus establish that the series 

4- a^x 4- 4 .. . 

converges uniformly in this case in. 0 ^ x ^ p. 

But we know from (VI) that the series is uniformly convergent in 

— p4-S^a:^0, 

when S is any positive number less than p. 

’•‘When the interval of convergence extends to infinity, the series will be absolutely 
convergent for every value of x, but it need not be xmiformly convergent in the 
infinite interval. However, it will be uniformly convergent in any interval {-b, h), 
where h is fixed, but may be fixed as large as we please. 

E.g. the exponential series converges imiformly in any fixed interval, which may 
be arbitrarily great, but not in an infinite interval [cf. § 65]. 
f Journal fur Math., 1 (1826), 311. 
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It follows that the series is uniformly convergent in the interval 

— p-jr S X p. 

And that f{x), the sum of the series, is continuous in this closed interval. 

In particular, when the series converges at a; = p, 

lim f{x) =f(p) =^0 + + . . . . 

a;— >p - 0 

In the case of the logarithmic series, 
log ( 1 + a;) =a; — 

the interval of convergence is — 1 < a: < 1. 

IFurther, when a: = l, the series converges. 

It follows from Abels Theorem that 

limlog(l4-a;) = l + , 

i.e. log 2 = 1 — ^ + ^ — ... 

Similarly, in the Binomial Series, 

when - 1 <a;< 1. 

And it is known* that 1 + m + j - - - + . . . 

is conditionally convergent when ~ 1 < m < 0, and absolutely convergent when 
m>0. 

Hence lim (1 +a;)^ = l 4 -mH- — > 

t.e. 2’^ = l+mH ^ + 

in both these cases. 

On the other hand, if we put a; = l in the series for (1 +a:)~^, we get a series 
which does not converge. The uniformity of the convergence of the series 

l~~x + x^~ ... 

is for the interval —l^x^ I, where I is any given positive number less than 1. 

VIII. The intervals of convergence of the series 

aQ + a^a; + -f- a^aP -i- . , . 

and + 2 ^ 22 ; + Sa^ai^ + . . . 

are the same.f 

*Cf. Chrystal, AlgeJbrat 2 (2nd ed., 1900), 131. 

tlf we know that lim exists, this result follows immediately from the 

ratio -test for convergence, since in both series 

lim <1* when I a: I <; lim 

«n+i 
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From (IV), it will be seen that we need only prove that 
lim and lim j naf^ j« 

n— >-oo n— >00 

are the same- This is a special case of the theorem established in § 17- 3, 

Jl 

since lim n^ = l, 

n— >00 

Or we may proceed as follows: 

We are given that 

1 ao { + I aj^x I + I { + ... 

converges when \x\<:p. 

Take Xq so that { a; [ < oto < p. 


is convergent, because the ratio of the term to the preceding has for its 
limit , which is less than unity. 

If we multiply the different terms of this series by the factors 

luiXol, {aaVl — > 

which form a bounded sequence (by V), it is clear that the series which we 
thus obtain, namely 

j { ”f” 2 j J + 3 j + . . . 

is convergent when [ a; j < p. 

We have yet to show that this last series diverges when j a; 1 > p. 

But if it converges when x—\Xq (, where [ 1 > P» same would hold 

for the series 

I a^XQ 1 -i-2 I I +3 | 1 + ... 

and also for the series 

I i + I I + I 1 + •'• » 

since the terms of the latter are not greater than those of the former. 

But this is impossible, since we are given that the interval of convergence of 
the origbaal series is — p < a: < p. 

It follows that the series 

+ + ••• 

and the series 4- 2a^x + + . . . > 

obtained by differentiating the first term by term, have the same interval of 
convergence. 

IX- Term hy term differentiation and integration of the Power Series. 

Let the power series 

aQ + ajX + a2X^ + ... 
have -pcxcp for its interval of convergence. 

Let its sum be /(a;) in this interval. 

It follows from (VI) and § 70 that 

f(x)dx= aQ(x — Xq) + 2 — when — p<Xq<.x < p. 
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Also from (VllI) and § 71 we see that 

/'(x)=a^ + 2a2X + 3a3X^ + ... , 

wliere x is any point in the open interval -- p c x <. p, and these integrations 
and differentiations riaay be repeated any number of times. 

73. Extensions of Abel's Theorem on the Power Series. 

I. We have seen in § 72 that if the series 

+ CL\ + <*2 + • • . 

converges, the Power Series 

4 - a^x + + . . . 

is uniformly convergent, when 0 a: ^ 1; and that, if 

fiS^) =ao + a^x 4- a^x^ 4 . ■ . , 
lim /(a;)=ao + ai4a2+ ... . 

X— >1—0 

The above theorem of Abel’s is a special case of the following: 

eo 

Let the series cojiverge, atid Uq, ••• be a sequence of positive numbers 

0 (» 

such that 0^ao<ai<a2 Then the series 'EtU^e — 'nt is uniformly con- 

oo ^ CO 

vergent, when t ^ 0, and if f{t)=^El have lim fit) = El ^n* 

0 f->40 0 

This results immediately from Abel’s test of § 67. 2 (cf. Ex. 3, p. 150). 

00 

II. In Abel’s Theorem and its extension stated above, the series E a^ are 

0 

supposed convergent. We proceed to prove Bromwich’s Theorem dealing 
with series which need not converge-f In this discussion we shall adopt the 
following notation: 

s^~aQ + a^ + a^ + . . . 4 - 

— 50 4-5^+^24 ... + Sy^f 

and we write or^ for the Arithmetic Mean of the first 7i terms of the sequence 
^o> ®2* *•• • 

Thus cr ••• + _ ^n-i 

It can be shown (cf- § 102) that, if the series converges and its 

0 

sum is 5, then, with the above notation, lim — a. But the converse 

n — >30 

does not hold. 


♦If ao» fl-re functions of x and the series converges uniformly to F{x) in 

0 

a given interval, it follows from Abel’s Test of § 67. 2 that lim S a^e~^*ir converges 
uniformly to Fix) in this interval. «— ►-fo o 

^Math. A-nncderii 65 (1908), 350. See also a paper by C. N. Moore in Suit, Amer. 
Math, Soc. 25 (1919), 258. 
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The sequence of Arithmetic Means may converge, while the sum 2 
converge.* * 

Bromwich’s Theorem. Itet the sequence of Arithmetic Means <r„ for the 


series S converge to or. Also let u^ be a function of t toith the following 'proper- 
tiesy when i > 0 : 

(a) V 71 , 1 I < At ^ positive integers; A, a positive\ 

^ ” \nuniber independent of p^ q and t / 

(y5) lim nu^^Q, 

11 — »-co 

(y)lim = 

«-^+o 

CO oo 

Th€?i the series X converges when 0, and lim 2 
0 f— >4-0 0 

We have 8q—Sq 

~~28 q '^S]_ — 

82 — 28 4-;Sq = 52 — ~a 2 f 

^3 *“ 2 /S 2 + =^3 — ^2 — ^ 2 ) etc. 

Thus 

^ ^ri^n ~ 8 oUq + {81 — 28 q)Uj^ -f- (82 — 28 + 8q) 4- . . . + {8,^ — 28 f^^x ^n— 2) '^^n- 

Therefore 

But the sequence of Arithmetic Means 


cTi, fra, 0-3, ... 

converges, and lim (r„ = tr. 

71 — >lO 

It follows that there is a number <7, not less than [ tr j, such that ; 
I 8n I < (n. -+• 1 ) <7 for every integer n. 

Also from (fi) it is clear that 

lim =:lim =Hm =0 ( 2 ) 


*lf a .,1 = ( - 1 )^S 71 ^ 0, it is obvious that lim <r„ =^, and the series 2 <^n Is not con- 

u — ►•oo 0 

vergent. But see the Hardy-Landau Theorem, § 102, II. When lim<r„ = <r. the 

series 2 is often said to be ^^summaMe {C, 1)” and its sum (<7, 1 ) is said to be <r, For 
0 

a discussion of this method of treating series, due to Cesaro, reference may be made 
to Whittaker and Watson’s Course of Modern Analysis (5th ed., 1928), p. 155. 
Knopp, loc. cit., English transL, Ch. XIII. 

Hobson, loc. cit.y 2 (2nd ed., 1926), Ch. I. 

Also see below, §§ 101-103; 108. 

is written for ( 74 , 1 -2u„4.^^-tt„^.2)• Since all the terms in the series 
V n I I are positive this condition (a) implies the convergence of this series. 
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Further, the series 2 (»+ 1) | | converges, since, from (a), the series 


QO 

S w I 1 converges. 

Also I I < C'(«+ 1) I A^u„\. 

3C* 

Therefore the series ^ converges absolutely. 

It follows from fl) and ( 2 ) that 

i: a„u„ = S„A’‘u„ (3) 

Taking the special case = 1 , ==a 2 = - . - = 0 , 

we have = n 4- 1 and = X + 1 ) , .( 4 ) 

Thus, from (3) and ( 4 ), 

Z - or«o = 2 -(n+ l)cr) A^u^ ( 5 ) 

Now lim =(r. 

*n— >50 W + 1 


Therefore, to the arbitrary positive number e, there corresponds a positive 
integer i' such that 

Thus I ~ (™ + 1)<^I < ^^ (»+ 1 ), when n^v. 

Also j < (rt+ 1)<7, for every positive integer, and |cr|^ C. 

It follows, from these inequalities and ( 5 ), that 

30 1/ — I 

1 ^ I ^ 1 E (iS,, - (71 + 1 ) <r)A^u^ I + I X - (7^ + 1 ) (r)A^u^ |. 


< 20 Z (UH- 1) I +xV Z (n;+ 1) I A*»„l. .(6) 

But Z (n + 1) 1 A2a„ 1 < 2Vn{ 

c2K,hy{a).. .(7) 

And lim A^u„ = 0, since lim 7 /« = l, by (y). 

t-^+o ” «_^+o ” * y 

It follows that, i' being fixed, there is a positive number /; such that 

I A^m^ ( < I'^Q > when 0 ^ ^ 7 ; and 7fc i' ~ 1 ( 8 ) 


Thus from ( 6 ), (7) and ( 8 ), we see that 

I E Un'“n “ i < + §■€ < c, when 0 < ^ ^ >/. 

Therefore lim ( E«„w„ - tru^) = 0. 

t -> 4 -c •» 

lim — cr, 

lim tf^™l. 

t - ir+O 


And, finally, 
since, from (y). 
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III. Let the sequence of Arithmetic JIea)is for the series converge to tr, 

CO 0 

afid let he e-'^t {or Then the series converges, whent>0, and 

x> U 

lim = 

t^-f-0 0 

This follows at once from Bromwich’s Theorem above, if e “ ^ ^ (or e “ ’**0 satisfy 
the conditions (a), (y?) and (y) of that theorem. 

It is obvious that ( f) and ( y) are satisfied, so it only remains to establish 
that (a) is satisfied. 

(i) Let «>0. 

Then +m „^2 

=e-i>i(l -e-tf. 

Therefore A%„ is positive. 


Also 1^! A2w„ I = 

= w ^«+2 ~{n + l + Wi. 

Therefore =e-^, and the condition (a) is satisfied- 

1 

(ii) Let i > 0. 

In this case A®^£„ =:e-(«+ + 0)H^ - 2t), 

where Ocd C 2.* 

Therefore the sign of A®ifc„ depends upon that of {4:{n + d)H'^ — 2t). 

It follows that it is positive or negative according as 

2{n + e)t-V(2t)^0. 

Also (n + e)> when n > 

and + when n+2<-^y 

Therefore cannot change sign more than three times for any positive 

value of 

But it follows at once from the eq[uation 

nA®w„ — +0)*^ (4(91 + d)H^ — 2t) 

that a positive number, independent of t, can be assigned such that njA®u^[ 
is less than this number for all values of n. 

Hence K can be chosen so that the condition (a) is satisfied, provided that 
the sum of any sequence of terms, all of the same sign, that we can choose 
from is less in absolute value than some fixed positive number for 

ah values of t. ! 


* Let 2)wA®w„ be the sum of such a set of consecutive terms. 


*This follows from the fact that 

S{x+ 2h) - 2f{x + h) +/(a;) 

where 0c6<:2, provided that f{x), f'(x), f"(x) are continuous from x to x + 2h. 
(Cf. Goursat, loc. cit,, 1 (4® 6d., 1923), § 21.) 
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Then we have 

=re->=< -{r- l)e-(»-+i)®i ~(s + l)e-i^+m +se- 
which differs from 

~ e - (»‘'H - (a + 1 ) (e “ («+ - e - («+2)*«) 

by at most -unity. 

But, when w is a positive integer and i > 0, 

0 < u (e - e - Oi+W) =2n(n-h6)ie- (n+6)H . . . (0 < 0 < 1 ) 

< 2 

<2c-i. 

Therefore, for the set of terms considered, 

2:|wA*w«|<4€--i + 1. 

T 

Then the argument above shows that the condition (a) is satisfied. 

IV. Let the sequence of Arithmetic Mea^is for the series converge to cr. 

CO 0 

Then the series will converge when O <a; < 1, and 

0 

00 

lim 

0 0 

This follows from the first part of (III) on putting x = e—^, 

oo 

V. Let the terms of the series functions of x, and the sequence of 

0 

Arithmetic Means for this series converge uniformly to the hounded function 

eo 

or (a:) in a'^x'^h. Then lim converges uniformly to cr(x) in this in- 

«^4-0 0 

tervaXy provided that u^ is d function of t satisfying the conditions (a), (^) and 
(y) Bromtvich^s Theorem, when ^>0. 

This follows at once by making slight changes in the argument of (II). 

The theorems proved in this section will be found useful in the solution 
of problems in Applied Mathematics, when the differential equation, which 
corresponds to the problem, is solved by series. The solution has to satisfy 
certain initial and boundary conditions. What we really need is that, as 
we approach the boundary, or as the time tends to zero, our solution shall 
have the given value as its limit. What happens upon the boundaries, or at 
the instant f=0, is not discussed. (See below § 123.) 

74. Integration of Series. Infinite Integrals. Finite Interval. In the 
discussion of § 70 we dealt only with ordinary finite integrals. We shall now 
examine the question of term by term integration, both when the integrand 
has points of infinite discontinuity in the interval of integration, supposed finite, 
and when the integrand is bounded in any finite interval, but the interval of 
integration itself extends to infinity. In this section we shall deal with the 
first of these forms, and it will be sufficient to confine the discussion to the case 
when the infinity occurs at one end of the interval (a, 6), say a: =6. 
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I. Let Uj.{x), U 2 j(^x), ... be continuous in (a, h) andt the series Su„(x) converge 
uniformly to f{x) in (a, h). ^ 

Also let gi^x) have an infinite discontinuity at x — b and g(x)dx be absolutely 
convergent.* ' ^ 

Then I f{x)g{x)dx = ^ ujx)g{x)dx. 

J CU J tt 

From the uniform convergence of in (a, b), we know that its sum 

1 

f{x) is continuous in (a, 6), and thus bounded and integrable. 

Also ( f{x)g{x)dx is absolutely convergent, since g(x)dx is so (§ 61, VI). 

J a j a 

Let * P \g{x)\dx=A. 

j a 

Then, having chosen the positive number e, as small as we please, we may put 

where j j <: when n ^ r, the same v serving for all values of x in {a, 6). 

f6 f6 

But \ f{x) g{x)dx and \ s^{x) g{x)dx both exist. 

Ja . }a 

It follows that \ i2n(^) g{^)d^ also exists, and that 

Ja 

fd f& ffi 

f{x)g{x)dx = \ s^(x)g{x)dx-^\ R^{x) g{x)dx. 

J a } a J a 

Thus we see that 

I (*/(*) «r(*) ?(») 1 = j ■Bn(®) ?(»)*>= I 

< 3 j* IS'(a:)|*5 

< f , when n ^ i', 

which proves that the series 2 \ 9{^) dx is convergent and that its sum 

is ^^f{x)g{x)dx. 

Ex. This case is illustrated by 

^ log cc log (1 + a;) = r ( - ^ 

» , r 1 1 J- ~i 

n + l (7i.+ l)®J 

= 2-2 log 2 ” ^tt®, using the series for 
* It is clear that thia proof also applies when, gix) has a finite number of infinite 

( b 

g{x)dx is absolutely convergent, 
t Cf. Carslaw, Plane Trigonometry (2nd ed., 1915), 279. 
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Here the series for log (1 +a;) converges uniformly in 0 a; 1, and 

[ loga;<^a: 

Jo 

converges absolutely (as a matter of fact log x is always of the same sign in 
0 < a; = 1), while \ log x ) — >qo as x~^0. 

On the other hand, we may still apply term by term integration in certain 
cases when the above conditions are not satisfied, as will be seen from the 
following theorems : 


II. Let Uj^(x), u^ix), ... he contimtous and positive and the series '^u^{x) 
converge uniformly to f{x) in the arbitrary interval (u, a), where a < a < 6. 
Further^ let g{x) he positive, hounded and integrahle in {a, a). 

Then f{x)g{x) dx = z{^ u„(x)g(x)dx, 

Ja 1 Ja 

r6 *0 [* i> 

provided that either the integral], f{x)g{x)dx or the series Uf^{x)g{x)dx 
converges. ^ 

Let us suppose that 1 f{x)g{x)dx converges. 

J a 

In other words, we are given that the repeated limit 

rj t « 

lim I [ lim 2 g{po)dx exists. 

>0 J a I 

Since the functions u^{x), U 2 {x), ... are all positive, as well as g{x), in {a, a). 


from the convergence of j f{x)g{x)dx there follows at once the convergence 


Ur{x)g{x)dx (r = l, 2, ...). 

Ja 


Again, let f(x) = u^ (x) +U2(x) + ... ~i-u„(x) + Il^(x). 

Then | Il^{x)g{x)dx also converges, and for every positive integer n 


J V(^) gMdx-X f Ur(x)g(x)dx = \^^B^(x)g(x)dx. ( 1 > 

rb 

But from the convergence of j f(x)g(x)dx it follows that, when the arbitrary 

positive number e has been chosen, as small as we please, there will be a positive 
number ^ such that 

A fortiori, 0<[* BAx)g(x)dx <zie, 

J6— ^ 

and this holds for aU positive integers w. 

Let the upper bound of g{x) in (a, Z> - ^) be M. 

The series ^u^(x) converges uniformly in (a, 6 — ^). 
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Keeping the number e we have chosen above, there will be a positive integer 
1 / such that 

0 < < 2M(b-a) ’ 

the same v serving for all values of re in (a, 6 — 

Thus 

^2(6 -a) I 

<^€, when 7t^ ..(3) 

Combining these results (2) and (3), we have 

Cb 

0<\ Mj^{x)g{x)dxce, when n^v. 

J CL 

Then, from (1), 

f* * * § n r* 

0<\ f{x)g{x)dx~^ \ u^{x)g(x)dx<i€, when v. 

J « 1 J a 

Cb « f/> 

Therefore \ fix)g(x)dx = '^ Ur{x)g{x)dx. 

J Cl 1 J a 

The other alternative, stated in the enunciation, may be treated in the 
same way. 

Bromwich has pointed out that in this case where the terms are all positive, 
as well as the multiplier g(x)y the argument is substantially the same as that 
employed in dealing with the convergence of a Double Series of positive terms, 
and the same remark applies to the corresponding theorem in § 75.* 

Ex. 1. Show that [ dx =2 [ log x dx'\ 

.1 (J 1 X o 0 

(7^4- 1)2 

_ 

~ 6 

1 -i-'T 

Ex. 2. Show that - 

The condition imposed upon the terms 'tL^{x)f u^{x)i ... and fir (a;), that they 
are positive, may be removed, and the following more general theorem stated : 

III. Let Uj^{x), Uzix), ... be continuous and the series 2 1 '^n(^) 1 convergeuni- 
formly in the arbitrary interval (a, a), where a each. Also let 2 ~f)x). 

* Cf. Bromwich, Infinite Series (2nd ed., 1926), 496, and Messenger of Math,, 36 

(1906), 1. 

t The interval (0, 1) has to be broken up into two parts, (0, a) and (a, 1). In 
the first we use Theorem I and in the second Theorem II. Or we may apply 

§ 72. VII. 
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Further, let g{x) he hounded and integrahle in (a, a). 


b Cb 

f{x)g{x)dx = 2) 1 u^(x)g{x)dx, 

.(I 1 j ft 


provided that e%ther the %ntegral 1 2 I \ \ g{x)\ dx or the series 

.'ft 1 

* f6 

S\ 1 i 1 1 converges. 

) CL 

This can be deduced from (II), using the identity : 

~ = l^nllbl - |w„l{sr4- ^1}+ li?!* * * § 

since that theorem can be applied to each term on the right-hand side. 


Ex. 1. Show that 


1 +x 0 J 0 


log X dx 


V' 


Ex. 2. Show that 


C '°g ^ '°s * ‘^*=1 • 


when p + 1 > 0.* 


75. Integration of Series. Infinite Integrals. Interval Infinite. 

For the second form of infinite integral we have results corresponding to 
the theorems proved in § 74. 

I. Lei u^{x), u^{x), ...he continuous and hounded in a, and let the series 

2^ '“n(^) converge uniformly to f(x) in x ^ a. Further, let g{x) he hounded and 

integrahle in the arbitrary interval (a, a), where aca, and a may he chosen as 

large as we please ; and let i g{x)dx converge absolutely. 

.'a 

Then ( f{d)g{x)dx — '^\ u^{x)g{x)dx. 

.'a I .'a 

The proof of this theorem follows exactly the same lines as (I) of § 74. 


Ex. r. 

Ji X iJi (rr-hw. — l)(a;H-7i) 

This follows from the fact that the series 
1 1 
x{x+ 1) ”*~(a:4- l)(a; 4-2) 
converges uniformly to 1/a; in a; ^ 1. 

But it is often necessary to justify term by term integration when either 


*11 p>-0. Theorem III can be used at once. 

If 0>p> - 1, the interval has to be broken up into two parts (0, a) and (a, 1), 

In the first we use Theorem I and in the second Theorem III. Or we may apply 

§ 72, VII. 
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t is divergent or ]E'W„(a:) can only be shown to converge uniformly 

-’a 1 

in the arbitrary interval (a, a), where a can be taken as large as we please. 

Many important cases are included in the following theorems, which corre- 
spond to (11) and (III) of § 74 : 

II, Let Ui(x), '^ 2(^)9 ••• continuous and positive and the series 2 w„(x) con- 

1 

verge uniformly to f{x) in the arbitrary interval (a, a), lohere a may he taken as 
large as xve please. 

Also let g(x) be positive, bounded and integrahle in {a, a). 

Then f f{x)g{x)dx = ^\ u^{x)g{x)dx, 

.’a 1 Ja 

provided that either the integral \ f{x)g{x)dx or the series S \ 

.'a‘ 1 .'a ' 

converges. 

Let us suppose that \ f(x)g(x)dx converges. 

.'a 

In other words we are given that the repeated limit 

ra n 

lim i [lim exists, 

Ja n— 1 

Since the terms of the series X^r(^) ^^re all positive, as well as g{x), in a, 

from the convergence of \ f{x)g{x)dx there follows at once that of 
Ja' 

\ Ur{x)g{x)dx (r = l, 2, ...), 

Ja 

Again let f{x) = uf^x) -j- u^{x) + ...■+■ «„(cc) + RrS.x). 

Then \ R^{x)g{x)dx also converges, and for every positive integer n 
J a 

( ( Ur{x)g{x)dx-\ Rf^x)g{x)dx (1) 

Ja L Ja Ja 

But from the convergence of I f{x)g{x)dx, it follows that, when the arbitrary 
Ja 

positive number « has been chosen, as small as we please, there will be a 
positive number a such that 

0 <[ f{x)g{x)dx<^€. 


A fortiori, 0 < | BJ^x)g{x)dx < ^€, 

and this holds for all positive integers n. 

With this choice of a, let the upper bound of g{x) in (a, a) be M. 

The series '^uj^x) converges uniformly in (a, a). 

1 

Keeping the number v we have chosen above, there will be a positive integer 
V such that 

0 < when n S 

the same v serving for all values of x in (a, a). 
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Thus 


But 


0 < \ {x)g{x)dxc ^e, when n ^ v. 


•oc 

0< 

. OL 


Iin{^)g{x)dx<^€y 

and this holds for all values of n. 

Combining these two results, we have 

0 < f jB„ {x)g{o[>) dx < €, when ^ ^ v, 

Ja 

and from (1), 

^<1 f{^)g{^)dx-%\ Ur{x)g{x)dx<Z€, when 
j a 1 Ja 

Therefore f f(x)g(x)dx — x{ 

J CL 1 J ® 

The other alternative can be treated in the same way. 

62" 


Ex. 1. 


Ex. 2. 


cosh hx dx ="2 


i; 

c- 


• -c 

^ g;-ao:^n 


dx if 0<|6| <a. 


ystn 


cosh hxdx—^ j ^ e — dx. 


Further, the condition imposed upon u^ix)^ g{x')j that they 

shall be positive, may be removed, leading to the theorem : 

OO 

III. Let u^^x), ...be continuous and the series ]Sl'W„(a;)| converge uni- 

formly in the arbitrary interval (a, a), where a may be taken as large as we please. 
Also let 'EiU^{x)=^fix). 

i 

Further, let g{x) be bounded and integrabZe in (a, a). 


Then 


u^{x)g{x)dx, 

J€L 2 


r<» OO 

provided that either the integral 2 |'“n(*) I \g{x)\dx or the series 


2)1 \u^{x)\\g{x)\dx converges. 

1 

This is deduced, as before, from the identity 

“n!7 = {'“n+ Kl}fa+ l?l} -{«n+ KDIffI “ I“n|f8'+ |S'I}+ l“«l \g\, 
since the Theorem II can be applied to each term in the right-hand side. 

r* CO / l\n2>2nr<» 

Ex. 1. Show that J ^ e-^°^ cos bxdx—'E,' — 2n \ — J o dx, if 0 < 16 j ca. 

00 / _ i)«6*" f'" 

Ex. 2. Show that 1 ^ cos bxdx = '^ ~ — 2 ^^ j ^ e —a*a^ai^n ^x. 

76. Certain cases to which the theorems of § 75 do not apply are covered by 
the following test : 

CO 

Lei Uj^i^x), U 2 ,ix), ...be continuous in x^a, and let the series ^u^{x) converge 

1 

uniformly tof(x) in the arbitrary interval {a, a), where a may be taken as large 
as we please. 
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Further, let the integraZa 


[ u^{x)dx, { u^{x)dx, etc., 
Ja Ja 

converge, and the series of integrals 

[X Co: 

\ '^x{x)dx + \ U2(x)dx+ ... 

Ja Ja 


converge uniformly in x^a. 
Then the series of integrals 


f dx-is-[ u^ix) dx + . . . 

Ja Ja 

J.50 

converges, and the integral \ f{x)dx converges. 


.Also 

Let 


l-oo j-oo 

\ f{x)dx~\ Uj^{x)dx+\ u^ix) dx . 

Ja Ja Ja 

CX fx 

s^(x) — \ UT^{x)dx + \ U 2 {x)dx + ... + \ u^{x)dx. 
Ja Ja Ja 


Then we know that lim s^{x) exists in a; ^ a, and we denote it by F(x). 
Also we know that lim Sn{x) exists, and we denote it by G{n). 

x—>-cc 

We shall now show that lim F(x) and lim G(n) both exist, and that the two 
limits are equal. n->ac 

From this result our theorem as to term by term integration will follow 
at once. 


I. To prove lim F (x) exists. 

a;— >oo 

Since lim converges uniformly to F{x) in x^ a, with the usual notatio.^,, 

n-^oo 

we have \F {x) — s,^(x) \ c ^€, when n^v, 

the same v serving for every x greater than or equal to a. 

Choose some value of n in this range. 

Then we have lim s„{x)=G(n). 

Therefore. we can choose X so that 

\s^(x") — Sn{x ') ] < 1-6, when a;" > a;' ^ X > a. 

But \ F(x'^) -- Fix') \ 

^ 1 Fix") - sjx") { + ( s^ix") - s^ix') 1 + i s^ix') - Fix') [ 

< €, when x"'>x'^X>a. 

Thus F(a;) has a limit as x-^<X) . 


II. To prove lim Gin) exists. 

Since lim s^ix) converges uniformly to Fix) in x a, 

W— s-oo 

I Sn"ix) - Sn'iixj) 1 < when n >n ^v, 
the same v serving for every x greater than or equal to a. 
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lim S^{x) — G{n). 

X—XO 

Therefore we can choose JTj such that 

j G(n') - sn'(^) I < ic, when a? ^ Xi > a, 

I G^(n^) - Sn'(x) I < when a: ^ Xj > a. 

Then, taking a value* of x not less than or X„ 

\G(n'')-G(n')r 

= I - Sn'(x) j 4- 1 Sn'^ix) - Sn'(x) | + 1 JSn'(x) - G(fl') j 

<c €, when > n' ^ v. 

Therefore lim G(n) exists. 

HI. To prove lim X(x) = lim G(n). 

x—*<30 n— voo 

Since lim G(n) exists, we can choose v, so that 
n— x*> 

S I Uf{x)dx\<.^€^ when n^v,. 

U+l'a * ^ 

00 f® 

Again 2 Uj{x)dx converges uniformly to F{x) in a;^a. 

Therefore we can choose vg so that 

i ® [x I 

2 'w,.(ar)<Za? <^€, when 

n+l-a j • 

the same vj serving for every x greater than or equal to a. 

Choose V not less than or v,. 

Til.. *' 

From the convergence of the integral X Ur(x)dx,, we can choose X so that 

1 

when a:^X>a. 

B * *' ® f®® ® fa; I 

2«r(«)<ia;+S I Ur(x)dX’-'^ u^x)dx\ 

^ 1 v+l’a »^+l’a ^ I 

~1.L ^ j + j n^x)dx j 4- j UrJ[^)dx 


Therefore 


+K 

<c, when a:^X>a. 

lim F(x) = ^ f°°«^a!)<fo!= lim Gr(»). 
x—*<x) 1 n— voo 


IV. But we are given that the series 

uj{x)+u^{x) + .., 

converges uniformly to f{x) in any arbitrary interval (a, a). 
Therefore we have 


I f(x)dx== f Ui(x)dx 4- f* u^(x)dx +... inx^a, 

* a .'a J 0 
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Tiius, with, the above notation, 

= f{x)dx. 

Ja 

,*00 

It follows from I that \ f{x)dx converges, and from III that 
.'a 

poo roo .-oo 

f{x)dx — \ Uj{x)dx+\ u^{x)dx + ... . 

J a J a J a 
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EXAMPLES ON CHAPTER V. 

UNIFORM CONVERGENCE. 

. 1.2 

sm — sm — 

1. Let j " jL* 

sin* - + a; cos* — 
n n 

Show that lim when x^O, 

and lim 0„(rr)=2, when a?=0. 

n— >-oo 

Also show that converges uniformly to zero, when x ^ x^^, where Xq is 

any positive number. 

2. If <f>{x) is continuous in the interval 0 ^ I, show that lim x”^<l>(x) exists 

in that interval. n—>ao 

Also show that x^<f>{x) converges uniformly to its limit in 0 ~ a; ~ < 1, and 

that it converges uniformly in the interval 0 = a; ™ 1, only if 0(1) =0. 
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3. Examine tlie convergence of the series 

^(na! + l)[(TO+l)a: + !][(» +2) a: + 1]’ 

and by its means illustrate the ejffect of non-uniform convergence upon the 
continuity of a function of x represented by an infinite series. (Cf. Example 
on page 144.) 

CO 

4. Show that the series 2) cosech® nx is uniformly convergent in any interval 

X ^ Xq, where ^ 


5. Prove that the series 

x^ x^ 

is convergent for all values of x, but is not uniformly convergent in an interval 
including the origin. 


6 . Prove that the series 

^ «,3 4 - n^x»’ ^ 1 +n^x^* 

are uniformly convergent for all values of x. 

X ^ 

7. If u„(x) = ^ ^ 2 a;a > show that uniformly convergent in any 

interval x ^ Xq^ where Xq > 0 . 

00 / 1 \ 

Also show that, if m is any positive integer, 2 ( — ) > and deduce that 

the convergence is not uniform in any interval including the origin. 


00 

8 . Eind for what values of x the series 2 converges where 

1 

x^ — 

““ (a;” + x-”) (a;**+*^ 4- 

1 1 
(a; - 1) (a^ 4- x"^) (a; - 1) (x^^ 4* ar-(»»+i))‘ 

Pind also whether the series is 

(i) uniformly convergent through an interval including 4- 1 ; 

(ii) continuous when x passes through the value 4 - 1 . 


9. Discuss the uniformity or non-uniformity of the convergence of the 
series whose general term is 

_l-(l4-a:)»* l-(l4-a;)"-i 

“”“l+(l+a:)” l+(l+a:)"-»' 

10. Let a 0 4“Oi“f‘..* 

be an absolutely convergent series of constant terms, and let 

fo(^)» •** 

be a set of functions each continuous in the interval x ^ and each 
comprised between certain fixed limits, 

A^fAx)^B, 
where A, JS are constants. 


r=: 0 , 1 , ... 
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Show that the series 

aofo{x)+aJ'^{x) + ,., 

represents a continuous function of x in the interval a ^ a: ^ jff. 

11. Show that the function defined by the series 


-^nx^) 

is finite and continuous for all values of x. Examine whether the series is 
uniformly convergent for all such values. 

12. Show that if Uq{x) + u-^{x) + ... 

is a series of functions each continuous and having no roots in the interval 
and if 

where y, v do not depend on x, then the given series is uniformly convergent 
in this interval. 

Apply this test to the series 

1 +xa + xix-l)^^^ +x{x^l){x - 2) , 

where 0 < a < 1 . 


13. Using the inequality ^ when 0 < a: < |7r. 


show that if 


= then 


^ sinVa; 
1 


y sin^W/vC 

Also show that the series 2 — — converges uniformly in 0 ^ a: ^ ^tt, when 


A; > 1 ; and that if, 0 ~ ^ ~ 1, it converges, but not uniformly, in this inter- 
val of X. 


14. Let the series 2) converge uniformly to f{x) in the open interval 

1 

a<.x<ih, and for every positive integer let lim u^x) = where c is a point 

00 ^ oo 

of the open interval. Then the series 2 converges, and lim /(a;) = S ^n- 

1 ic— >c 1 

oO 

15. Let the series '^u^{x) converge uniformly to f{x) in the open interval 

a cxczh, and for every positive integer let lim u^(x) —a^ and lim =6„. 

a:-->a+0 x-^b — 0 

00 . . 

Then the series converges, and lim /(aj) = 2)a„, with a similar result 

1 fO 1 

for lim f(x). 
x-^ - 0 

00 

16. Let the series converge uniformly to f{x) in the infinite interval 

1 0^ 

x^ a, and, for every positive integer, let lim u^(x) =?„. Then S converges, 

^ X-^aa 1 


and lim / (x) = 
a :— >00 


1 
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THE POWER SERIES. 

dx 


17. From the equation sin“^a;=f - 77 -= 

Jo Vv-i ^ j 

show that the series ^or sin“^a: is 

1 '>*3 1 ^ 

*'+if+5i-4T+- 

Prove that the expansion is also valid when j a; j = 1 .* 

dx 


18. From the equation 
obtain Gregory’s Series, 


tan~^a; 


=):r 




tan“^ a; = a; — — . . . . 

Within what range of x does this hold ? 

19. Show that we may substitute the series for sin“^a; and tan~^a; in the 


-dx and 


r 


® ta.n~^x 


dx. 


and integrate term by term, when J a; j < 1. 

Also show that 

1 r^tan~^a; 


■ dx- 


. 3 ... 2 w-l 

'7 2. 4. .. 2 m (2m+l)*’ Jo 




( 2 m + 1 ) 2 ’ 


't)s*ix~ tjc 

and, from the integration by parts of and prove that these 

series also represent 


fiJJog_*| , , I log a: I 

Jo 7 ( 1 ^=) 


20 . “If 1 a; I < 1 , prove that 


r 


tan“^ X dx — 


x^ 


1.2 3. 4/5 . 6 **•* 

Show that the result also holds for a; — !, and deduce that 
+ l + =0-43882.... 

21. If la; I < 1 , prove that 

X* 

“4 

Does the result hold for a;= ±1 ? 

22. Prove that 

Ocxc 1. 


.0 ^°8(i+=*)<fe=i-:2-2T3+3n 


r 

Jo 


, , - .dx ^ 

log(l -*) — =- Sri 


’log(l+a:);^= 




a.2n-i 

( 2 n~l) 2 ’ 


, 0 <a;<l. 

0 <a;< 1 . 


“►When a; = l, lim^”'^^ = l, but Raabe’s test (cf. Bromwich, loc. dt., p. 35, or 

M— k-oo 

Goursat, Zoc. cit., p. 404) shows that the series converges for this value of x. 
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Express the integrals 


as inlimte series. 
23. Show that 


( Iog(I-a:)^, [*log(l+»)^ and plog(i^ 

*0 ^ .0 ^ Jo \ 1 —a:. 


:/ 


1-x* 

]a'l+x^ 


dx 


=^log(2 + V3). 

24. Prove that, when 0 ~ a; ^ 1, icjlog x\ ^ e~K 
Hence show 

(i) that l+a(a;loga;) + ^(a;logx)2 + ... 

converges uniformly in the interval 0 = a; ^ 1, and 

(ii) that £ <fo = |( - 1)« 

25. Prove that, when a > 1, the series 




converges uniformly to 
Hence show that 

and deduce that 


a;“-~i . 


1 + a: 


in the interval 0 ^ a; ^ ar^, where a^o < 1. 


- a f*o a;® - 1 
.0 1 +x 


r' n+a 


fl 00 / _ 1 \n 

I da; — S —9 when a> 1, (See also Ex. 36 below.) 

JO 1 +a; 0 ■^+a ^ ' 


INTEGRATION AND DIFFERENTIATION OF SERIES. 

00 

26. Prove that the series is uniformly convergent in 

i 

(c, y), where a, )9,-y and c are positive and c< y. 

Verify that 

V 2 da;— 2 \ (ae-"“* — pe-‘»‘^)dx. 

Jc 1 1 Jc 

Is \ 2 da;=2 1 (ae-n°x — dx ? 

Jo 1 1 Jo 

27. If it be given that for values of x between 0 and tt, 

1 « . T- r 1 a cos a; . a cos 2a; \ 

,roosha*=28mha,ri^-^^ + - 

prove rigorously that 

' sin X 2 sin 2a; , 3 sia*3a; ) 

r+a« .2» + a> 3»+a» 


TT sinh ax=2 sinh an 
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28. Show that if /(x) then it has a differential coefficient 

“t” ^ X“ 

equal to - 2xX values of a;. 

29. When a stands for a positive number, then the series 

vi -fCT— ;^(~1F 

•^rl + rl a~^^ + x^* 

are uniformly convergent for all values of x ; and, if their sums are f(x) and 
F(x) respectively. 




1 


F'(x) 1 


r\ dx \a~^ + x^ 
0-' 


)■ 

:)■ 


30. Find all the values of x for which the series 
6® sin X -I- e^® sin 2x + ... 

converges. Does it converge uniformly for these values ? 
of X can the series be differentiated term by term ? 


31 . Let 


r u^{x) =x^ sin ~ 

I ^„(0)=o. 

for any positive integer greater than unity ; and 


for a; -§3 0, 


Uj^(x) ~x^ sin ^ for a; ^ 0, 
^^(0)=0. 


For what values 


Show that 2 converges for all values of a; to f(x), where 

1 

/(a;) =a;2 sin - for a;^0 and /(0)=0. 

00 

Also show that f'(x) is discontinuous at a;=0 ; that is not uni- 

1 OO 

formly convergent in any interval including the origin ; and that f'(x) — 2 

1 

for all values of x. 

32.* Show that the series 

2xe-^=|2* (ie e -5r?i>) 

can he integrated term by term between any two finite limits- Can the 
function defined by the series be integrated between the limits 0 and qo ? 
If so, is the value of this integral given by integrating the series term by 
term between these limits ? 


*Ex. 32—38 depend upon the theorems of §§ 74—76. 
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33. If each, of the terms of the series 

is a continuous function ofa:ina;^<z>0 and if the series 
x<Uj{x)+x»^u^{x) + ... ( k :> 1 ) 

satisfies the Af-test (§67. 1), then the original series may be integrated term by 
term from a to oo . 


34. Show that the series 


(l + a:)5 + (2+*)» + - = 

can be integrated term by term between any two positive finite limits. Can 
this series be integrated term by term between the limits 0 and oo ? Show 
that the function defined by the series cannot be integrated between these 
limit s. 


35, Show that the function defined by the series 

1 1 

can be integrated from 0 to oo , and that its value is given by the term by 
term integration of the series. 


36. Prove that 

ri ira—X 11 1 

Explain the nature of the difficrdties involved in your proof, and justify 
the process you have used. 

37. By expansion in powers of a, prove that, if j a | <: 1, 

io ^ (1 +“)* 

f* tan— ^(a sin x) — Att sinh-^a, 

Jo ^ ^sma; ^ ’ 


examining carefully the legitimacy of term by term integration in each case. 

CO { — 1)” 

38. Assuming that Jaihx)—^ ^ , 

0 

show that ^{hx) dx = ^ 

when a>0. 


NOTE 

A valuable collection of Examples in Infinite Series with Solutions, by Francis and 
littlewood (Cambridge, 1928) will be found useful by the student who makes a 
special study of Infinite Series and Integrals. 
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DEFINITE INTEGRALS CONTAINING AN ARBITRARY 
PARAMETER 

77. Contintiity of the Integral. Finite Interval. In the ordinary 

definite integral | ^(x, y)dx let a, a' be constants. Then the 
J a 

integral will be a function of y.* 

The properties of such integrals will be found to correspond 
very closely to those of infinite series whose terms are functions 
of a single variable. Indeed this chapter will follow almost the 
same b'nes as the preceding one, in which such infinite series were 
treated. 

I. If (f>{x, y) is a continuous function of (a;, y) in the region 
« = » = b^y^b', 

then <ji{x, y)dx is a continuous function of y in the interval (6, 6'). 

Since (j){x, y) is a continuous function of {x, y)\, as defined in 
§ 37, it is also a continuous function of x and a continuous function 
of y. 

Thus <p{x, y) is integrable with regard to x. 

Let f{y)=\ <pix,y)dx. 

J a 

*As already remarked in § 62, it is understood that before proceeding to the 
limit involved in the integration, the value of y, for which the integral is required, 
is to be inserted in the integrand. 

■f When a function of two variables x, y is continuous with respect to the two 
variables as defined in § 37, we speak of it as a continuous function of (a:, y). 

It will be noticed that we do not use the full consequences of this continuity in 
the following argument. 
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We know that, since y) is a continuous function of (cc, y) 
in tlie given region, to any positive number e, cbosen as small 
as we please, there corresponds a positive number 77 such that 
1^(33, At/) - 0(05, y) I < 6 , when \Ay\^rj, 
the same rj serving for all values of x in {a, a').* 

Let Ay satisfy this condition, and write 

f{y + At/) == I 0 (a;, y -\rAy)dx. 

J a 

Then f{y + Aj/) ~f{y) — | y + Ay) - ip{x, y)] dx. 

J a 

Therefore 

I /(y + Ay) -/(y) | s f | y + Ay) - ^(a:, y) | dx 

J a 

C(a' — a)€y when \Ay\^7]. 

Thus f(y) is continuous in the interval {b, h*). 


II. If 0(05, y) is a continuous function of ( 05 , y) in a^x^a\ 
b^y^b\ and \^(o5) is hounded and integrable in (a, a'), then 

ra' 

I ^ continuous function of y in (b, b'). 

Ja 

Let f(y) = 0(05, y) \j^{x) dx. 

J a 

The integral exists, since the product of two integrable functions 
is integrable. 

Also, with the same notation as in (I), 

/(y +Ay) -/(y) =J^ [^as, y +Ay) - <i>{x, y)] \jy{x)dx. 

Let M be the upper bound of^|>/r(o5)| in (a, a'). 

Then [ f{y +‘At/) —fiy) | <:M(a' — a)e, when ] At/] ^ 77 . 

Thusf(y) is continuous in (6, 5'). 


78. Differentiation of the Integral. 

I. Letf{y)=[ 0 (o 5 , y)dx, where 0 (o 3 , y) is a continuous function 

of {x, y) in a -^x-^a', b^y^ b', and exists and satisfies the same 
condition. 


Then f'(y) exists and is equal to 


'^'dx. 

■by 


♦This follows from the theorem on the uniform continuity of a continuous 
function (cf. § 37, p. 87). 
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^ continuous function of (x, y) in the given region, 

to* any positive number e, chosen as small as we please, there corre- 
spends a positive number 7 ], such that, with the usual notation, 


y+Ay) 'd<f>(x, y) 

'by by 


Ze, when \^y\^r}, 


the same rj serving for all values of x in (a, a'). 
Let Ay satisfy this condition. 

Then 


/(y+Ay)- /(y) _ 0(a;, y + Ay) - 4 ,(x, y) , 

Ay Ay 

by>{x, y-^~dAy) , , 

~.L ^ — ~ o<e<i, 

= r' y) f“' r z<}>{x, y+ eAy) _ , 

J« L 3y ay J®*' 

Thus we have 

/(y+Ay)-/(y) _ f“' ^ I I f“' I- d0(a;, y+flAy) y) "X , 

Ay I 1J«L 3y 3y 

<{a'-a)e, when |Ay| s»;. 

And this establishes that lim exists and is 

1 ^ f“' T >- '^y J 

equal to J ^ do; at any point in (6, b'). 

II. Letf{y) = \ (i>(x, y)K^{x)dx, where <p{x, y) and ^ are as in (T), 

Ja Qy ^ 

and is hounded and integrahle in (a, a'). 

Then f\y) exists and is equal to \ |-^ yj/-{x) dx, 

•1 a 

Let the upper bound of \\fr{x)\ in (a, a') be M. 

Then w;e find, as above, that 

/(y + Ay) /(y) _ 1 ^ I ^ ^ |Ay|s^. 

And the result follows. 

The theorems of this section show that if we have to differ- 
entiate the integral f F(x, y)dx, where F{x, y) is of the form 

•J a 

<p{x, y) or cpix, y) 7//-(x), and these functions satisfy the conditions 
named above, we may put the symbol of differentiation under 
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tlie integrai sign. In other words, we may reverse the order of 
the two limiting operations involved without afEecting the result.. 

It will be noticed that so far we are dealing with ordinary 
integrals. The interval of integration is finite, and the function 
has no points of infinite discontinuity in the interval. 

79. Integration of the Integral. 


Ca' 

Letf{y)= I <f>{Xy y)y^(x)dx, where y) is a continuous function 

J a 

(^5 y) cL'^.x-^a\ h^y^h\ and \lr{x) is hounded and integroMe 
in {a, a'). 

Then f /(i/)%=f dx f y>{x, y) \fr{x)dy, 

Vo ^ a Jyo 

where y^^ y are any two 'points in {h, 6'). 

Let ^{x,y)= \ <p{x,y)dy. 

J b 

Then we know that = y) [§ 49], 

and it is easy to show that y) is a continuous function of 
(ic, y) in the region a^x^a\ 

Now let g{y) — j #(a5, y) \Jr{x) dx. 

J a 

From § 78 we know that 


f(y) = r 

J a 


'dy 


ylr{x) dx 


= (p(po, y)y^{x)dx. 

J a 

Also g'(y) is continuous in the interval (6, 6') by § 77. 

J 'v Cy fa' 

iy 4 ‘{^, y) i'{x)dx, 

Vo ‘ yo ^ a 

where y^, y are any two points in (6, h'). 

Thus I dy I ^(cc, y) \f/-(x) dx 

J Vo ^ a 

^9(y)-9{yQ) 

[^(a:, y)-^{x, ^o)] 


=r 

J a 

[Is y)d^ \ir{x)dx 
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Thus we have shown that we may invert the order of integration 
with respect to x and 'ij in the repeated integral 

tv 


p dx P 

J a J y 


F{x, y)dy. 


when the integrand satisfies the above conditions ; and in particular, 
since we may put yr(x) = l, when F(x,y) is a continuous function 
of (x, y) in the region with which the integral deals. 

80. In the preceding sections of this chapter the intervals {a, a*) 
and (5, 6') have been supposed finite, and the integrand bounded 
in a ^ X ~ a', h^.y The argument employed does not apply 

to infinite integrals. 

For example, the infinite integral 


/(«/)= 


■r 

Jo 


ye- 


'dx 


converges when but it is discontinuous at 2 /= 0 , since f(y) = l 

when 2/>0, and/(0) = 0. 

Similarly J sin tt^ e'~*****‘*’^dx 

converges for all values of y^ but it is discontinuous for every 
positive and negative integral value of y, as well as for y~0. 

Under what conditions then, it may be asked, will the infinite 
integrals 

roo ra' 

I F{Xy y)dx and I F(x, y)dx, 

J « J a 

if convergent when b^y^b\ define continuous functions of y in 
(6, F) ? And when can we differentiate and integrate under the 
sign of integration 1 

In the case of infinite series, we have met with the same questions 
and partly answered them [cf. §§ 68, 70, 71]. We proceed to 
discuss them for both types of infinite integral. The discussion 
requires the definition of the form of convergence of infinite integrals 
which corresponds to uniform convergence in infinite series. 

81, Uniform Convergence of Infinite Integrals. We deal first 
with the convergent infinite integral 

poo 

I -^(2:, y)dx, 

J a 

where F(x, y) is bounded in the region 
number a' being arbitrary. 


b ^ b\ the 
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I. The integral 1 F{x, y)dx is said to converge uniformly to its 
J a 

value f{y) in the interval (b, 6'), if, any positive minrd)er e having been 
chosen, as small as we please, there is a positive number X. such that 

^ y)dx Ce, when x^X, 

J a 

the same X serving for every y in (b, b'). 

And, just as in the case of infinite series, we have a useful test 
for uniform convergence, corresponding to the general principle 
of convergence (§15) : 


II. X necessary and sufficient condition for the uniform conver- 
gence of the integral I F{x, y)dx in the interval {b, h') is that, if 

J a 

any positive number e has been chosen, as small as we please, there 
shall be a positive number X such that 

'x" I 

F{x, y)dx\<:€, when x"'>x' ^X, 

x' 1 

the same X serving for every y in (b, b'). 

The proof that (II) forms a necessary and sufficient condition 
for the uniform convergence of the integral, as defined in (I), follows 
exactly the same lines as the proof in § 66 for the corresponding 
theorems in infinite series. 

pQO 

Further, it will be seen that if I F(x, y)dx converges uniformly 

J a 

in {b, b'), to the arbitrary positive number e there corresponds a 
positive number X such that 


F{x, y)dx <€, 


when X ^ X, 


the same X serving for every y in (b, b')* 

The definition and theorem given above correspond exactly to 
those for the series 

ufx) ^--^^2(^c) , 

uniformly convergent in a ^ cc ^ 6 ; namely, 

|jR„(cc)|<Ce, when n^v, 

and Ui2n(c*7)| <€, when n^v, for every positive integer p, 
the same v serving for every value of x in the interval (a, 5). 



194 


DEFINITE INTEGRALS CONTAINING 


[CH. VI 


82. Unifdrm Convergence of Infinite Integrals {continued). 

We now consider the convergent infinite integral 

I F{x, y) dx, 

J a 

where the interval {a, a') is finite, bnt the integrand is not bconded 
in the region a^x-^a\ b^y^h'. This case is more complex than 
the preceding, since the points of infinite discontinuity can be 
distributed in more or less complicated fashion over the given 
region. We shall confine ourselves in our definition, and in the 
theorems which follow, to the simplest case, which is also the most 
important, where the integrand F{x, y) has points of infinite 
discontinuity only on certain lines 

x — a2,, dfi {ci>^a^ca^ ...Can'^a')^ 

and is bounded in the given region, except in the neighbourhood 
of these lines. 

This condition can be realised in two difEerent ways. The 
infinities may be at isolated points, or they may be distributed 
right along the lines, 

(ii) f when 

J o 


In the first of these integrals there is a single infinity in the given 
region, at the origin ; in the second, there are infinities right along 
the line x = 0 from the origin up to but not including y = l. 

In the definitions and theorems which follow there is no need 
for any distinction between the two cases. 

Consider, first of all, the convergent integral 


I F{x,y)dx, 

J a 


where F{x, y) has points of infinite discontinuity on x = a\ and 
is bounded in a ^ a? ^ a' — h^y^b*, where aCa' — ica\ 

For this integral we have the following definition of uniform 
convergence : 

I. The integral | F{x, y)dx is said to converge uniformly to 

J a 

its value f{y) in the interval (6, &'), if, any positive number e having 
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been chosen, as small as we 'please, there is a positive number t] 
such that 

1 f{y) - J F{x, y) dx I <€■, when 0< | ^ 


the same rj serving for every y in (b, b'). 

And, from this definition, the following test for uniform con- 
vergence can be established as before : 

II- A necessary and sufficient condition for the uniform conver- 
gence of the integral J F(x, y)dx in the interval (6, 6') is that, if 

any positive number e has been chosen, as small as we please, there 
shall be a positive number rj such that 

f F{x, y)dx\ce, when 

I J tV — i 


the same rj serving for every y in (b, b')- 

Also we see that if this infinite integral is uniformly convergent 
in (6, 6'), to the arbitrary positive nurriber e there will correspond 
a positive number rj such that 

F{x, y)dx <e, when 



the same rj serving for every y in (b, b')- 

The definition, and the above condition, require obvious modi- 
fiLcations when the points of infinite discontinuity lie on x = a, 
instead of x=a' , 

And when they lie on lines x = a^, a^, ... in the given region, 
by the definition of the integral it can be broken up into several 
others in which F (x, y') has points of infinite discontinuity only at 
one of the limits. 

In this case the integral is said to converge uniformly in (6, fe'), 
when each of these integrals converges uniformly in that interval. 

And, as before, if the integrand F{x, y) has points of infinite 
discontinuity on x = a^, a^, ... a^, and we are dealing with the 

integral I F (x, y) dx; this integral must be broken up into several 
J a 


integrals of the preceding type, followed by an integral of the 
form discussed in § 81. 

The integral is now said to be uniformly convergent in {b, h') 
when the integrals into which it has been divided are each uni- 
formly convergent in this interval. 
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83. Tests for Uniform Convergence. The simplest test for tlie 
uniform convergence of tlie integral I F (pc, y) dx, taking tke j&rst 

J a 

type of infinite integral, corresponds to Weiers trass’s iU-test for 
the uniform convergence of infinite series (§ 67. 1). 

I. Let F(x, y) he hounded in a ^x^ a* , h-^y^h* and integrahle 
in (a, a'), where a' is arbitrary, for every y in (h, 6'). Then the 

integral 1 F (x, y) dx will converge uniformly in (h, h'), if there is 

J a 

a function fJ>(pd)y indejpendent of y, such that 
(i) (x) ^ 0, when x^a ; 

(ii) \F(x, y)\ (x), when x^a and 6 ^ ^ 6' ; 

and (iii) 1 pi(x)dx exists. 

J a 

For, by (i) and (ii), wben x">x' ^ a and h^y^h', 

I F(x,y)dx\-^\ pi(x)dx, 

\Jx' r“‘ J a;' 

and, from (iii), there is a positive number X sueb that 
I /u(x)dx<Z€, wlien x'^:>x' ^ X. 

J X 

These conditions will be satisfied if x^F(x, y) is bounded when 
x^a, and h-^y' for some constant n greater than 1. 

CoBOiiLABY. Let F(x, y)^<p(x, y) yj^ix), where cl>(x, y) is hounded 
in x^ a and h^y^b', and integrahle in the interval (a, a*), where a' 

is arbitrary, for every y in (h, 6'). Also let f ■\p-(x)dx be absolutely 

roo J a 

convergent. Then I F(x, y)dx is uniformly convergent in (b, F). 

J a 


f°° dx f* 
Ji Jo 


dx converge uniformly in 


rx> —cr 

Ex. 2, ^ dx converges uniformly in 0 < y ^ T, where Y is an arbitrary 

positive number. 

■p-ir ^ , f" s in xy , f'" cos art/ , f*" sin xy , 

Ei-3- ], converge 

uniformly for all values of y, where ti > O. 

II. Let <f>(x, y) be hounded in x^ a, h^y^ h\ and a monotonic 
function of x for every y in (6, 6'). Also let yf(x) 6e. hounded and 
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not change sign more than a finite number of times, in the arbitrary 
interval (a, a')f' and let 1 yf(x)dx exist. 

J a 

Then 1 ^(rc, y) \f^{x)dx converges uniformly in (6, 6'). 

J a 

This follows immediately from the Second Theorem of Mean 
Value, which gives, subject to the conditions named above, 

y) y^(,x)dx=fix\ y)^ \lr{x)dx->r t/) \Jr{x)dx, 

where § satisfies a<zx' ^ i ^ x" . 

But <hix, y) is bounded in and b^y:sfi\ and f \p-{x)dx 

converges " 

Thus it follows from the relation 

f <t>{x, y) yjr{x)dx 

J x" 

y) \fr(x)dx i>{x",y) 1 \lr{x)dx 

J x' 1 J f 

that I <p{Xj y) \fy{x)dx converges uniformly in (6, 6'). 

J a 

It is evident that yfix) in this theorem may be replaced by 
\f{Xi y), if I '4^{x, y)dx converges uniformly in (6, h'). 

J a 


Ex 


■ i: 


- dx. 


Q—xy (a > 0) converge uniformly in y ^0. 


III. Let <p(x, y) be' a monotonic function of xfor each y in {h, h'), 
and tend uniformly to zero as x increases^ y being kept constant. 
Also let be bounded and integrable in the arbitrary interval {a, a'), 
and not change sign more than a finite number of times in such an 

interval."^ Further, j* \f{x)dx be hounded in x'^a, without 
converging as x^<x> . “ 

Then f <p{x, y) yfr{x)dx is uniformly convergent in (6, 6'). 

J a 

This follows at once from the Second Theorem of Mean Value, 


* This condition is borrowed from the enunciation in the Second Theorem of 
Mean Value, as proved in § 50. 1. If the more general proof is taken, a corre- 
sponding extension of (II) and (III) follows. 
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as in (II). Also it will be seen that \p^(x) may be replaced by y/r(x, y), 

if I y) dx is bounded in x^ a and y^ 6'.* 

J a 

rOO 

Ex. 1. f,—xy gin e~^y COS X dx converge uniformly in y ^ i/p > 0. 


Ex. 2. j dx and j dx both converge uniformly in y ^ yo > 0 

and 

It can be left to the reader to enunciate and prove similar 

theorems for the second type of infinite integral f t'ix, y)dx, 

J a 

The most useful test for uniform convergence in this case is that 
corresponding to (I) above. 

Bx. 1. xy~'^ dx, xy~^ e““® dx converge uniformly in 1 > y ^ 1/0 > 0. 

Ex. 2. dx converges uniformly in 0 < y ^ yo < 1. 

84. Continuity of the Integral f F (x, y) dx. We shall now 

«' Ct e*-Ji 

consider, to begin with, the infinite integral I F{x, y)dxt where 

^ a 

F{x, y) is bounded in the region a^x^a\ h^y“^h\ a' being 
arbitrary. Later we shall retxurn to the other form of infinite 
integral in which the region contains points of infinite discon- 
tinuity. 

Lei f{y) = I F(x, y) dx, where F {x, y) either is a continuous 
J a 

function of (x, y) in a^x^a', b^y ^ b\ a' being arbitrary, or is of 
the form (f>{x, y)^/-{x), where <p{x, y) is continuous as above, and 
is bounded and integrable in the arbitrary interval {a, a*), 

^00 

Also let I F{x, y) dx converge uniformly in (6, b'), 

J a 

Thenf^y) is a continuous function of y in (6, 6'). 

Let the positive number e be chosen, as small as we please. 

Then to Je there corresponds a positive number A such that 

I F{x, y)dx <^e, when x^X, 

J X 

the same X serving for every y in (6, 6'). 


*In Examples I and'^ of § 88 illustrations of this theorem will be found. 
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But we Rave proved in § 77 that, under the given conditions, 

1 F{Xy y) dx is continuous in ^ in {h, b'Y 

J a 

Therefore, for some positive number rj, 

f F{x, y +iS.y) dx—\ F {x, y) dx' <:^e, when 

Also /(y)=f F(x,y)dx + \ F{x,y)dx. 

•fa J X 

Tlius . /(y + Ay) -/(y) = [ ^ (a^. y + Ay) das - J" (x, y) rfxj 

TOO ^oo 

4- J ^F (x, y + A^/) F (a;, y) dx. 

poo 

Also we have J F{Xj y) dx <§e, 

and i: F{x,y + Ay) dx j< Je. 

Therefore, finally, 

I f(.y + Ay) -/(y) I <^6 + Jc + -^6 

<e, when {Ayl^^rj. 

ThMsf(y) is continuous in (6, 6'). 

poo 

85. Integration of the Integral j F(x, y) dx. 

J a 

Let F{x, y) satisfy the same conditions as in § 84. 

Then f dy f F{x,y)dx={ dx f F{x^y)dy, 

J y a J a J a J j/o 

where y^, y are any two points in (6, 6'). 

Let /(y)=f F(x,y)dx. 

J a 

Then we have shown that under the given conditions f(y) is 
continuous, and therefore integrable, in (6, b'). 

Also from § 79, for any arbitrary interval {a, x), where x can 
be taken as large as we please, 

I dx I F{x, y)dy—\ dy I F(x, y) dx ^ 

J a J Vo J Vo -f CL < 

yof y being any two points in (6, 6'). 
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Therefore 

r°0 Cy Cy rx 

I dx I F(x, y) dy==lixn. I dy I F{x, y)dx, 

Ij/o iC— >oo*/2/o 

provided we can show that the limit on the right-hand exists. 

But 

fy Cx Cy Cy 

I dy I Fix, y)dx=\ dy \ Fix, y)dx-\ dy \ Fix, y)dx. 

Vo 'd a J Vo J a J yo J x 

Thus we have only to show that 

lim f dy f F{x, y) dx = 0. 
x—^x> J yo J X 

Of course we cannot reverse the order of these limiting processes 
and write this as 

I dy lim | F{x, y) dx, 

J Vo tc — >-00 J cc 

for we have not shown that this inversion would not alter the 
result. 

^00 

But we are given that I F{x, y) dx is uniformly convergent 

J a 

in (b, 6')* 

Let the positive number e be chosen, as small as we please. 
Then take e/(6' ~ b). To this number there corresponds a positive 
number X such that 


rao 

Fix,y) 

J X 


dx 


< 


6' -6 


, when x ^X, 


the same X serving for every y in (6, 6'). 
It follows that 


fv r°° 

1 dy I F{x, y)dx <e, when x^X, 

J Vo X 


if yQ, y lie in (6, 6')* 
In other words. 


lim r f dy f F{x,y)d^^0, 
LJvo ^x J 


And from the preceding remarks this establishes our result. 


fOO 

86. Differentiation of the Integral F(x, y) dx. 

Ja 

Let F{x, y) either he a continuous function of (x, y) in the 
region a^x~a\ h^y^b', a' being arbitrary, or he of the form 
<p(x, y) ^(x), where <p{x, y) is continuous as above, and "^(x) is bounded 
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and integrahle in the arbitrary interval {a, a*). Also let F(x^ y) have a 
partial differential coefficient which satisfies the same conditions. 

Then, if the integral j F{x, y)dx converges tof{y), and the irdegral 
— J « 




Ja -dy dx converges uniformly in {h, 6'), f(y) has a differerUial 
coefficient at every point in {h, 6'), and 


^co 

f{y)=\ 

J a 


aF 


dx. 


We know from § 84 tkat, on tke assumption named above, 
dx IS a continuous function of y in (6, F), 

Let g{.y)=\ 

Then, by,§ 85, 


where 

Let 


\^^9{y)dy=^ dx p ^ dy, 
jpo Ja Jpo ^ 


Vo Ji/o 

, are any two points in (6, b'), 

yQ = y and yj^:=y-hAy. 

f2/ + Ay 

Then 

Jy 

Therefore g (|:) Ay =/(y + Ay) -/(y). 


V r®® 

g{y)dy= 1 [-F(a:, y + Ay) - Fix, y)] dx. 

J a 


where 

Thus 


and fiy) = \ Fix, y)die. 


But lim g{^)=g{y), since g(x) is continuous. 

Ay— >-0 

It follows that f{y) is dijfferentiable, and that 
where y is any point in (6, F). 

87. Properties of the Infinite Integral 1 F(x, y) dx. The results 

J a 

of §§ 84-86 jCan be readily extended to the second type of infinite 
integral. It will be sufficient to state the theorems without proof. 
The steps in the argument are in each case parallel to those in the 
preceding discussion. As before, the region with which we deal is 
a^x^a! , b^y^.b*. 
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I. Continuity of j F(x, y) dx. 

Let f{y) = I Fix, y) dx, where F(x, y) has joints of infinite 
J a 

discontinuity on certain lines {e.g., x~a^, a<^, ... af) between x = a 
and x — a', and is either a continuous function of {x, y), or the product 
of a continuous function <l>{x, y) and a hounded and integrahle 
function fr(x), except in the neighbourhood of the said lines. 

Then, if \ F{x, y) dx is uniformly convergent in (6, h'), f{y) is 

J a 

a continuous function of y in (6, h'). 

ra' 

II. Integration of the Integral I F(x, y) dx. 

J a 

Let F(x, y) satisfy the same conditions as in (/). 

CV fa' ra' Cy 

Then | dy | F{x, y)dx—\ dx I F{x,y)dy, 

J Vet J a J a J yo 

where y^, y are any two points in (b, h'). 

ca' 

III. Differentiation of the Integral F{x, y) dx. 

J a 

f(y) — I y) where F{x, y) has points of infinite 

J a 

discontinuity on certain lines {e.g., x — a-^, a^, af) between x = a 
and x = a' , and is either a continuous function of {x, y), or the product 
of a continuous function fp^x, y) and a hounded and integrahle 
function "^{x), except in the neighbourhood of the said lines. 

Also let F{x, y) have a partial differential coefficient which 
satisfies the same conditions. ^ 

• Ca' C^'dF 

Further, let I F{x, y)dx converge, and | dx converge uni- 

J a J a ^y 

formly in {h, 6'). 

^ dx in (6, h'). 
ct ^y 

88. Applications of the preceding Theorems. 

f'si 


£x. 1. To prove I '' dx- 

Jo a; ^ 

(i) Let — (a^O). 


For other proofs, see Ex. 11 and Ex. 12 on pp. 135-6, and Kx. 10 on p. 213. 
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This integral converges uniformly when 0, (Cf. § 83, III.) 
for is a monotonic function of x when a; > 0 . 

Thus, by the Second Theorem of Mean Value, 


rx' , e 

sm X dx = - 


ri- 

Ix' a 


si 


sin xdx + - 




sin X dx. 


where 0 <zx' ^ ^^x". 
Therefore 


If 


‘x" e—ctx 


sin X dx 


-aa;' 


sin a: da; 


e— ax' 

<4-— 7~, 


}p 


e—a.x" 

--p— 

sin X dx 




sin X dx 


I 2 for all values of p and q. 


since a = 0 . 


! sin ^ 

It follows that e—<^x dx < € when a;"''^ > a;"' X, 

1 . ic' a; 


provided that X>4/c, and this holds for every a greater than or equal to 0. 

This establishes the uniform continuity of the integral, and it follows from 
§ 84 that F{a) is continuous in a ^ 0. 


Thus 


X( 0 )= lim I e— aa; 


^0 JO 


-dx. 


i,e. r?^da;= lim 

Jo X a-^MjO X 


(ii) Again, the integral 


sin a; da; 


is uniformly convergent in a ^ Uq > 0 . 

This follows as above, and is again an example of § 83, III. 
Thus, by § 86 , when a > 0, 


dx 


But 
Therefore 
Thus 
And 

since lim F{a) = 0 .* 


= — 1 e — sin X dx. 


e— ax^cos a; + asina;)= — (a® + l)e-®«sina;. 


\ e— sin a; da; = - 5 — 

Jo a^ + l 

F'{a)=-- 


a^ + l- 
F{a)= — tan~^a+^» 


* If a formal proof of this is required, we might proceed as follows: 
Let the arbitrary positive c be chosen, as small as we please. 
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It follows from (i) that 
Ex. 2. To ^rove 


sin X j TT 

ax =-^. 

X 2 


r " cos ax j TT , 

\ -T—; — ^dx—-^e‘-°- arid 

Jo l + x® 2 


I x{l+x^) 


dx= (a^^O). 


(i) Let 

The integral is uniformly convergent for every a, so that, by § 84, f{a) is 
continuous for all values of a, and we can integrate under the sign of inte- 
gration (§ 85). 

(ii) Let <^(a) = f f{a) da. 

'0 

Then <f>{a) is a continuous function of a for all values of a (§ 49). 

Also ^;(a)-f dx da 

.'0 Jo "r ^ 

r"* sinaa; , 

x(l +**) '**• 

(iii) Again, we know that /'(a) will be equal to - = - ^ _ sin ax dx, if a 

Jo 1 +x^ 

lies within an interval of uniform convergence of this integral. 

But is monotonic when a;^ 1, and lim -=—^-5 = 0. 

Since \ c-«a: dr converges uniformly in a^O, there is a positive number 


X such that 


^ sm X , , 


and this number X is independent of a. 

Also we can choose x^, independent of a, so that 


. sin X , 
dx. 


where ajj, ^ ^ ^ X. 
And we know that 


-dx < TT for g > p > 0* (cf. p. 222). 


e — ax dx < 27re “ a.ro. 


Thus we can choose A so large that 


e — oa: dx C when A. 


It follows that 


— dx <ie + ie“f-Ie, when a^A. 
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Thus we have, when 1, 


where x' 

It follows that 

X 

Therefore 


x' 

"a{l+x'^)]aa^ 


sin ax dx + 


x" p 

l+x'^A. 


sin ax dx. 


sin X dx + 


a(l+^^)W 


]af 


sin ax dx j ^ 


a(l+a:'2) 


£c 

Thus I jp — sin ax dx is uniformly convergent when a S > 0, and 

/'(a) = - ^ 

(iv) Now ^(a) = \ f{a)da, 

Jo 


Therefore 


=/'(“) = - YT^s sin aa: 


x{l+a^) 


= “-•g + 0(a). 


This result has been established on the understanding that a > 0- 

(v) Prom (iv) we have 

^(a)=Ac‘*- + -Be— « + ^, when a>0. 

But <^(a) is continuous in a^O, and 0(0)— 0. 

Therefore Hm 0(a) =0, 

«b ^0 

,nd ai + £ + |=0. 

Also 0'(a) is continuous in a = 0. and 0'(O)=?. 


Therefore 


It follows that 




A =0 and B = 


Thus 0(a)=^(l ~e~«), when a >0. 

And /(a) = 0'(«) when a>0. 

Both these results obviously hold for a=0 as weU. 
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Ex. 3. The Gamma Function dx, n>0, and its derivatives 

Jo 

(i) To prove F(w) is uniformly convergent when N ^n^n^X}, however large 
N'may he and however near zero n^ may he. 

/•50 

When n ^ 1, the integral | e~^x^—'^ dx has to be examined for convergence 

only at the upper limit. When 0<n< 1, the integrand becomes infinite at 
a: =0. In this case we break up the integral into 

f dx + [ dx. 

’o ^ Ji 

Take first the integral i e~~^x^~'^ dx. 

Jo 

When 0 < a; < 1, ^ if au. ^ Wo > 0. 

Therefore ^-ar^w— i ^ if n^n^^O. 

It follows from the theorem which corresponds to § 83, 1, that 1 e-‘^x^~^ dx 
converges uniformly when n"^n^'>0. 


Again consider e~^x^~~'^ dx, > 0. 

When a; > 1, ^ if 0 dW^N. 

Therefore ^ er^x ^- if 0 < n ^ N. 


It follows as above (from § 83, I) that 1 dx converges uniformly for 

0<w^N. 

fCO 

Combining these two results, we see that \ e“®a;’'~^ dx converges uniformly 

Jo 

when N^n^no>0, however large N may be and however near zero Uq 
may be. 

(ii) To prove r''(n) = | e~'^x'^-^ log x dx, n > 0. 

We know that lim (x^ log x) =0, when r > 0, 

x-i-O 

SO that the integrand has an infinity at a;=0 for positive values of n only 
when 0 < w ^ 1 . 

But when 0 < a; < 1, xn—l ^ if n^nQ>0. 

Therefore e~~ ^x^ ~~ l ] log x\ ^ x^o — 1 1 log x\, if w- — w-o > 0. 

And we have seen [Ex. 7, p. 133] that i x^o-"T^log x dx converges 
0<no^l, 

It follows as above that \ log a; da; jg uniformly convergent when 

n^no>0. ^ 

Also for I e“®a;”“^ log x dx, we proceed as follows : 

Ji 

When a;>l, a:w--“l ^ if 0<n^iV’. 

Therefore e —a-^n — l log x'^e —^x ^ - ^ log x 


when 


rCO 

But J e—^x^dx is convergent. 


< e—^x^, since — < 1 when a; > 1. 
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Therefore f e ^ logxdx is imiforinly convergent; when 0 cn^N, 

.'1 

Combi ni ng these two results, we see that \ e~^x‘^~^logxdx is uniformly 

Jo 

convergent when N ™ > 0, however large N may be and however near 

zero tiq may be. 

We are thus able to state, relying on §§ 86, 87 , that 

T'(n) = \ 1 log X dx for n > 0. 

Jo 

It can be shown in the same way that the successive derivatives of r(«-) 
can be obtained by differentiating under the integral sign. 

Ex. 4 . (i) To ‘prove \ log{ \ — 2 ycosx + y^)dx is uniformly amv&rgent for any j 

“ f; ^ 

interval of y {e.g, h — y^V); and (ii) to deduce that \" logsinxdx— —^ 7 rlog 2 . 

Jo 

(i) Since 1 ~2y cos x + y^ = {y — cos a;)® + sm2a;, this expression is positive for 
all values of x, y, unless when x=m 7 r and y = { — 1)"*, m = 0, ±1, ±2, etc., and 
for these values it is zero. 

It follows that the integrand becomes infinite at a;=:0 and x~w ; in the 
one case when 3/ = 1, and in the other when y = — 1, 

We consider first the infinity at a;= 0 . 

As the integrand is bounded in any strip 0 ^ a; ^ X., where X < w, for any 
interval of y which does not include ^ = 1, we have only to examine the integral 


\ \og{l— 2 y QOS x-\‘y‘^)dx 
Jo 


in the neighbourhood oiy — 1 . 

Put 2/ = 1 where \h\'^ a and a is some positive number less than unity, 

to be fixed more definitely later. 


Since 


r ® 

\ log (1—22/ ^ + y^) 

Jo 

= l|o log (^1 - cos a; + ^ ^ dx + xlog 2 {l+n)y 


it is clear that we need only discuss the convergence of the integral 

D-0 ■ 


1 - cos a; + 07-.- T^) dx. 


2{l^h)J 

Take a value of a(0 < a < 1) such that « r < 1. 

— a) 

: ^ 0, since ~ a. 


Then 


Now let 


1 > 


2(1 -a) “2(1 + 70 ' 
)3=cos“ 


2(1 -a) 

It will be seen that, when 

0 < 1 “ cos a; ^ 1 — cos a; + 
provided that Ocx^ 




2{l + h)-- 
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Therefore, imder the same conditions, 

I log (^1 --008 0 ; + ^^^-^^-^ log(l -cosx) 

But the /x-test shows that the integral 

\ log ( 1 — cos x) dx 
Jo 

converges- 

It follows that I log 1 ~ ^ + 2 ( 1+ h ) ) 

converges uniformly for |7t| ~ a. [Cf. § 83, I.] 

rp 

And therefore \ log (1—2?/ cos x 4- y^) dx 

Jo 

converges uniformly for any interval (6, h') of y. 

The infinity at rr = 7r can be treated in the same way, and the uniform con- 
vergence of the integral 

\ log — 2y COB X + y^) dx 

Jo 

is thus established for any interval (6, h') of y. 

(ii) Let f{y) = log (1-22/ cos x + y^) dx, 

Jo 

We know from § 70. 1 that 

/( 2 /)= 0 , when I 2 /I < 1, 

and /(y) ==7rlog2/^ when |?/1 :> 1. 

But we have just seen that the integral converges uniformly for any finite 
interval of y. 

It follows, from § 87, I, that 

/(l)=lim/( 2 /) = 0 

y — >-l 

and /( - 1) = lim /(y) =0. 

y—^—X 

But /(l) = f^ log 2(1 -cos 

Jo 

= 27r log 2 ■4-2\ log sin ^ dx 

Jn ^ 

==27r log 2 -f log sin x dx. 

Jo 

Thus 1 ' log sin x dx— — Jtt log 2.* 

Jo 

From /( — 1) =0, we find in the same way that 

rtr 

log cos xdx— - ^TT log 2, 

‘ Jo 

a result which, of course, could have been deduced from the preceding. 

♦This integral was obtained otherwise in Ex. 4, p. 131 
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89. The Repeated Integral [ dx f f(a:, y)dy. It is not ea«y to determine 

}a }b 

general conditions under which the equation 

{ dx { f{x, y)dy = [ dy f /(it, y)dx 

IS satisfied. 

The problem is closely analogous to that of term by term integration of an 
infinite series between infinite limits. We shall discuss only a case some- 
what similar to that in infinite series given in § 76. 

Let fix, y) he a continuous fiinction of (a:, y) in x-^a, y^h, und lei the i 
integrals 

(i) ( y)dx, (ii) f f{x, y)dy, 

.'a .’6 

respectively, converge uniformly in the arbitrary intervals 
h ^y^y, a^x^a', 

roo ry 

Also let the integral (iii) \ dx I f{x, y)dy 

}a J5 

converge uniformly in y &. 

Then the integrals 

f dx f f{x, y)dy and f dy f /(it, y)dx 
.'a Jtt 

exist and are equal. 

Since we are given that f f{x,y)dx converges uniformly in the arbitrary 

) a 

interval h^y^ V, we know from § 85 that 

r dy f /(it, y)dx~\ dx fix, y)dy, when y>h. 

Ja }a 

It follows that 

I dy fix, y)dx=lxm 1 dx fix, y)dy, 

.'6 -cl y — .'6 

provided that the limit on the right-hand side exists. 

To prove the existence of this limit, it is sufficient to show that to the 
arbitrary positive number e there corresponds a positive number T such that 

dx 2/)% j < when y' ^ T. 

But from the uniform convergence of 

f dx ^ fix, y)dy 

)a 

in 2/ ^ we can choose the positive number X such that 

jl dx ] < h> when x^X (1) 

the same X serving for every y greater than or equal to h. 

Also we are given that \^fi^*y)dy 

is uniformly convergent in the arbitrary interval (a, a'). 
c.x. 
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Therefore we can choose the positive number Y so that 

■‘Vhen y">y'~^Y, 

the same Y serving for every x in (a, A). 

"I'lnis we have H f{x, y)di/ when y'''' > y' T. ,.(2) 

Ihil it is clear that 

\ d.v f(x, y)(ly=\ dx P /(.r, v)d!/+\ dx y)dy - f dx f^/(:r, y)dy^ 

.’a ' }y )a }y J-v .)& .'.y ^ 

Tlicrefore from (1) and (2) we have 

dx f{x, y)dy < + ir e + l-e 

)v 

C €, when y" > y' F. 

We liave tluis shown that 

, <'^2/ \ 2/)t7x=lim 1 dx ("/(.r, y)di/ (3) 

. 1 ) . <i t/— > j'. • « . & 

It remains to prove that 

lim f dx ^ f{x^ y)dy^\ dx f /(:r, 'y)dy. 

y—^y: .'rt Ja .'6 

Let the limit on the left-hand side be Z. 

Then e being any positive number, as small as we idease, there is a positive 
number Y^ such that 

l-\ dx y)dy <^€, %vhen y^ Y .(4) 

Also, from the uniform convergence of 
rv 

dx \ f(x, y)d.y, when y 

.a Jd 

Ave know that there is a positive number X. such that 

dx V f{x, y) dy - f dx ^ f{x, y) dy I < Avhen X' X, (5) 

.’a Ja , I 

the same X scrA’ing for every y greater than or equal to h, 

C^hoosc a number X' such that X' ™ A > a. 

Then, from the uniform convergence of f /(a?, y)dy in any arbitrary interval, 
Ave knoAv that there is a positive number Y^ such that 

f{x, y) dy ~ f{x, y) dy < when y Fa. 

the same Fo serAdng for every x in (a, X'). 

Thus If dx^\f{x, y)dy-[ cZa; f /(a;, y) % | < -Je, when 2/ ^ 5^2* •(^) 

I Ja J& Ja Jft ) 

Noav take a number F greater than Y^ and Fg. 

Equations (4), (6) and (6) hold for this number F. 
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JBut 

I Z - f dx[ f{x, y) dy 

.'6 Jb * 

^ f y)dyW\\ dx[ f(x, y)dy-\ dx f{x, y) dy 

+ 1 ^ fa fft 

+ + from (4), (5) and (6), 

<€* 

This result holds for every number X' greater than or equal to X. 

Thus we have shown that 

I = lim dx \ f{x, y)dy = \ dx\ /{x, y) dy. 

X — >-00 - Cl .b .'a Js 

Also, from (3), we have 

[ dx\ f(x,y)dy=\ dy{ f(x,y)dx 

.ti JZ> JZ> Jtt 

under the conditions stated in the theorem. ; 

It must be noticed that the conditions we have taken are sufficient, but not 1;: 
'necessary. Eor a more complete discussion of the conditions under which the i 
integrals 

I dx\ f{x,y)dy, f dy\ f{x,y)dx, 

Ja .'6 J6 Ja 

when they both exist, are equal, reference should be made to the works ot:‘i 
de la Valine Poussin,* to whom the above treatment is due. A valuable dii^ ^ 
cussion of the whole subject is also given in Pierpont’s Theory of FundiemMt 
of a Real Variable. The question is treated in Hobson’s Thecrry of Functions, jj 
of a Real Variable, but from a more difficult standpoint. 
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See also Bromwich, Proc. London JJath. Soc., (2), 1 (1903), 176. 
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1. Prove that \ is uniformly convergent in a~ao2>0, and that 

oo 

I ig uniformly convergent in a ^ 0, when & > 0. 

r ^ sixi Ctrl/ 

2. Prove that e-^v dx is uniformly convergent in y ^ >• 0, and 

Jo 2/ 

r ^ 3X12L wK''?/ 

that I -dx is uniformly convergent in y :™ 0, when a > 0. 


3. Prove that 1 cos x dx is uniformly convergent in the interval 

Jo 

a ^ ao> 0, when n ^ 1, and in the interval a ^ 0, when 0 < w- < 1. 

4. Prove that f sin-£r dx is uniformly convergent in the interval 

Jo 

a ^ ao> 0, when n ^ 0, and in the interval a ^ 0, when — 1 < tsi, < 1. 

5. Using the fact that ( — — - dx is uniformly convergent in 

Jo ^ 

2/ 2/o > 0 and 

show that ( is uniformly convergent in any interval of y 

Jo ^ 

which does not include y — ±:a. 

6. Show that (i) ( 1 - e~^y) dx^ 

. (ii) ^ ' dx, b =!= a, 

are uniformly convergent for y ^ 0. 

7. Discuss the uniform convergence of the integrals : 


ptan“^a;2/ , 


■ (ii) 

. <1 


\^{l+x^y^)Vif-x^) 


. (iii) \ x^ dx. 


(iv) j log ^ \ w>0. 

8. Show that differentiation under the integral sign is allowable in the 
following integrals, and hence obtain the results that are given opposite each ; 


(i) \y---^dx:=l^Jl; 

(ii) f ^ a>0; 

Jo^* + ^ 2/s/a 

(ili) »>-!; 


Jo 2 

dx TT 1.3...(2n-l) 
]o(^ + “ 2 * 2^n ! J ‘ 


x^(— log x)'^ dx = 


(n + 1)^+1* 
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9. Establish the right to integrate under the integral sign in the following 
integrals : 

(i) f dx ; interval a ^ > 0. 

Jo 

(ii) \ cos hx dx ; interval a ^ 0 ^ > 0, or any interval of h. 

Jo 

(iii) \ sin hxdx ; interval a ^ Uq > 0, or any interval of b. 

1 

(iv) \ xf^dx; interval a a© > 1* 

Jo 

10. Assuming that j e”“® sinbx dx= a>0, show that 


Deduce that 


—t’x — Q~gx • Q f 

— sin hx dx =tan“^ — tan~i gr >/> 0. 

1 —e-gx . . 

sm hx dx =tan J 

X h 


(i) (“ 

Jo 

sin hx 

( 11 ) \ 


dx — Itt, h>0. 


11. Show that the integrals 


^-ax QOS hxdx 


_ ^ f 

.0 


e~<*®sin hxdx~- 


- 2 , a > 0, 


can be differentiated under the integral sign, either with regard to a or h, 
and hence obtain the values of 

ajg— aaj cos hx dx, \ sin hx dx, 

0 Jo 

f coshx dx, ( sinhx dx. 

Jo Jo 


12. Let 


j'f \ r"® 1 — cos xy „ , 

/(y)= = — ^e-’^dx. 

Jo ^ 

Show that/'(y) = ^ sin xy e-^dx for all values of y, and deduce that 

/(2/) = ilog(l+y2). 

13. Let f{y)~\ ^os2xy dx. 

Jo 

f'® 

Show that f'{y) “ “ ^ j sin 2xy dx for aU valuesKof y. 

On integrating by parts, it will be found that 
.rC2/)+%/(3/)=0. 

From this result, show that f{y) = ^sjire-y'^, assuming that r(^) =x/w. 

Also show that ( dx\ e-o:^ cos 2xy dy = f ^/(y ) dy, 

J 0 J 0 Jo 

f dx — -s/7rf -y^ dy. 

Jo ^ Jo 


and deduce that 


X 
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14. Let U"\ e~^^z^~‘'^coBlxdx, 7 = 1 sinbx dx, 

Jo Jo 

where a > 0, n>0* 

Make the following substitutions : 

a =r cos 6, 6 =r sin 6, where - < 0 < Jr, 

rx=^, Ur^=u, Vr^=v. 


Then show that 




From these it follows that 


,+ A=0. 


Deduce that m = F ( ») cos nd, a = F (w) sin ftfl. 

Thus U =F(J^) 7=1 (n) - • 

Also show that, if 0 < ^ < 1, lim U = [ cos hx dx, 


a-j-O Jn 

lim F=[ sin 6x cZa:, 

a->0 J 0 


And deduce that 


T'l / \ ^r 

, 1 (n) cos 

^ cos oa; , ' ' 2 


T{n) sin 


0 ‘/a: 


^VM?; 


[Compare Gibson, Treatise on the Calculus (2nd ed., 1906), 47L] 
15, Prove that 


dx\ e“*^sinxcZi/= 1 (h/\ sin a; da:, 


where b is any positive number. 
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90. Trigonometrical Series and Fourier’s Series. We have 
already discussed some of the properties of infinite series whose 
terms are functions of x, confining our attention chiefly to those 
whose terms are continuous functions. 

The trigonometrical series, 


^0 + (^1 cos a; + sin a?) + (ag cos 2aJ + Jg 2a:) + . , . , (1 ) 


where hi, etc., are constants, is a special type of such series. 

Let f{x) be given in the interval ( - tt, tt). If bounded, let it 
be integrable in this interval ; if unbounded, let the infinite 

integral f f{x) dx be absolutely convergent. Then 


f /(a?') cos nx' dx' and i /(a:') sin m' dx' 

J ~ir J — TT 

exist for all values of n. {§ 61, VL) 

The trigonometrical series (1) is said to be a Fourier's Series, when 

the coefficients a^, a^, hi, etc., are given by 


1 

_ J dx' and, when n 1 , 

1 pTf 1 . 

f{x')cos'nx' dx', h„= I f {x') sin nx'dx', 

J - V TT J - w 


( 2 ) 


These coefficients are called Fourier’s Coefficients or Fourier’s 
Constants for the integrable function /(a;); and the Fourier’s Series 
is said to correspond to the function. 

This nomenclature is used quite independently of any assumption 
as to the convergence of the series (1) when Fourier’s Constants are 
substituted for Uq, a^, b^, etc. 
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The most important thing about Fourier’s Series is that, whenl 
I f{x) satisfies very general conditions in the interval (-tt, tt), the; 
sum of this series is equal to/(a3), or in special cases to ! 

I i[/(*+0)+/(a.-0)]. * 

I - • • • ' 

I when X lies in this interval. 

I- If we assume that the arbitrary function f{x), given in the 
interval ( — tt, tt), can be expanded in a trigonometrical series of 
the form (1), and that the series may be integrated term by term 
after multiplying both sides by cos nx or sin nx^ we obtain these 
values for the coefficients. 

h’or, multiply both sides of the equation 

/(a;) = ao + (aj^cosaj +6xsina?) +(^2 cos 2a7 +62 sin 2ir) + ... , 

— tt ^ CC ^ TT, (3) 

by cos nx^ and integrate from — tt to tt. 


J — n 


cos nx dx:=^ira^ 


cos mx cog nx dx - 


sin 7nx cos nx dx — O, 


when m, n are diiferent integers, and 


cos^ nxdx = 7r. 


Thus we have 


1 

% = ~ 1 nx' dx'. 

TT J — If 


when 1. 


And similarly, 


1 f’" 

I fix') sin nx' dx' , 

7r> _,r 

«o=^|_y(a:') dx'. 


Inserting these values in the series (3), the result may be 
written 




cos n (x' — x) dx'. 


■ tt ^ ^ TT. 


This is the Fourier's Series ioxf(x). 

: If the arbitrary function, given in ( — tt, tt), is an even function — 
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in other words, if f{x) =/( — aj), when 0 <a;<7r — the Fourier’s Series 
becomes the Cosine Series : 

If"’ 2 r 

f{x) = - I f {x*)dx' + — cos nx I f{x') cos nx' dx\ 

'^Jo Jo 

0~fl3™7r. ...... ...(5) 

Again, if it is an odd function — i.e, if f{x) — —f{ ~ x), when 
0<Cxc IT — the Fourier’s Series becomes the Sine Series ; 

2 r”" : 

f(x) = -- N'' sin nx 1 /(a;') sin nx' dx', O^x—ir (6) 

TT ^ Jo 

The expansions in (5) and (6) could have been obtained in the 
same way as the expansion in (3) by assuming a series in cosines 
only, or a series in sines only, and multiplying by cos nx or sin nx, 
as the case may be, integrating now from 0 to -tt. 

Further, if we take the interval { — I, 1) instead of ( — ar, tt), 
we find the following expansions, corresponding to (4), (5) 
and (6) : 

f{x) =|j j’y(a;') dx' + f S 

-l^x^l (7) 

f(x) = Y i X ® 

O^x^l (8) 

f{x) = ^ 2 sin X J fipc') sin x' dx' , O^x^l (9) 

However, this method does not give a rigorous proof of these 
very important expansions for the following reasons : 

(i) We have assumed the possibility of the expansion of the 

function in the series. 

(ii) We have integrated the series term by term. 

This would have been allowable if the convergence of 
the series were uniform, since multiplying right through 
by cos nx or sin nx does not afEect the uniformity ; but 
this property has not been proved, and indeed is not 
generally applicable to the whole interval in these ex- 
pansions. 

(iii) The discussion does not give us any information as to 

the behaviour of the series at points of discontinuity. 
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if such, arise, nor does it give any suggestion as to the 
conditions to which /(a?) must be subject if the expansion 
is to hold. 

Another method of obtaining the coefficients, due to Lagrange,* 
may be illustrated by the case of the Sine Series. 

Consider the curve 

y — a^^ sin 33 -ha2siu2a3 + ... 4 -a,j_isin (n— l)x. 

We can obtain the values of the coefficients 


'*'2? • ^n— 


so that this curve shall pass through the points of the curve 
at which the abscissae are 


IL 

n* n* 


(^- 1 ) 

n 


In this way we find ... as functions of n. Proceeding 

to the limit as n->oo , we have the values of the coefficients in 


the infinite series 


/(x) = sin x+a^ sin 2 x -h... . 


But this passage from a finite number of equations to an infinite 
number requires more complete examination before the results can 
be accepted. 

The most satisfactory method of discussing the possibility of 
expressing an arbitrary function y*(a3), given in the interval ( — tt, tt), 
by the corresponding Fourier’s Series, is to take the series 


Uq -h(^i cosx+bj^ sin x) +(^2 233 +62 233 ) + ... , 


where the constants have the values given in (2), and sum the 
terms up to (a„ cos nx 4- bn sin nx) ; then to find the limit of this 
sum, if it has a limit, as n— ^00 . 

In this way we shall show that, when /(33) satisfies very general 
conditions, the Fourier’s Series for / (33) converges to f(cc) at every 
point in ( — tt, tt), where /(33) is continuous ; that it converges to 
J [/(33 + 0 ) +/(33 — 0 )] at every point of ordinary discontinuity; 
also that it converges to i[/( — 'tt+O) 4-/(7r — 0)] at cc= dzjr, when 
these limits exist. 

Since the series is periodic in x with period 27 r, when the sum 
is known in ( — tt, tt), it is also known for every value of 33. 


'Lagrange, CEuvrea, 1 (Paris, 1867), 553: Byerly, Series, etc. (1893), 30- 
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If it is more convenient to take tke interval in which / (x) is 
defined as (0, 27 r), the values of the coefficients in the corresponding 
expansion would be 

1 r2rr ^ prr 

~ 1 f(^') COS nx' dx', 6^=— I f(x') sin nx' dx\ n ^ 1. 

'TTJo 

It need hardly be added that the function /(a;) can have different 
analytical expressions in difierent parts of the given interval. 
And in particular we can obtain any number of such expansions 
which will hold in the interval (0, tt), since we can give/(a;) any 
value we please, subject to the general conditions we shall establish, 
in the interval ( — tt, 0). 

The following discussion of the possibility of the expansion 
of an arbitrary function in the corresponding Fourier’s Series 
depends upon a modified form of the integrals by means of which 
Dirichlet* gave the first rigorous proof that, for a large class of 
functions, the Fourier’s Series converges to f{x). With the help 
of the Second Theorem of Mean Value the sum of the series can 
be deduced at once from these integrals, which we shall call 
Dirichlet’s Integrals. 


91. Dirichlet’s Integrals (First Form). 

lim fix) dx=Zfi +0), lim P f(x) ^ dx = Q, 

fj. — >oo J 0 ^ ^ P- — ^ 

where 0<Ca<c6. 

When we apply the Second Theorem of Mean Value to the 
integral f' o<6'<c'. 


j:. 


we see that 
where 6' s; f 
Thus 


— - dx=^f 1 sin xdx-h ,1 sin x dx, 
6' 25 6 J5- c 


\h' - 


' dx 




■= 6 '- 

* Journal fur Math., 4 (1829), 167, and Rove’s Mepertorium der Physik, 1 (1837), 
162. 
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It follows tliat tlie integral 


r 

j o 


dx 


is convergent. Its value lias been found in § 88 to be Jtt.* 
The integrals f — - dx and f — - dx 

J Q X J a ^ 

can be transformed, by putting jllx—x', into 


respectively. 

It follows that 


sm X j sin X , 

I ^x, I dx, 

Jo ^ Jua oa 


sin , f^sina? , , 

lim I ^ dx—\ dx = ^7r, 0<a, 

and lim T dx= Km T ^ dx = 0, 0<a<b. 

fX — >00 J CC ^ fJL — ^-OO J /xa ^ 

These results are special cases of the theorem that, when f(x) 
satisfies certain conditions, given below, 

lim f +0), 0<a, 

lim f f{x) dx = 0, 0<:a<6. 

fx — >ao J a ^ 

In the discussion of this theorem we shall, first of all, assume 
that f{x) satisfies the conditions we have imposed upon <p{x) in 
our notation for the Second Theorem of Mean Value ; viz., it is 
to be . bounded and monotonic (and therefore integrable) in the 
interval with which we are concerned. 

It is clear that satisfies the conditions imposed upon 

yU{x) in the theorem as proved in § 50. 1. It is bounded and 
integrable, and does not change sign more than a finite number of 
times in the interval. 

We shall remove some of the restrictions placed upon/(ir) later. 


I. Consider the integral 

f{x) g,x, 0 <a< 5. 


■►See also the footnote on p. 202. 
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From the Second Theorem of Mean Value 

fV(.)?i^^=/(a+0) p ?i^cZx+/(6-0) r 

where i is some definite value of x in a ^ a; ^ 6. 

Since f(x) is monotonic in a ^ x s 6, the limits/(a +0) and f{b — 0) 
exist. 

And we have seen that the limits of the integrals on the right- 
hand are zero when ju-^co . 

It follows that, under the conditions named above, 

lim f /(x) ^^^ dx = 0, when 0<a<6. 

II. Consider the integral 

0<a. 

J 0 

Put f{x) — <p(x)+f{ +0). The limit /( +0) exists, since /(x) is 
mono tonic in 0 ^ x a. 

Then <p{x) is monotonic and +0) = 0. 

Also 

As ju~^oo the first integral on the right-hand has the limit Jtt. 
We shall now show that the second integral has the limit zero. 

To prove this, it is sufiicient to show that, to the arbitrary 
positive number e, there corresponds a positive number v such that 

I f <p(x) — dx |< € when jLt^v. 

iJo 

Let us break up the interval (0, a) into two parts, (0, a) and 
(a, a), where a is chosen so that 

I <p{a — 0) I <C €l2'7r. 

We can do this, since we are given that ^( 4 - 0 ) = 0, and thus 
there is a positive number a such that 

|^(x) |< e/ 27 r, when OCx^a. 

Then, by the Second Theorem of Mean Value, 

since -hO) — 0, i being some definite value of x in 0 ^ x a. 
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y^- 


a? ^ 0, 


the successive waves have the same breadth and diminishing 
amplitude, and the area between 0 and tt is greater than that 
between tt and 2'7r in absolute value: that between tt and 27 r is 
greater than thab between 2'7r and Stt, and so on; since [sin x\ goes 
through the same set of values in each case, and 1/x diminishes 
as X increases. 


Thus 


sin a? , ^ sin x , 

I dx^ I dxC': 

Jq X Jo ^ 


whatever positive value x may have. 

Also 

J It ^ Jq ^ Jq X 

and each of the integrals on the right-hand is positive and less 
than TT for OCpCq, 


Therefore 
It follows that 


a; , I 

I — when 0~p<za. 

•/ jP ^ 




3P 

sin^^ a? 

X 


dx <c J — X tt 

TT 


and this is independent of p. 

But we have seen in (I) that 

lim f <p{x) da;=0, 0<a<a. 

fn—^oci J a. X 

Therefore, to the arbitrary positive number there corresponds 
a positive number v such that 

I ^35 [eje, when 

Also 

Therefore 

Ce, when jLt^p. 


+ 




— >■ J 0 X 


Thus 
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And, finally, under the conditions named above, 

*,='/( + 0 ). 


92. In the preceding section we have assumed that f{x) is 
bounded and monotonic in the intervals (0, a) and (a, h). We 
shall now show that these restrictions may be somewhat relaxed. 

I. Diriclilef s Integrals still hold when f(x) is hounded^ and the 
interval of integration can he broken np into a finite number of open 
partial intervals, in each of which f {pc) is monotonicj^ 

This follows at once from the fact that under these conditions 
we may write /(^) = F{x)- G{x), 

where F{x) and G{x) are positive, bounded, and monotonic in- 
creasing in the interval with which we are concerned [cf. § 36. 1 
or § 36. 2]. 


This result can be obtained, as follows, without the use of the theorems of j 
§ 36, 1 or § 36. 2. 

Let the interval (0, a) be broken up into the n open intervals, 

(0, Ui), ag), ... , a), 

in each of which /‘(x) is bounded and monotonic. 

Then, writing aQ=0 and = wc have 




clx= ^ 


A^) 


sin fjLX 


dx. 


The first integral in this sum has the limit —/( + 0), and the others haW^l 
the limit zero when /x-^oo . 


It follows that, under the given conditions. 


lim 


A^) 


sin f/.x 

X 


dx = 


;-/(4-0), 0<a. 


The proof that, under the same conditions. 


lim 0<a<&, 

}a X ' 

is practically contained in the above. 

It will be seen that we have used the condition that the number of partiaji 
intervals is finite, as we have relied upon the theorem that the limit of a sum 
is equal to the sum of the limits. 

II. The integrals still hold for certain cases where a finite number p 
of points of infinite discontinuity of f{x) {as defined in §33) occur 
in the interval of integration. 


*They also hold when fix) is of bounded variation (§ 36. 2) in the interval, since 
if fix) is of bounded variation, it can be replaced by the difference of two positive, 
bounded and monotonic increasing functions. 
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We shall suppose that^ when arbitrarily small neighbourhoods of 
these points of infinite discontinuity are excluded, the remainder of the 
interval of integration can be brohen up into a finite number of open 
partial intervals, in each of which f(x) is hounded and monotonic."^ 

Further, we shall assume that the infinite integral J/{a;) dx is 

absolutely convergent in the interval of integration, and that x = 0 
is not a point of infinite discontinuity. 

We may take first tlie case wken an infinite discontinuity 

sin (jlx 

occurs at tlie upper limit b of the integral | f{x) ^ — dx, and 

only there, a ^ 

Since we are given that I f{x) dx is absolutely convergent, we 
V Ja 1 • 1 , 


know that 


J a 


Sin px 


dx also converges, for 


sin px 


si in 
a 


{a, h). And this convergence is uniform. 

To the arbitrary positive number e there corresponds a positive 
number rj, which we take less than {h — a), such that 


f m- 


sin px 


dx when 


and the same r] serves for all values of p. 
But 


r/(^)- 

.» a 


sm px 


And, by (I) above, 


f b—n 

fix) 

a 

Cb-y\ 

^ /(*) 

o J a 


Sin px 


-f (2) 

J b — -r] di/ 




It follows that there is a positive number v such that 

f f{x) — dx when p^v. .(3) 

J a ‘ X 

From (1), (2) and (3), we have at once 

I (Vw“j«ki.+i. 

I J a 

Ce, when p^v. 

Thus we have shown that, with the conditions described above, 

liia{ f(x)^^^^^ dx — 0, OCa<:h. 

J a X 

*The integrals still hold when the function is of bounded variation in the re- 
■ mainder of the interval of integration. 
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A similar argument applies to the case when an infinite dis- 
continuity occurs at the lower limit a of the integral, and only 
there. 

When there is an infinite discontinuity at a and at 6, and only 
there, the result follows from these two, since 

[/(-•) fV(a=) a<r.<i>. 

J a 'dy U} Jg X 

When an infinite discontinuity occurs between a and b we 
proceed in the same way; and, as we have assumed that the 
number of points of infinite discontinuity is finite, we can break 
up the given interval into a definite number of partial intervals, 
to which we can apply the results just obtained. 

Thus, under the conditions stated above in (//), 

lim f / (a;) dx = 0, when 0<a<6. 

J a ^ 

Further, we have assumed that a; = 0 is not a point of infinite 
discontinuity oif(x). Thus the interval (0, a) can be broken up 
into two intervals, (0, a) and (a, a), where f{x) is bounded in (0, a), 
and satisfies the conditions given in (I) of this section in (0, a). 

It follows that 

lim \y(x)^^dx=lf{ + 0). 
and we have just shown that 

lim f f(x) dx = 0. 

fx-^-ao ^ 

Therefore, under the conditiorts stated above in [II), 

lim [ + 0). 

pt— >00 J 0 

93. Dirichlet’s Conditions. The results which we have obtained 
in §§91, 92 can be conveniently expressed in terms of what we 
shall call Dirichlet's Conditions.*'* 

* If the functions of bounded variation of § 36. 2 are included in the class of 
functions available for discussion, f{x) may be said to satisfy Ririchlet’s Conditions 
(i) when it is of bounded variation in the whole interval; or (ii) when it has a 
finite number of points of infinite discontinuity in the interval, and it is of boimded 
variation in the remainder of that interval, when the arbitrarily small neighbour- 
hoods of these points have been excluded ; provided that the infinite integral 

^ f{x) dx be absolutely convergent. 
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A function f(x) will be said to satisfy Diricblet’s Conditions* in 
au interval (a, b), in which it is defined, when it is subject to one 
of tbe two following conditions: 

(i)/(^') hounded in (a, 6), and the interval can he broken vp 
into a finite number of open partial intervals, in each of 
winch f{x) is nioyiotonic; 

{n)f{x) has a finite number of points of infinite discontinuity in 
the interval. When arbitrarily small neighbourhoods of 
these p>oints are excluded, f{x) is bounded in the remainder 
of the interval, and this can be broken up into a finite 
number of ojien partial intervals, in each of which f{x) is 

monotonic. Further, the infinite integral f{x)dx is to 
be absolutely convergent. ' ^ 

We may now sa}^ that: 

Jf hen f(x) satisfies Dirichlet's Conditions in the ijitervals (0, a) 
and (a, b) respyectively , udiere Ocach, and f{ +0) exists, then 


and 


jU - >■ OO . ' ft, X 


It follows frohi the j^roperties of monotonic functions (cf. § 34) 
that except at the jDoints, if any, where /(a::) becomes infinite, or 
oscdlates infinitely, a function which satisfies DirichleUs Con- 
d^itions, as defined above, can only have ordinary discontinuities.f 
Flit we have not assumed J that the function /(a;) shall have only 
a finite number of ordinary discontinuities. A bounded function 
which is monotonic in an oj^en interval can have an infinite number 
of ordinary discontinuities in that interval [cf. § 34]. 

Perhaps it should be added that the conditions which Dirichlet 


*J5ut see footiKtle on p. 225. 

conditions in the text can be further extended so as to include a finite number 
of points of oscillatory discontinuity in the neighbourhood of which the function is 
bounded sin l/(ar-c) at a: = e], or of continuity, with an infinite number of 
maxima ami minima in tlicir noifilibourhood ff.?. (.r -«) sin IRx-c) at 

This goneralisatiou would also apply to the sections in which Dirichlet ’s Con- 

(.lit inns are employed. 

;;T1k. same remark applies to the case when f(x) is a function of bounded 
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Mmself imposed upon tlie function /(a;) in a given interval (a, b) 
were not so general as tliose to wMcli. we liave given tlie name 
Dtrichlef s Condttio^is. He contemplated at first only bounded 
functions, continuous, except at a ^ite number of ordinary dis- 
continuities, and with, only a finite number of maxima and minima. 
Later he extended his results to the case in which there are a finite 
number of points of infinite discontinuity in the interval, provided 

that the infinite integral f f{x) dx is absolutely convergent. 

J a 


94. Birichlet’s Integrals (Second Form). 

/( + 0 ). lim 


lim 


Sin /zx 
sin X 


dx = Q, 


^sin jux 
sin X 

where 0 <:a< 6 < 7 r. 

In the discussion of Fourier’s Series the integrals which we shall 
meet are slightly difierent from Dirichlet’s Integrals, the properties 
of which we have just established. 

The second type of integral — and this is the one which Dirichlet 
himself used in his classical treatment of Fourier’s Series — is 


J 0 fain X J a 


sin jux 
sin X 


dx. 


where Ocacbc^ 


We shall now prove that : 

When f{x) satisfies Dirichlef s Conditions {as defined in § 93) 
in the intervals ( 0 , a) and {a, b) respectively, tvhere 0 <a< 6 <: 7 r, 
and f{ + 0 ) exists, then 


lim f f(x) 

. fjL'~^y. J 0 


Sin a? 2*^ 


and lim f f(x) dx=^0. 

Let us suppose that f{x) satisfies the first* of the two conditions 
given in § 93 as Dirichlet’s Conditions : 

f{x) is bounded, and the intervals ( 0 , a) and {a, h) can be broken 
up into a finite number of open partial intervals, in each of which 
f{x) is monotonic. 


*Or, alternatively, that f{x) is of hounded variation in the intervals (0, d) and 

{a, b). 
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Then, by § 36. 1 or § 36. 2 we can write 
f(x) = F(x)~Gix), 

wliere F{x), G(x) are positive^ bounded and monotonic increasing 
in the interval with whicb. we are concerned. 

Thus f(x) M = rjr(^) ^ -G(x). ^1 

' Sin X L sin X ^ ' sin xj x 

But a;/sin x is bounded, positive and monotonic increasing in 

( 0 , a) or (a, h), wben Ocachc-Tr,* 

Therefore F(x )^ — and G(x) ~ - are both bounded, positive 
sin X sin X 

and monotonic increasing in the interval ( 0 , a) or (a, 6 ), as the 
case may be, provided that Ocac^CTr. 

It follows from § 91 that 

=f/(+0), 

and lim f fix') da?= 0 , when 0 <:a< 6 < 7 r. 

"since 

Next, let/(cc) satisfy the second f of the conditions given in § 93 , 
and let /( + 0 ) exist. 

We can prove, just as in § 92, II, that 

lim f fix) dx = 0 , when 0 <:a< 6 < 7 r. 

fjL . — >>D J a Sin X 

For we are given that f f{x)dx is absolutely convergent, and 

J a 

we know that ce/sin x is bounded and integrable in (a, h). 

It follows that f /(ce) ———dec 

J a Sin X 

is absolutely convergent; and the preceding proof [§ 92,- II] applies 
to the neighbourhood of the point, or points, of infinite discon- 
tinuity, when we write /(x) — — in place oif{x), 

sin X 

* We assign to xjam. x the value 1 at af—O. 

t Or, alternatively, that f{x) is of hounded variation in the remainder of the 
interval, when the arbitrarily small neighbourhoods of the points of infinite dis- 
continuity are excluded. 
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Also, for tlie case lim f fix) dxy 

jx~>.cJo sma; 

we need only, as before, break up tke interval (0, a) into (0, a) 
and (a, a), where f{x) is bounded in (0, a) and from the results 
we have already obtained in this section the limit is found as 
stated. 


If it is desired to obtain the second form of Uirichlet’s Integrals for the cases 
stated below without the use of the theorems of § 36. 1 or § 36. 2 the reader 
may proceed as follows : 

(i) Let f{x) be positive, bounded and monotonic increasing in (0, a) and 
(a, 6). 

Then f is so also, and thix) —fix) is so also, 
sm X I \ / j \ ^ 


. But, by § 91, 

lim fV(^) <^( +0) = ^/( - 


• 0 ). 


Therefore 


lira 

/JU— >-eo 0 




Also 
Cb 


; ' ' sma; 


Jo ^ sina; 


i: 

Therefore lim f dx = 0. 

sina: 

(ii) Let f(x) be positive, bounded and monotonic decreasing. ^ 

Then for some value of c the function c—f{x) is positive, bounded 
and monotonic increasing. 

Also 


r [<>-/(*)] f“ 2ifLe5d^_(V(a.) 

.0 sin as Jo sm x . o ^ 


Using (i), the result follows. 


(iii) If f(x) is bounded and monotonic increasing, but not positive all the 
time, by adding a constant we can make it positive, and proceed as 
in (ii) ; and a similar remark applies to th6 case of the monotonic 
decreasing function. 


(iv) When f(x) is bounded and the interval can be broken up into a finite 
number of open partial intervals in which it is monotonic, the result 
follows from (i)-(iii). 


(v) And iif(x) has a finite number of points of infinite discontinuity, as 
stated in the second of Dirichlet’s Conditions, so far as these points 
are concerned the proof is similar to that given above. 
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In tlie opening 
elementary, but 

quite incomplete, argument, by means of wbich the coefficients in 
tbe expansion 

f{x) ~aQ-{- (a^ cos x+b^ sin x) -h (a 2 cos 2x 4-62 2x) + . . . 

— TT • X ^-TT 

are obtained. 

We now return to this question, which we approach in quite 
a different way. 

We take the Fourier’s Series 

aQ +(»! cos X sin x) +{a 2 cos 2x 4-62 sin 2x) 4-... , 

1 f”" 

where ao = o~ 1 f{x')dx' and, when 1, 

/nrj —rr 

" 1 Tir I Tir 

an = ™| f(x') cos nx' dx', 6„= f{x') sinnx' dx\ 

'TTJ —IT TTJ -jr 

We find the sum of the terms of this series up to cos nx and 
sin nx, and we then examine whether this sum has a limit as 
n->oo . 

We shall prove that, %vlien f{x) is given in the interval ( — tt, tt), 
and satisfies DirichleVs Conditions in that interval, this sum has a 
limit as n~^co , It is equal to f{x) at any ^oint in — 7r<cc<7r, 
where fix') is continuous ; and to 

i[/(x+0)4-/(a;-0)], 

when there is an ordinary discontinuity at the poi^it ; and to 
i [/( ~ "tt + 0)4-/('7r ~ 0)] at ± tt, wheyi the limits /(tt ~ 0) and 
/( — TT + 0) exist. 

Let 

Sn{x) = aQ 4- (<3^1 cos x+h-^ sin x) +{cin cos nx 4-6^ sin nx), 
where a^, etc., have the values given above. 

Then we find, without difficulty, that 

sj^x) = ^ f /(a?')[l +2 cos {x' ~x) 4-2 cos n{x' — x)']dx' 

Airj _7r 


. Proof of the Convergence of Fourier's Series. 

sections of this chapter we have given the usual 


27rJ_,r‘'^ sin — £r) 




* In this and later sections, when reference is made to Dirichlot’s Conditions, it will 
be understood that these can bo modified, if desired, by the introduction of the 
functions of bounded variation as explained in the footnote on p. 225 . 
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Thus 

s. 


2'7rJ ^ sin l(x' — x) 

+J' r/(^')"“ dx'. 

2irj ^ sin ^{x — x) 

, sin (2n -l-l)a , 

„(x) = -J^ /(.-2a) .Za 

+ iP”“‘V(.+2a)“'^(3:!t^^“^, 

ttJ < 


-(1) 


on changing the variable by the substitutions x' — x—^=- 2a. 

If -‘7rCa;<7r and /(a;) satisfies Dirichlet’s Conditions in the 
interval ( — tt, -tt), /(x=F2a) considered as functions of a in the 
integrals of (1) satisfy Dirichlet’s Conditions in the intervals 
(0, Jtt +ix) and (0, -|7r — ^x) respectively, and these functions of 
a have limits as a-^O, provided that at the point x with which we 
are concerned /(a; 4-0) and/(ic — 0) exist. 

It follows from § 94 that, when x lies between - tt and tt and 
f{x — 0) and f(x 4-0) both exist, ^ 

lim s„(a;) = ^ [g /(* - 0) +^/(a: +0)J 


= J[/(.-0)+/(.+0)], 

giving the value /(rr)' at a point where /(rr) is continuous. 

We have yet to examine the cases x= ±:7r. 

In finding the sum of the series for ic — Tr, we must insert this 
value for x in 5n(^) before proceeding to the limit. 


Thus 


SnW = ^f /(’ 

TTJq 


' Sin a 


since the second integral in (1) is zero. 
It follows that 


, . 1 o V sin (2/i, 4-l)a , 

+.1 r 

7rJ^_/^ ' sma 

-TT J 0 Sin a 

1 o . sin (2^^4'l)a , 

4- 1 /(-7r4-2a) . ^ <hi, 

TT J 0 sm a 


where S is any number between 0 and tt. 
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We can apply the theorem of § 94 to these integrals, if f(x) 
satisfies Dirichlet’s Conditions in ( — tt), and the limits /(tt — 0), 
/( — TT -f-0) exist. 

Thus we have lim 5„(7r) — 1 [/( — tt + 0 ) +/(7r“-0)]. 

A similar discussion gives the same value for the sum at a; = — tt, 

which is otherwise obvious since the series has a period 2 ir. 

Thus we have shown that when the arbitrary function f{x) satisfies 

Dirichlet- s Conditions in the interval ( — tt, tt), and 

1 1 

^0 = ^ I /(a^') dx* and, when 

ZttJ 

1 1 fir ■ 

a^=~\ f{oc') cos nx' dx\ = — I f(oo') sin nx^ dx', 

TT J _ 7j- TT J — TT 

the Fourier^ s Series 

a^ +(^1 cos X +6^ sin x) +(^2 2a; +63 siii 2a?) + ... 

converges to 

i[/(^+0)+/(a;-0)] 

at every ^oint in — 7r<a3<:7r where f(x + 0 ) and fix — 0 ) exist ; and 
at X— dz'TT it converges to 

4[/(-^+0)+/(7r-0)], 
when /( — TT +0) and /(tt — 0) exist. ^ 

There is, of course, no reason why the arbitrary function should be defined 
by the same analytical expression in all the interval [cf. Ex. 2 below]. 

Also it should be noticed that if we first sum the series, and then let x 
approach a point of ordinary discontinuity x^, we would obtain /‘(X q + O) or 
/{Xq — 0), according to the side from which we approach the point. On the 
other hand, if we insert the value x^ in the terms of the series and then sum 
the series, we obtain J[/(a:o + 0) +/(a:o —0)]. 

We have already pointed out more than once that when we speak of the 
sum of the series for any value of x^ it is understood that we first insert this 
value of X in the terms of the series, then find the sum of n terms, and finally 
obtain the limit of this sum. 

Ex. 1. Find a series of sines and cosines of multiples of x which will represent 

- . , — e* in the interval —tt cxctt. 

2 sinh TT 


*lf the reader refers to § 101, he will see that, if f(x) is defined outside the interval 
■ tt, tt) by the equation /(re + 27r) =/(»), w'e can replace (1) by 


TT ift ' sm a 


f(x+2a) 


sin l)a 


In this form we can apply the result of § 94 at once to every point in the closed 
interval ( — tt, tt), except points of infinite discontinuity. 
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What is the sum of the series for «= ? 

Here /(rc)= —e® and ct„ = ^ } . \ 

2 smh TT ”2 smhTT J - 

Integrating by parts, 

(1 4-^2) I co3nxdx = (e'^ — e—*^) costitt. 


eF cos dx, -71 ^ 1. 


Therefore 
Also we find 
Similarly, 

Therefore 


1 + 71® 


ao = l- 


'’»=2^toW L 

_ VL-.. _ l\n-l 


2 sinh TT 


^ 1/1 1 


L + 


+1“' 


1 + 2 ® 

when — 7r<ic<7r. 

When a; = ±7r, the sum of the series is ^tt coth tt, since 
/( -TT + O) +/(7r-0) = 7r coth tt. 



Fig. IG. 


In Fig. 16, the curves 

^~2 sinh TT ^ ' 

y = J + ( - cos * + sin ») + (...) + ( - cos 3a: + sin 3x) J 

are drawn for the interval ( - tt, tt). 

It will be noticed that the expansion we have obtained converges very 
slowly, and that more terms would have to be taken to bring the approxima- 
tion curves [t/=«„(a;)] near the curve of the giv^en function in -7r<ar< tt. 
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At a;= ±7r, the sum of the series is discontinuous. The behaviour of the 
approximation curves at a point of discontinuity of the sum is examined in 
Chapter IX. 

Ex, 2. Find a series of sines and cosines of multiples of x which will repre- 
sent f(x) in the interval ~ tt < a? < tt, when 

f{x)=0, ~7rcx':^0,'\ 

f(x) —^TTX, 0 CXC TT.j 

Here ^^• = 16’ 

i'n’X coH nx dx =: ^^(gos mr ~~ 1), 

5 — 1.1 sin nx dx= — Y cos nrr, 

0 4?!- 

Therefore f{x) =^0 + 2 C "* ^ ^ 5 ^ 2a: + . . . , 

when —TT cx <Z'rr. 

When x~ the sum of the series is and we obtain the well-known 
result, TT^ 1 1 

-g- = l + ... . 

Ex. 3. Find a series of sines and cosines of multiples of x which will repre- 
sent a: -f a;^ in the interval —ttcxctt. 


a© = 2^1 {oe-{-x^)dx = ^i^ x^dx — ^^^ 


(x x^) cos 7ix dx — ~ \ x^ cos nx dx^ 


and, after integration by parts, we find that 
4 


{x H- a;®) sin nx dx ~ 


X sin nx dx. 


which reduces to 6«=( — . 

Therefore 

x + x^ = -^ +4:(^ — cos x-h^ sin x^ —4 cos 2x “ sin 2a:^ + . . . , 
when —ttcxCtt. 

When x~ ±7r the sum of the series is tt^, and we obtain the well-known 
result that ^2 12 

g = 1 + 22 + p + . . . . 


96. The Cosine Series. Let f{x) be given in fche interval (0, tt), 
and satisfy Dirichlet’s Conditions in that interval. Define f{x) 
in -7r^a?<0 by the equation /( -a?) =/(a;). The function thus 
defined for ( — tt, tt) satisfies Dirichlet’s Conditions in this interval, 
and we can apply to it the results of § 95. 
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But it is clear that in this case 

cto = n u f{x')dx' leads to cfo = ^ f f{x')dx\ 

^irJ ■TrJ 0 

1 fir 2 f’’’ 

an~ — \ f{^') cos 7ix'dx' leads to I f{x') cos nx'dx', 

1 f”’ 

and h^= \ /(x') sin na;' dic' leads to 6^ = 0. 

Thus the sine terms disappear from the Fourier's Series for this 
function. 

Also, from the way in which J(x) was defined in — -n-^ajCO, 
we have ’ j [/( +0) +/( - 0)]=/( +0), 

and J[/(_^+0)+/(7r-0)]=/(w-0), 

provided the limits /( +0) and/(7r — 0) exist. 

In this case the sum of the series for x = 0 is /(+0), and for 
a; = tt it is /(tt — 0). 

It follows that, when f(x) is an arbitrary function satisfying i| 
Dirichlefs Conditions'^ in the interval (0, tt), the sum of the Cosine I 
Series 

^ f S cos nx' dx' 

TTJ Q 'TT J Q 


is equal to i [/(^ +^) +/(^ “ ^)] 

at every point between 0 and tt ivhere f {x and /(a; — 0) exist 
and, when f{-\-0) andf^'ir — O) exist, the sum is f{+Q) at x = 0 and:ti 
/(tt — 0) at x = 7r. 

Thus, when f(x) is continuous and satisfies Dirichlet’s Con- r 
ditions in the interval (0, tt), the Cosine Series represents it in:| 
this closed interval. 

Ex. 1. Find a series of cosines of multiples of x which will represent x in': 
the interval (0, tt). 

1 

Here ao = - \ xdx^^ir, 

)0 


and 


i X cos nx dx = 
/u 


2 


(cos — 1 ). 


Therefore 


cos ^ + 32 3x + . - 0 “ .r = ' 


Since the sum of the series is zero at u; = 0, we 

^ + ^ 4- 

8 ~ 32^52^“' * 


have again 


’•‘See footnote, p. 230. 
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In Fig. 17, the lines y = x^ 0 = x ^tt, ^ 

y=—x, —7r~x ~ 0 , j 

and the approximation curve 

^cos ^ + 32 -h ^ cos 5a;\ 

are drawn. 


— TT ^ X ^ TT, 



Fig. 17. 

It will be seen how closely this approximation curve approaches the lines 
2/= dba: in the whole interval. 

Since the Fourier’s Series has a period 27r, this series for unrestricted values 



of X represents the ordinates of the lines shown in Fig. 18, the part from the 
interval ( -- tt, tt) being repeated indefinitely in both directions. 

The sum is continuous for all values of x. 

Ex. 2. Find a series of cosines of multiples of x which will represent f(x) 
in the interval (0, tt), where 

f{x)~^7rx, 

f{x)~l7r{7r—x), ^TT <x^7r. ) 

Here ao” - \Trxdx+ ^ f ^7r{Tr — x)dx = 

5r Jo ^ 
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a-nd 


2 f’*- 


71* .‘o 

= |f^ a; cosw.a:<2aj+|f {ir ~ x) cos nx dx^ 
Jo Ji«- 


cos 7 ix dx + —\ Itt (tt — x) cos ria; dir 

0 “ Jjtr 

i,r 


1^, «t-.2 nTT . *n7r 

wJuch gives [1 + cos mr — 2 cos ^WTr] = ^ cos sm* 

Thus a„ vanishes when n is odd or a multiple of 4. 

Also /(a;)=^ -2 j^^cos2a:+~ cos 6a: + O^x^m-. 


0 ) 


( 2 ) 


Fig. 19. 

In Fig. 19, the lines y = ^ttX, O^x^^tt,] 

y = ^7r(7r — a:), x^ tt, J 

and the approximation curves 

i/=l\-^^-iooa2x, \ O^x^TT, 

2 / =^7r2 - ^ cos 2a; - ^ cos 6a;, | 

are drawn. 

It will be noticed that the approximation curve, corresponding to the 



terms up to and including cos 6xi approaches the given lines closely, except 
at the sharp corner, right through the interval (0, tt).. ^ t 

For unrestricted values of a; the series represents the ordmates of the Imes 
shown in Fig. 20, the part from -ir to tt being repeated indefinitely in both 
directions. 

The sum is continuous for all values of x. 
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From the values at a;=0 and x^tt, we have the well-known result, 

4=1 -i + l- -- 

In Fig. 21, the graph of the given function, and the approximation curves 
y = Jtt — cos a:, \ 

2 / = Jtt — cos X -h }j cos 3a;, > 0 ~ a; ~ tt, 

y—^TT — cos X 4 - 1 cos 3a; — 1 cos 5a;, j 

are drawn. 

The points a;==0 and x = 7r are points of continuity in the sum of the series : 
the point x = Jtt is a point of discontinuity . 

The behaviour of the approximation curves at a point of discontinuity, 
when n is large, will be treated fully in Chapter IX. It will be suflScient to 
say now that it is proved in § 117 that just before x — ^tt the approximation 
curve for a large value of n will have a minimum at a depth nearly 0*14 below 
: that it will then ascend at a steep gradient, passing near the point 
(Itt, irr), and rising to a maximum just after x — ^tt at a height nearly 0*14 
above ^tt. 


Ex. 4. Find a series of cosines of multiples of x which will represent /*(a;) 
in the interval (0, tt), where 

f{x) — l7r, 0 ^x<].7r, 

f{x) = 0, I'TT < a; < ^TT, 

f{x) = -- TT, ;47r < a; ~ tt. 
f \l7r)=^l7r, /(n^)= -Jtt. , 

Uo = I f dx - Ij dx = 0, 

Jo J^TT 


Also 

Here 


and 






COS Tix dx 


•> 


cos nx dx 


2 

= - [sin \n7r 4- sin qw-Tr] 

o7l 


^ sin cos ^^mr. 

Thus vanishes when n is even or a multiple of 3. 

2'\/3 - 

And = ~ [cos a; — I cos 5x +■ t cos 7x — -j\ cos 11a: + ...], 0 = a; ^ tt. 

o 

The points x=0 and a;=7r are points of continuity in the sum of the series. 
The points a: = ?57r and x = f^7r are points of discontinuity. 

Fig. 22 contains the graph of the given function, and the approximation 
curves 

2V3 

2 / = - - -- cos X, 

2-v/3 

[cos a; - 1 cos 5a;], 

2V3 

y = — g - [cos X — 1 cos 5a: 4- 1 cos 7a;], 

__2V3 


X- [cos x-~l cos 5x + l cos 7a: — cos 1 la:]. 
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Ex. 5. Find a series of cosines of multiples of x which will represent 
log (2 sin ^x)* in the interval (0, tt). 


Here 


And 



log (2 sin ^x)dx 


=log 2 + - 1“ log sin X dx 
lo 

=0, by Ex. 4, p. 131- 
2 fw 

= - \ cos nx log (2 sin ^x) dx 

TT 'q 


_4 ri«- 
'tt u 


cos 2nx log (2 sin x) dx 


= -i, by Ex- 5, p. 131. 

Thus log (2 sin ^a;)= - [cos a;4-^ cos 2a: + ^ cos 3a;4- when 0 < a; ^ tt. 

It follows from this — or may be obtained independently — ^that 

log (2 cos Ja:) =[cos x — ^ cos 2a; + cos 3a; — when 0 ^ a; < tt. 

These expansions have been obtained otherwise in § 70. 1. [See footnote 
on p- 159.] 


97. The Sine Series. Again let f{x) be given in the interval 
(0, tt), and satisfy Dirichlet’s Conditions in that interval. Define 
/(a:) in — TT ^ a; <0 by the equation /( — a;) = —f{x). The function 
thus defined for ( — tt, tt) satisfies Dirichlet^s Conditions in this 
interval, and we can apply to it the results of § 95. 

But it is clear that in this case 

1 frr 2 f’*’ - 

hn = — f{^') sin nx' dx' leads to 6n = — /(^O sin nx' dx', 

J — TT J 0 

and that an = 0 when n^O. 

Thus the cosine terms disappear from this Fourier's Series. 

Since all the terms of the series 

sin x+bz sin 2a; + ... 

vanish when a; = 0 and a; = 7 r, the sum of the series is zero at these 
points. 

It follows that, when f{x) is an arbitrary function satisfying 
Dirichlef s Conditions'\ in the interval (0, tt), the sum of the Bine 
Series, 

— ^sin nx | f(x') sin nx' dx', • 
is equal to i[/(ic+0) 


♦This function is infinite at a;=0, but it satisfies Dirichlet’s Conditions. 
fSee footnote, p. 230 . 
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at every between. 0 and tt where f(x +0) and f(x — 0) exist: 

and, when cc = 0 and x=^7r, the sum is zero. 

It will be noticed tliat, wlien/(x) is continuous at tbe end-points 
x~0 and x — 'w, the Cosine Series gives the value of the function 
at these j^oints. The Sine Series only gives the value of f(x) at 
these points is zero there. 

Ex. 1. Find a series of sines of multiples of x which will represent x in the 
interval 0 C a* < tt. 

2 f’’’ 2 

Hero ?>„ = \ X sin nx dx^( — 1 - . 

TT .*0 

Tlierefore .'r = 2[sin a; - J sin2a;-}' ?. sin 3a: - 0=~.'r<7r. 

At a* = 77 the sum is discontinnous. 


y 



In Fig. 23, the line * y^x. — tt ~ .t: ^ tt, 

and the approximation curve 

= 2 [sin a; - I sin 2x + 1 sin Sx - 1 sin 4a: + 1 sin 5.c], - tt ^ a; ^ tt, 

arc draAvn. 

The convergence of the series is so slow that this curve does not approach 
y — x between — tt and tt nearly as closely as the corresponding approximation 
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curve in the cosine series approached f/=±a:. If n is taken large enough, 
the curve y~Sj^{x) will be a wavy curve oscillating about the line y=x from 
“ TT to + TT, but we would be wrong if we were to say that it descends at a steep 
gradient from x= —tt to the end of y=x, and again descends from the other 
end of y = x to x=7r at a steep gradient. As a matter of fact the summit of 
the first wave is some distance below y — x at x== — tt, and the summit nf the 
last wave a corresponding distance above y—x at x= 7 r when n is large. 

To this question we return in Chapter IX. 



Fig. 24. 


Since the Fourier’s Series has a period 27r, this series for unrestricted values 
of X represents the ordinates of the lines shown in Fig. 24, the part from the 
open interval ( -• tt, tt) being repeated indefinitely in both directions. The 
points ±7r, ±37r, ... are points of discontinuity. At these the sum is zero. 

Ex. 2. Find a series of sines of multiples of x which will represent f{x) in 
the interval 0 ^ tt, where 

f{x) = ^TTX, O^X^ ^TT, \ 

f{x)=i-{--x}, i-^X^TT. J 

2 fi’*' 2 f”' 

Here = ~\ ^rrx sin nx dx + - ^7r(7r — x) sin nx dx 

= ^ X sin nx dx + ^\^^ (tt — x) sin nx dx. 


, . , . , 1 . niv 

which gives "n = ^^2 -5-* 

Thus f{x) = sin ^ sin 3r + ^ sin 5x - 

Fig. 25 contains the lines y = ^Trx, 

y = |ir(7r-r), 

and the approximation curves 


. . . , 0 ^ a; ^TT. 


2 / = sin x — ^ sin 3a:, 


0 ^ a; = TT. 


1-0 1 . .. 

y = sm a: - sin 3a: +— sm 5x, 
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It will be noticed that the last of these curves approaches the given lines 
closely, except at the sharp corner, right through the interval. 




FIG. 25. 

For unrestricted values of x the series represents the ordinates of the lines 
shown in Fig. 26, the part from ~ tt to + tt being repeated indefinitely in both 
directions. 

The sum is continuous for all values of x. 



3. Find a series of sines of multiples of x which will represent /{x) 
in the interval (0, tt), where 

/(a;)=0, 0~a;<^7r, 

f{x)~^Tr, ^TT Cx<Z7r, 

/(7r)=0. 
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1 [ mr 

= - ( cos cos ti 

n\ 2 

2 . Snir . 71— 
- — sm — j— sin - 7 -. 

w- 4 4 


Therefore vanishes when 7i is a multiple of 4. 

And /(a:)=sm a: -sin 2x+4 sin 3 j;+ 1 sin 5 j; sin , 0^a:^7r. 

Fig- 27 contains the graph of the given function, and the approximation 


y = sin X — sin 2x, 

, . « O^X^TT. 

y = sm x - sin 2x + sin 2x, 

y = sin X - sin 2a; + ^ sin 3a: + 1 sin 5x, 

The points x = ^7r and x — tt are points of discontinuity in the sum of the 
series. The behaviour of the approximation curves for large values of n at 
these points will be examined in Chapter IX. 


Ex. 4. Find a series of sines of multiples of x which will represent f{x) in 
the interval (0, tt), where 

/(a:)=:j7r, 0 < a;*< Itt, 

f{x) =0, < a; < 

fix)=-l7r, ^Tr<Zx<:7r. 

Also /(O) =/(7r) =0 ; /(Itt) = tt ; /(Stt) = - 


H ere — E ] ~ ^ 

2 

= [1 — cos ^7i7r — cos S7i7r + cos mr] 

8 „ mr . „ Tirr 

-2-®“ -§-• 

Therefore vanishes when 7i is odd or a multiple of 6. 

And /(x) —sin 2x + l sin 405 4-^ sin 8x+l sin 10x+ O — 

The points x = 0, x = -l7r, x=j7r and x—tt are points of discontinuity in the 
sum of the series- 

Fig- 28 contains the graph of the given function, and the approximation 
curves 

y =sin 2x, 

y = sin 2x + .1 sin 4x, 

0 X = TT. 

y — sin 2x 4- 1 sin 4x 4- J sin 8x, 
y — sin 2x 4- 1 sin 4x4-] sin 8x + 1 sin lOx , 
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98, Other Forms of Foiirier's Series.* When the arbitrary 
function is given in the interval ( — Z, Z), we can change this interval 
to ( — TT , 7 r) by the. substitution u — ttx/I. 

In this way we may deduce the following expansions from those 
already obtained : 

-ISxSl, .-( 1 ) 

j j f {x') dx' +j^ coa^^ xj f(x') ooB^^ x' dx', ...( 2 ) 

^ sin -j- fip^ ) sin — ^ X ax , O^x^l (3) 

When/(x) satisfies Dirichlet’s Conditions in ( — Z, Z), the sum of 
the series (1) is equal to H-0) +/(£c — 0)] at every point in 

— ZccccZ where /(a; +0) andy(a; — 0) exist ; and at 3?= ±2^ its sum 
is i[/( — Z +0) 4-/(Z — 0)], when the limits/( — Z + 0) and/(Z — 0) exist. 

When f{x) satisfies Dirichlet’s Conditions in (0, Z), the sum of 
the series (2) is equal to i[/(3? +0) 4-/(a; — 0)] at every point in 
0cx<.l where /(a? +0) and/(a? — 0) exist; and at x = 0 its sum 
is/( 4-0), at x — l its sum is/(Z — 0), when these limits exist. 

When f{x) satisfies Dirichlet’s Conditions in (0, Z) the sum of 
the series (3) is equal to J[/(a? 4-0) 4/(a? — 0)] at every point in 
OCxd where /(a? +0) and/(a? — 0) exist; and at a5=-0 and a5 = Z its 
sum is zero. 

It is sometimes more convenient to take the interval in which 
the arbitrary function is given as (0, 27r). We may deduce the 
corresponding series for this interval from that already found 
for ( — TT, tt). 

Consider the Fourier’s Series 

F (x') dx' 4--^ F {x') Gos n{x' — x) dx\ 

where F{x) satisfies Dirichlet’s Conditions in ( — tt, tt). 

Let w = 7r+a?, ^6' = 7^4-a?' and f{u)~F{u — Tr). 

Then we obtain the series for/(u), 

f /('^O +" S f /(^O cos n{u' — u) du\ 

Ztt Jo tt 1 Jo 

for the interval (0, 27r). 


* See footnote, p, 230. 
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On changing u into x, we have the series for/(x), 

1 r2tr 1 ^ 

^ J + — SJ ^ / (^0 cos n (a?' - x)dx\ 0 ^ cc ^ 27r (4) 

The sum of the series (4) is i[/(-r5-f0) — 0)] at every point 

between 0 and 27r where /(a; +0) and/(a;-0) exist; and at a; = 0 
and a? = 2'7r its sum is 

4:[/(+0)+/(2ar-0)], 
when these limits exist. 

In (4), it is assumed that /(a:) satisfies Dirichlet’s Conditions in 
the interval (0, 27r). 

This reduces to a Cosine Series \i f{x)~f{27r -x) and to a Sine 
Series if f{x) = — x). 

If the interval is (0, 1), we have instead of (4) 

f f{x')dx' f{x')cos2yi7r(x-~x')dx\ ....(5) 

Jo 1 J 0 

a series with period unity. 

Again, it is sometimes convenient to take the interval in which 
the function is defined as (a, 6). We can deduce the correspond- 
ing series for this interval from the result just obtained. 

Taking the series 

F{x^) dx' + - f F{x')cosn{x' -x)dx\ 0 = a;^27r, 

■"■Tr Jo 'TT ■ 1 J 0 

we write u=.a-{- and f{u) — F [ . 

Then in the interval a^u^h we have the series for/(^^), 

^ £/(«') du’ + ^ S J/0‘0 cos (u' - u) du'. 

On changing u into x, we obtain the series for f{x) in a-^x-^h, 
namely, 

6^ f /(^') +^|:£/(=«0 cos (X' - X) dx' (6) 

The sum of the series (6) is 4[/(ic+0) +/(a;-0)] at every point 
in a<Cx<zb where /(a: -1-0) and/(a3 — 0) exist ; arid a.t x = a and x = b 
its sum is +0) +/(&”0)], when these limits exist. 

Of course /(cc) is again subject to Dirichlet’s Conditions in the 
interval (a, 6). 



250 


FOURIER’S SERIES 


[CH. Vll 


The corresponding Cosine Series and Sine Series are, re- 
spectively, 

I - a) JV (*') cos ^ (*' - a) dx' , 

a^x^h, (7) 

and -y~— S ~5^ ~ 

a ^'X^b ( 8 ) 

Ex. 1. Show that the series 


:(sm^ 


TTX 1 . StTX 

+ gsm 


is equal to 1 when Oaxal. 


...) 


Tra: 1 . 27ra 27r:c \ 

cos ^ +gsm-y-co3-^+...J 


Ex. 2. Show that the series 
ca 2c f . Tra 

r“T 

is equal to c when 0 < a: < a and to zero when a<xcl. 
Ex. 3. Show that the series 


Vi + Vo + v, 1 S 1 . mr fg,. . . 2n7r . nirx , . mr 

1 — .^2 2-sm-g- |2(v3-vi)sm-^sin— |- + (2va-t;i~i;3) coa—^ 


inrxy 


is equal to 


when —Icxc.— 
when — ^ < x < 


3* 


Vg when 

Ex. 4. Show that the series 


zCXCl. 


_ I . sin 2x sin 3x . “1 

2|_sinx-i- + 

represents (tt — x) in the interval 0 < x < 27r. 


99. Poisson’s Discussion of Fourier’s Series. As has been 
mentioned in the introduction, within a few years of Fourier’s 
discovery of the possibility of representing an arbitrary function 
by what is now called its Fourier’s Series, Poisson discussed the 
subject from a quite different standpoint. 

He began with the equation 

- — ^ X , 2 = ^ +2^r’^ cos n(x' - x), 

1 ~2r cos (x —x) +r^ — ' 
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where | r |<1, and he obtained, by integration. 

If”’ 

27rJ 1 — 2r cos (re' — x) ^ 

= f f{x')dx' + — ^ r” f f{x') cos n {x' — x) dx', 

XTTJ -rr TT 1 J —rr 

Poisson proceeded to show that, as the integral on the i 

left-hand side of this equation has the liniib /(a;), supposing /(sc) 
continuous at that point, and he argued that /(sc) must then be the 
sum of the series on the right-hand side when r = l. Apart from 
the incompleteness of his discussion of the questions connected 
with the limit of the inte^al as r-^1, the conclusion he sought 
to draw is invalid until it is shown that the series does converge 
when r=l, and this, in fact, is the real difficulty. In accordance 
with Abel’s Theorem on the Power Series (§ 72), if the series 
converges, when r=l, its sum is continuous up to and including 
r=l. In other words, if we write 

jP (r, x) == J' f / (x') dx' -h— 23 f / (^0 >1 {x" — x) dx\ 

-jTTJ — Tf a J — n- 

we know that, if ^(1, x) converges, then 

lim J^(r, a;) = JP(1, x). 

j — >1 

But we have no right to assume, from the convergence of 

lim .P(r, cc), 

that F{lj x) does converge. 

Poisson’s method, however, has a definite value in the treatment 
of Fourier’s Series, and we shall now give a presentation of it on 
the more exact lines which we have followed in the discussion of 
series and integrals in the previous pages of this book. 


100. Poisson’s Integral. The integral 

— K 1 ^ 1 < b 

Stt] —tt 1 — 2 r cos (a; ~x)+r^' ^ 

is called Poisson’s Integral. 

We shall assume thaty(a;) is either bounded and integrable in the interval 


( — TT, tt), or that the infinite integral \ f{x)dx is absolutely convergent. 

1 — n 


1 — 

Now we know that = — ^5 Tj— — , = 1 4- 2 r” cos nQ 

1 — 2 r cos 0 + 

when j r j < 1 , and that this series is uniformly convergent for any interval of 
&, when r has any given value between — 1 and + 1 . 
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It follows that 


27r 1 —ttI - 2r cos (x' - x) + r- 


27rJ-Trl -2rcos(a;'-a;)4-r2“^^^ 

P f{:x')dx' ~ f f{^') cos - a:)c?.r^ (I) 

ZTT I — tT ** ]_ J — TT 

under the limitations above imposed ux)on y(a'). (Cf. §70. 1, Cor. II, and 
§ 74, I.) 

Kow let us- choose a number x between — tt and tt for which we wish the 
sum of this series, or, what is the same thing, the value of Poisson’s Integral, 


27r\-„ l-2r cos {x' - x) + ‘ 

Denote this sum, or the integral, by F{r, x). 

Let us assume that, for the value of x chosen, 
lim [/(x + O +/(i^*-0] 

exists. 

Also, let the function <l>(x') be defined when —tt'^x' tt by the equation 

<t>{x') -fix') - I lim {.fix-hf)+f{x-t)], 
t-^o 

Then 

Fir, x)-^ lim [fix + 1) +fix - 0] 


I -2r + 

But we are given that lim [fix + 1) +fix ~~ ^)] 
t~>o 

exists. 

Let the arbitrary positive number e be chosen, as small as we please. Then 
to |e there will correspond a positive number such that 

\fix + t)+fix-t) - lim [/(a: + 0 +/(^ - ^)] 1 < (3) 

t — >0 

when Ocf^yj. 

The number y fixed upon will be such that (x — y, x-\~ y) does not go beyond 

(-TT, TT). 

Then 


2Tr}x-y] 1 ”2r cos ix' - a;) 4-r^ 


<f>ix')dx' 


2 IC l-zljst + r^ [0 (* + «) + <^ (^ - «)] * 

= l-2L~ort + r « - /is + *'> *■ 
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It follows that 




'X+Tf} 




27r.U-^ 1 - 2r cos (x' - x ) | < 4^]o 

_f- 1-r* 

^ 47r. 

<ie. 


1 -r2 


1 — 2r cos ^ + r® 


dt 


Also, when 0 <: r < 1, 

■'■L+,) r-2roos {x' + 

1 1 _ r 

r-::^* \d>{x')\dx^ 

27r 1 — 2r cos t] +r^ ^ ' 


.(4) 


1 -r2 




But 


1 — 2r cos yj +7^ V27r 
^ 1 -- 

< - — ^ — X A, say 

1 - 2r cos rj+r^ ’ 

l-r2 , 2(1 -r) 


( I /M [/(x -1- 1) +f(x - ^)] I ) 

J - IT / 


.(5) 


1 — 2r cos 7] 4- 


if 0 < r < 1, 


( 1 — r)2 + 4r sin® — 
1 -r 


2r sin® ; 


And 


1 -r e 

o ' 

2r sin® 2 


provided that 


It follows that 


A 

27r 





if 




L+,) 1 - 


1 






.( 6 ) 


Combining (4) and (6), it will be seen that when any positive number « 
has been chosen, as small as we please there is a positive number p such that 

I F(r, x)-^ lim [/(:c4-«) +f{x - i)] j <e, 

(__>0 

when r < 1, provided that for the value of x considered lim + 0 +/(^ “ ^) ] 

exists. 

We have thus established the following theorem : 

Let f{x)^ given in the interval {—rr, rr), be bounded and integrdble, or have an 
absolutely convergent infinite integral, in this range. Then for any value of 
X in — TT c a; < tt for which 

lim lf{x + 1) +f{x - 1) ] 
t-^o 

exists, Poisson^ s Integral converges to that limit as r~>l from below. 
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In particular, at a point of ordinary discontinuity of f{x), Poisson's Integral 
converges to ^ [ /(a; + 0) +fix - 0)] , 

and, at a point zvhere f{x) is continuous, it converges tof{x). 

It has already been pointed out that no conclusion can be drawn from this 
as to the convergence, or non- convergence, of the Fourier’s Series at this 
point. But if we know that the Fourier’s Series does converge, it follows 
from Abel’s Theorem that it must converge to the limit to which Poisson’s 
Integral converges as r->l. 

We have thus the following theorem : 

Iff{x) is any function, given in {—tv, tt), which is either bounded and integrahle. 


or has an absolutely convergent infinite integral \ f(x)dx, then, at any point x 


in —TT cxCtt at which the Fourier^ s Series is convergent, its sum must be equal to 


lim if{x + t)+f{x-i)'\. 


provided that this limit exists. 

With certain obvious modifications these theorems can be made to apply 
to the points — tt and tt as well as points between — tt and tt . 

It follows immediately from this theorem that : 

If all the Fourier's Constants are zero for a function, continuous in the interval 
( — TT, tt), then the function vanishes identically. 

If the constants vanish but the function only satisfies the conditions 
ascribed to f{x) in the earlier theorems of this section, we can only infer that 
the function must vanish at all points where it is continuous, and that at 

points where lim \,f{x + t)~^f{x — t)'\, exists, this limit must be zero. 
t-^o 

Further, if (a, b) is an interval in which f{x) is continuous, the same number 
p, corresponding to the arbitrary e, may be chosen to serve all the values of x 
in the interval {or, b) ; for this is true, first of the number n in (3), then of A 
in (5), and thus finally of p. 

It follows that as r->l Poisson's Integral converges uniformly to the value 
f{x) in any interval {a, b) in which f(x) is continuoTis.* 

This last theorem has an important application in connection with the 
approximate representation of functions by finite trigonometrical series-t 


101. Fejer’s Theorem. J 

Let f{x) be given in the interval ( — tt, tt). If hounded, let it he 


* It is assumed in this that /(a - 0) — /(a) =/(a -h 0) and /(6 - 0) =/(d) =/(6 -j-0). 
Also f{x) is subject to the conditions given at the beginning of this section. Cf. 
§107. 

t Cf. Picard, Traite d' Analyse, 1 (2* ed., 1905), 275; BOcher, Annals of Math., (2), 
7 (1906), 102; Hobson, Theory of Functions of a Real Variable, 2 (2nd ed., 1926), 
637. 

fCf. Math. Annalen, 58 (1904), 61. 
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integrahle ; if unbounded,, let the infinite integral J f(x)dx be 
absolutely convergent. Denote by the sum of the terms 

Also let cr„(a:) = ^5-±^i±^" 


Then at every 'point x in the interval ~ 'jrcixciir at which f{x +0) 
andf{x--0) exist, 

lim o-n(a^)=i[/(x+ 0 ) +/(a;- 0 )]. 


With, the above notation. 





COS n (x' ~x)~- cos {n +1) {x' — x) ^ , 
l-cos{x'-x) 


Therefore 


<rn{x) = 



1 — cos nix —x) , , 

-z. f dx 

1 — cos {x — x) 



sin^^nix' — x ) , , 
sin^J(x'— x) ^ 


sinHV-^) 

li fix) is defined outside the interval ( — 
/(a: + 27 r) =/(*). 


dx\ 

TT, tt) by the equation 


( 1 ) 


Dividing the range of integration into i — w+x,x) and 
{x, TT +x), and substituting cc' = a; — 2 a in the fii-st, and a;' = a;+ 2 a 
in the second, we obtain 


/X 1 .sln^9^a, . 1 ./•/ ,o 

y ix)=i — I /(x — 2a) - 2 da+ /(cc+2a)-- 

^nV') ^ttJ j V / sin^a ^ttJo ^ ^ s 


sm-^na , 

-- da. 


.m 


Isfow suppose that a; is a point in ( — tt, tt) at which /(a? +0) ana 
/(x — 0 ) exist. 

Let 6 be any positive number, chosen as small as we please. 
Then to e there corresponds a positive number 77 chosen less 
than Jtt such that 

|/(a?+ 2 a) I -/(a 5 + 0 )|< € when OCa^rj. 
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Also 


+2») <!« - i [ (/(» +2«) -Of +0)} 

1 \ sin^ na , 

H I /(^+2a)— 5 — 

^ sm^a 

y(aj H- 0) -^-2 — 

n-TT'* ^ .1^ sin^a 


sin^na 

sin^a 


da 


= /i +/2 4-/3+/4, say.* 

Putting C^_i = J +COS 2a+cos 4a + ... +cos2(n-l)a, 


.(3) 


we Iiave 
and 
Thus 


-i 


(cos 2(n — l)a — cos 2wa) 


4(1*— cos 2a) 
Cq +Ci + ... -\-Cn~i~i 


(1 — cos 2a) ^ sin^a 




= i>i7r, 

since all the terms on the right-hand side disappear on inte^gration 
except the first in each of the C*s. 

It follows that ^2 = i/(^+^)- 

<— 1 


Also 


-da 


— r 

niTj 0 

J 0 


sin^a 

sin^/ia 

sin^a 


•( 4 ) 


Further, 


nTrJy, ' Sima 


< 


< 


li-TT simi; ^ 

1 r.c+n- 

3 \f{x')\dx'. 
2n7rSin^}l.),r~:lv 


.(5) 


’"This discussion also applies Avhen the upper limit of the integral on the left 
is any positive number less than ^ir. 

tThis integral can be obtained at once from (1) by putting /( a?) = 1 in ( — tt, tt). 
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But we are given that 


defined f{x) outside the interval ( 
f(x+2-)=f(x). 


\f{x')\dx' converges, and we have 
the equation 


Let 

Then we have 
Also 


TT, tt) by 

J_ \f{^')\dx' = TrJ,sa,y. 
I^sl<2/i siiA;' 

I^4I<otA3;;I/(^+0)1 


" 2 }% sin%7 ' 

Combining these results, it follows from (3) that 

1 Sr 

1 




2,71 


{J + |/(a; +0)!}. 


Now let 1 / be a positive integer such that 
Then 


V sva^ri 


.( 6 ) 


-(7) I 


1 ^lo +0)| < ie + Je 

<€, when n'^v. 

In other words, 

rfa = i/(a= +0), 

when f{x +0) exists. 

In precisely the same way we find that 

- 0 ), 

when f{x~0) exists. 

Then, returning to (2), we have 

lim a-„{x) = \[f{x+0) +/(a:-0)], 

when f{x±0) exist. 

This proof applies also to the points x-= ±'ir, when /(tt — O) and 
/( -'TT+O) exist. Since we have defined f{x) outside the interval 
( - TT, tt) by the equation /(a; + 27 r) =f{x), it is clear that 
/( - tt 4-0)=/(7r +0) and /(-tt — 0)=/(7r — 0). 

In this way we obtain 

lim cr^(±:7r) =!'[/( — tt +0) +/(7r — 0)], 

??— >oo 

when/( — -TT +0) and/(7r — 0) exist. 
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Corollary. * If f{x) is continuous in a^x^h, including the end-points 
when tlie arbitrary positive number € is chosen, the same 7 ; will do for all 
values of x from a to b, including the end-points. Then, from ( 7 ), it follows 
that tJie sequence of arithmetic means 

O"]^, 0'2, • 

converges 'uniformly to the sumf(x) in the interval (a, 6 ). 

It is assumed in this statement that f{x) is continuous at x=^ a and x — b 
as well as in the interval (a, b ) ; i,e. f(a — 0)=f(a):=f(a + 0), and 
/(6~0)=/(6)=/(f>-hO). 

102. Two Theorems on the Arithmetic Means. Before applying this very 
imi^ortant theorem to the discussion of Fourier’s Series, we shall prove two 
theorems regarding the sequence of arithmetic means for any series 

« i -|- 7/2 + «3 + ... . 

In this connection we adopt the notation 

^1+^2+ *•* +^n 


Th KoiiKM I. If the series + ^^3 + • • * converges and its sum is s, then the 

sequence of arithmetic ?neans <r„ also converges to s.* 

(i) First, wo assume that lim prove that lim cr^^O. 

n—*-v3 

Take the arbitrary positive number «. 

Then there is a positive integer N, such that 

kn 1 < when n ^ N. 

^2 + ♦-- 4-a.v| k.v+i 1 + k.v-ful + ••• + kni 


Also 




But we can choose v > iV, so that 

j ^ S O “I" • • • "f" 5 \ I 1 ^ 

— ‘ when n ^ v. 

\<rn\<h + h (^”^) 


Therefore 

Thus 
(ii) Let 


<: €, when n i'. 
lim oTn 

n— >■» 

lim 


*Jf the series — diverges to +ao {or to then lim <r,j — -f- 00 (or — oo ). 

For, in the case of divergence to -f- 00 , however large K may be, we know that 
there is a positive integer N such that Sn>K, when n'^N. 

^ , Sj -1 - ^2 a,v , a.v+i +^n 

But u„= — + . 

The first part tends to zero when 7i ^ 00 , and the second part is greater than 

{^-ly , which tends to K ,when n co . 
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0 = {wi-5) + a/2 + ?/3 + ... . 

The arithmetic mean for n terms of this series is equal to ~ ^ - ns^, where 
; a-nd thus it is equal to (cr^ — s). 

But by (i) the limit of this sequence of arithmetic means is zero. 

Therefore limo-„=5. 

w — >-00 


Theorem II. Let iJi& sequence of arithmetic means 0 -^ of the series 

+ Un + '2^3 + . - « » 

converge to cr : and either n{Sn — j) < II or w(s„ 4 .i — 5„) < K, where K is some 
positive constant. 

Then lira«^=cr.* 

We may, as above, without loss of generality, take 

— and < l.f 

Suppose we are given lim o-^=0 and — ^n-i-i) < 1- 

n—^oc3 

It is clear that lim 5„ is not equal to +00 (or — 00 ), because if this limit* 
»/— >« 

were + 00 (or — oc ) we would have lim <r„= 4- 00 (or — co). [Cf. footnote on 
p. 258]. 

(i) If possible, let lim 5 ,^= A, where A is +00 , or a finite positive number. 

>00 

Then, if A is any positive number < A, 

Sn> A, for an infinite number of values of 71, say Jfg, 1/3, 

But to the arbitrary positive number «, there corresponds a positive integer /x 
such that 

j o-,i I < €, when n ^ /x. 

Let 31 be the first of the sequence 31 31 2 , 31^, ... which is greater than /x 

and such that 31 A^ an even positive integer. 

Let 2p be the largest even positive integer not greater than 31 A. 

Then 2p ^ 31 A < 4p. 


♦This proof of the Hardy-Landau Theorem is due to Professor A. E. Jolliffe. 
This theorem, in a less general form, was given by Hardy in Proc. London Hath. 
Soc. (2), 8 (1910), 302. In the earlier edition of this book Little wood’s proof, given 
in Whittaker and Watson’s Modern Analysis is followed. Cf. also de la ^’'allee 
Poussin, loc. cit. 2 (4“ ed., 1922), § 93 ; and Bromwich, loc. tit. (2nd ed., 1926), § 151, 
where further references will be found. 

t For if we put 172=^^ etc., and — 

we have and 

Thus n{Sn-'Sn+^Xl, if -«n-ri)<-^- 

In the other case, we put — 
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S + S' V 1 ) “ : 


and each of these >A — -fe. 

M 


^ + (^.l/+ 1 + 5.I/+2 + . - - + 5 .v+7>) 


^ M , P 




where a = 


liiow A-a-^^A and— 

a + 1 A 


since ^^a>\A, 


0 + 1 ^^ “) > 2 (^ + 4 )' 


2(A +4) ■ 


If we take c = — ^ +4) * have o-jt+p > «, which is impossible. 

Thus Hm <0. 

(ii) We shall now prove that Hm ^ 0. 

For, if possible, let lim s^ — kcO. 

Take B any positive number < ~ A. 

Then s„c — B, for an infinite number of values of w, say JV"i, N^, .... 

And jcr^jcc, when n^v. 

jV 

Let iV be the first of the sequence Nz, A’g, . . . such that > v and 

_2V' JV" 

such that between , . , and , f-s there shall be at least one positive 

integer. l+i^ 1+iB 

Let the integer next above 9'» and write — = 1 + b. 


Then since 

we have 

Also as before 


_gcr g -f <g<y+i + • . . -b 
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But 


Sx— i <r Sx + 


1 


5.V-2 < S.V-l + 


1 

A^-2' 


(a'-1+A'-2)' 


f 1 1 11 


A’" — <7 

Therefore each of these cz — B -{ < — R -f 6. 


Also 

But 

Therefore 

and 


— B + h) 


B — b> ^B and 


B 


1+6 ( R + 4r) 

T + 6 ^2(R + 4)^ 

R2 


R2 


2(R + 4) 

If we take € have o-.v<— e, which is impossible. 
Thus lim 0. 

n— >30 

lim Sn ^ 0. 
n-^=o 

lim s„ = 0. 


But we have seen that 
It follows that 


Corollary I. Let the sequence of arithmetic means cr„ for the series 


+ -Mg + ^3 + • * • 

converge to or. 

K 

If a 'positive integer Uq exists such that | ( <: — when n — n^y 

n 

where K is a positive number independent of n, 

tX) 

then the series con,verges and its sum is (r, 

1 

This is a special case of Theorem II. 

Corollary II. Let Uy{x) +u^{x) + ... he a series xohose terms are functions 
of X, and let the sequence of arithmetic means cr„(a;) converge uniformly to cr(^^ *-** 
an interval (a, 6). 

Theziy ^/either n[Sn{x) - 0^)] <Z or n[Sn+fx)-Sn(x)] > R", when n^n^ 
where K is independent of x and n, and the same Uq serves for all values of x in 
(®» ^)» lim s^{x)~(t{x) 

uniformly. 

As before we may, without loss of generality, put 

K = lyO-{x)=0y and w[«n(^) ~~ < 1* 

Then we have | cr^ j < e, when n ^ v, 

the same v serving for all values of x in (a, h). 
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If s^{x) does not converge uniformly to zero, there must be a positive 
number such that an infinite number of the set 

M 2 (^)I> I ^3(^)1* • 

are greater than or equal to Cqj each for some value of x in (a, h) ; that is, there 
must be an infinite set of positive integers JV2, • • • such that 

k.v,(^-v,)!, ... 

are each greater than or equal to Gq, x^v^, ••• being points of (a, &), corre- 
sponding to N2 

Let N be the first of this set iVj^, ^2> • - • which is greater than i'q and nQ, and 
such that JVeo = an even positive integer, say 2 p. 

Then / \ / n 1 


Ss+2(oi!y) > 


2 


) > «-v(iK.v) - 

And the argument proceeds as before. 

103 . Fejer’s Theorem and Fourier’s Series.* We shall now use Fej6r’s 
Theorem (§ 101 ) to establish the convergence of Fourier’s Series under the 
limitations imposed in our previous discussion; that is we shall show that : 
When f{x) satisfies DirichleVs Conditio 7 is in the interval ( — tt, tt), and 

aQ — ^{^ f{ x') dx', ^ f f{^') cos nx' dx\ 

27rJ — tr TrJ — tr 

i f f{x^) sin nx' dx' (n 1 ), 

■^rj — tt 

the sum of the series 

Uq -h {aj^ cos x + hi sin x) -+• (a^ cos 2a; + bo sin 2a;) -h ... 
is I [fix + 0) +fix — 0)] at every point in — tt < a; < tt where fix -f- 0) and fix — 0) 
exist ; and at x— db^r the sum is ^[fi — rr 0 ) +f iTr — 0)], when these limits exist. 

I. First, let fix) be bounded in i—rr, tt) and otherwise satisfy Dirichlet’s 
Conditions in this interval-f 

If the interval ( — tt, tt) can be broken up into a finite number (say p) of 
open partial intervals in which ./(a-) is monotonic, it follows at once from the 
Second Theorem of Mean Value that each of these intervals contributes to 
I 1 or 1 1 a part less than 4A//w.7r, where \fix) [ < ill in ( — -tt, tt). 

Thus we have | a„ cos nx + sin nx J < SpMImr, 

where M is independent of n. 

It follows from Fej^r’s Theorem, combined with Theorem II, Cor. I of 
§ 102, that the Fourier’s Series 

a^ + (tti cos a; + sin a;) -+• (a^ cos 2a; ■+■ 63 sin 2a;) 4- . .. 
converges, and its sum is i[/(a; + 0) +/’(a; — 0)] at every point in —ttcxctt 

♦ Cf. Whittaker and Watson, loc. cit. ( 2 nd ed., 1915 ), 167 . 

flf the more general condition that the function is of bounded variation in 
( — TT, tt) is taken, then fix) is the difference of two positive, bounded and 
monotonic functions, and a similar argument applies. 
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at which /(a; ± 0 ) exist, and at x= ±-n- its sum is i[/( - tt + 0 ) +/(zr - 0 )], 
provided that jr( — tt + 0 ) and /{ir ~0) exist. 

II. Next, let there be a finite number of points of infinite discontinuity 
in ( - TT, tt), but, when arbitrarily small neighbourhoods of these points are 
excluded, lety(a;) be bounded in the remainder of the interval, which can be 
broken up into a finite number of open partial intervals In each of which f{x) 

is monotonic. In addition, let the infinite integral I f{x*^)dx' be absolutely 
convergent. * 

In this case, let a; be a point between — tt and tt at which/(a; + 0) and f{x - 0) 
exist. Then we may suppose it an internal point of an interval (a, 6 ), where 
6 —aCTr, andjr(a;) is bounded in (a, 6 ) and otherwise satisfies Dirichlet’s Con- 
ditions therein. 


Let 

and 




= f{x') cos nx' dod 

= j sin Tixf dxf\ 


n^l. 


while 


f{x')dx\ 


Then, forming the arithmetic means for the series 

Uq' + (a/ cos X -I- 6/ sin x) -f (Ua^cos 2x + 6/ sin 2x) + . • • , 
we have, with the notation of § 101, 


/ \ 5/) -{- H- . . . -f- . 

(r„(x) = -5 1 


^■n— 1 




2nTr], 

= -{f 

nrr v 1, 


siD.^^(x' — a;) 
i{x~a) . sin^TWz , 

fix — 20 .) . ^ da-k- 
'' ' ^ sm^a 




.'a 




where ^(x — a) and ^(6 — x) are each positive and less than Jtt. 

But it will be seen that the argument used in Fejer’s Theorem with regard 
to the integrals 

1 X siii^na j 

WTrJo*'' sm^a 

applies equally well when the upper limits of the integrals are positive aind 
less than ^tt.* 

Therefore, in this case. 

lim <7-„(a:)=i[/(a;-t-0)+/(a;-0)]. 

n-^ao 

And, as the terms {a^' cos nx -I- sin nx) 

satisfy the condition of Theorem II of § 102 , it follows that the series 
Oq' -H {Ojf cos X + 6^' sin x) 4- cos 2a: + 62 '' 2^) + . . . 

converges and that its sum is lim 


*Cf. footnote, p. 256. 
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But (ao - Uq') + - a^') cos nx + (&„ - sin nx} 

1 


= L/f“ + Acc') * 

27rVJ-tr4-:c '& J sm^(a; -a:) 


^ iri«- 

i(x - a)' 




sm a 


1 1 

VJi(6- 




®y § 94: both of these integrals vanish in the limit as oo . 
It follows that the series 


(^0 - a^) + S{(«n ™ dn) <ios + Q>n “ W) sm nx) 

converges, and that its sum is zero. 

But we have already shown that 
n 

ct>(i + nx + hn sin nx) 

1 

converges, and that its sum is 

iif{x + 0)+f(x-0)i. 

It follows, by adding the two aeries, that 

OO 

0^0 + 2 (^n 

converges, and that its sum is 

JC/(^ + 0)+/(a;-0)] 

at any point between ~ rr and tt at which these limits exist. 

When the limits /( - tt + O) and/(7r — 0) exist, we can reduce the discussion 
of the sum of the series for x ~ dz^r to the above argument, using the equation 
f{x-^2Tr)=f{x). 

We can then treat x^ ±7r as inside an interval (a, 6), as above. 
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1. In the interval 


EXAMPLES ON CHAPTER VH. 
o<x<|, nx)=\i~x. 


I 3 

and in the interval ^ < a: < Z, f{x) —x, — ^ Z. 


Prove that 




2Z / 27rx 1 

COS^+g, 




1 IOttx 
,_ cos-^ + 




2. The function f{x) is defined as follows for the interval (0, tt) ; 

when -0 ^ a; ^ ^rr, 
f{x) = h'7r, when cx c%ir, 
f(x)=-^(Tr — x), when 

Show that 

6^sin^(27i- l)7rsin(2M-l)x ^ ^ ^ 

/(a) = -2: 3 when 0Sa:S,r. 

3. Expand y(a:) in a series of sines of multiples of rrxla, given that 

y*(x) = mx, when O ^ a: ^ 

f(x) — m{a — x), when \a-^x-^a. 


4. Prove that 


j '• 

\l-x — - 
tt 1 


27^7ra; 


and 


72 72 ^ 

(iZ-a;)2=— + ^X- 


when 0 < a; < Z, 
27i7ra; 

T 


when 0 a; Z. 


5. Obtain an expansion in a mixed series of sines and cosines of multiples : 
of X which is zero between — tt and 0, and is equal to c® between 0 and tt, and 
give its values at the three limits. 

6. Show that between the values - tt and +7r of x the following expansions 
hold : 

2 . / sin X 2 sin 2a: . 3 sin 3a: 


sm mx = — sm mTr 

TT 

cos mx = - sin m^r 


/ sin X 2 sin 2a: 3 sin 3a: N 

VU-m® "')* 

, . m cos X m cos 2a: . m cos 3a: 


(X: 


COS X m cos 2a: m cos 3a: 


cosh mx _ 2 
sinh mTT tt V 2m 1 ® 2^ 3^ + 




7. Express for values of x between — tt and tt as the sum of a const««i-v, 
and a series of cosines of multiples of a:. 

Prove that the locus represented by 

^ - sin nx sin ny = 0 

1 

is two systems of lines at right angles dividing the plane of x, y into square^ 
of area tt®. 
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V' 


«=2£! + v 
3 


8. Prove that 

; 4td / , . mrc 7hirc\ 

' 7)?^ \ ^ ~~d ~~dr ) (f 

represents a series of circles of radius c with their centres on the axis of x 
at distances 2d apart, and also the portions of the axis exterior to the circles, 
one circle having its centre at the origin. 


9. A polygon is inscribed in a circle of radius a, and is such that the alternate 
sides beginning at 6=0 subtend angles a and ^ at the centre of the circle. 
Prove that the first, third, . . . pairs of sides of the polygon may be. represented, 
except at angular points, by the polar equation 


ttO . 27r6 

r=:^a^ + sm 4- . - - , 


where 


<*«(a 4- B) . mra • a 
-sin cos ^ 


4a 


a + B 

\ cos sec 0 d<^ 


. n7r(2a-{-B) B 


,13 


Find a similar equation to represent the other sides. 


n7r<f> » , / 
cos ^ sec q> defy, 

a + B 


10. A regular hexagon has a diagonal lying along the axis of x. Investi- 
gate a trigonometrical series which shall represent the value of the ordinate 
of any point of the perimeter lying above the axis of x. 


11. If 0 < a; < 27r, prove that 

TT sinh a(7r — a;) _ sin x 2 sin 2x 3 sin 3x 
2 sinhaTT ~"a® + 12 ^ 2^22 


12. Prove that the equation in rectangular coordinates 


2, 4h , 


TTX , 1 27rX 1 
COS — + ^ cos — 4- 02 


Sttx 




represents a series of equal and similar parabolic arcs of height h and span 
2/c standing in contact along the axis of x. 


13. The arcs of equal parabolas cut off by the latera recta of length 4a are 
arranged alternately on oppositb sides of a straiglit line formed by placing 
the latera recta end to end, so as to make an undulating curve. Prove that 
the equation of the curve can bo written in the form 


TT^y . TTX 1 . Sttx . 1 

=sin-3 — h 02 sin h 

64a 4a 3® 4a b-* 


sin 


57r.r 

4a 


14. If circles be drawn on the sides of a square as diameters, prove that 
the polar equation of the quatrefoil formed by the external semicircles, referred 
to the centre as origin, is 

TtT 

4a^ ~ cos 46 - cos 86 4- , ] u cos 1264-..., 
where a is the side of the square. 

15. On the sides of a regular pentagon remote from the centre are described 
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segments of circles which contain angles equal to that of the pentagon ; prove 
that the equation to the cinquefoil thus obtained is 

er X ^ Ft i COS 5n£? "1 

,rr=5atan 5 Ll -2 I ( - D" 25;^1 J ’ 

a being the radius of the circle circumscribing the pentagon. 


16. In the interval 
and in the interval 


~Cx<?, /(ar)=0. 


Express the function by means of a series of sines and also by means of a ■ 
series of cosines of multiples of Draw figures showing the functions 

represented by the two series respectively for all values of x not restricted to 
lie between 0 and Z. What are the sums of the series for the value ^ == 2 ^ 

17. A point moves in a straight line with a velocity which is initially w, 
and which receives constant increments each equal to u at equal intervals r. 
Prove that the velocity at any time t after the beginning of the motion is 

1 ut u \ . 2?i7r . 

v = g.u-\ h— ^ — sin 

2 T U T 


and that the distance traversed is 


tit . tir UT 1 2nTr . ro -o ^ t 

§:; (« + t) + J 2 - 2 ;;^ i cos — [See Ex. 4 above.] 


18. A curve is formed by the positive halves of the circles 

(x — {4:7i-hl)a)^ + 2 /^—a^ 
and the negative halves of the circles 

(x — {4tn — l)u)2 + 2/2 = a®, 

n being an integer. Prove that the equation for the complete curve obtained 
by Fourier’s method is 

^=1 Ji ( - D" ■ " sin (k - i) sin (k - 1) 

19. Having given the form of the curve y=f{x), trace the curves 


2 /=— 2 sinra;\ f{t)sinrtdt, 

^1 -'0 

2/ = i 2 sin (2r - l)a;f f{t) sin (2r - l)tdt^ 

■^1 Jo 

and show what these become when the upper limit is ^ instead of ^ . 

20. Prove that for all values of t between 0 and — the sum of the series 

a 

“ 1 . TTrh . rirx . rwat 
2 - sm sm sin — j— 

^ r I I I 

is zero for all values of x between 0 and h — at and between at^h and Z, and 
is ^ for all values of x between h — at and at 4- 6, when ^ 2 * 
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21. Find the sum of the series 

1 “ sin VLnirx 

u = --^ , 

TV n 

_ i V sin (2 m - l)-7ra : 

^ ” TT I* 2n ~ 1 * 

and hence prove that the greatest integer in the positive number x is repre- 
sented by [See Ex. 1, p. 250, and Ex. 4 above.] 

22. If X, y, z are the rectangular coordinates of a point which moves so 
that from 2 / = 0 to y~x the value of 2 is Kia^-x^)^ and from y — x to y = a 
the value of z is K{a^ - y^), show that for all values of x and y between 0 and a, 
z may be expressed by a series in the form 

V' ^ • VTT {x-a\ . qrr fy + a\ 

and find the values of Ap, q for the different types of terms. 


23. If 
and 

prove that, when 


where 


f(x) — ^TT sin X, when 0 — x 
f(x) = I IT, when Jtt < a; Ss tt, 

0 ^xCtt, 

f{x)—l 7 r sin x + 3 i+S 2 - 

« 2 . ^ 4 . . 6 . ^ 

~ — K Sin 2 x - ^ sin 4 a; + ^ — = sin ox - ... , 

1.0 o . O 5.7 


S 2 = sin x + ^ sin 3a; -f J sin 5x+ ... , 

JSq =sin 2 x -h J sin 6x -h 1 sin 10a; + ... , 

and find the values of S^, 82 ^ and Sq separately for values of x lying within 
the assigned interval. [Cf. Ex. 1, p. 250.] 


24. If 




4 / . sin 3a; sin 5x 
sin X ^2 ^ g2 

sin 2a; sin 3a; 


- - ( s 

TT \ 


-4-- 


2^3 

show that f(x) is continuous between 0 and tt, and that /(tt — 0) = 1. Also 

2 TT 

show that f\x) has a sudden change of value — at the point [See Ex. 1, 2, 

pp. 242 - 3 .] 

25. Let 


/{^) 


_ ^ sin 3(2^ - l)a; sin (2?i — l)a; 6^ sin ^(2?^ ~ l)7r sin (2w - l)a; 
“t 2 n^ 1 2?2,-1 { 2 n-lf ’ 


when 0 ^ a; ^ TT. 

Show that /( + 0) =f(Tr - 0) = ~ Irr, 

/(^TT 4- 0 ) -/(^TT - 0 ) = - ItT, 

/(f-TT -f 0) -/(§ TT - 0 ) = JtT ; 
also that /(O) =/(i7r) =/(|7r) =/(7r) =0. 

Draw the graph of f(x) in the interval (0, tt). [See Ex. 1, p. 250, and Ex. 2 
above.] 



CHAPTER VIII 


THE NATURE OF THE CONVERGENCE OF FOURIER^S 
SERIES AND SOME PROPERTIES OF FOURIER’S 
CONSTANTS 

104. The Order of the Terms. Before entering upon the dis- 
cussion of the nature of the convergence of the Fourier’s Series for 
a function satisfying Dirichlet’s Conditions, we shall show that in 
certain cases the order of the terms may be determined easily. 

L Iff{oo) is hounded and otherwise satisfies Dirichlefs Conditions 
in the interval ( - tt, it), the coefficients in the Fouriefs Series for 
f{x) are less in absolute value than Kjn^ where K is some positive 
number independent of n. 

If the interval ( - tt, tt) can be broken up into a finite number of 
open partial intervals (c^, in which/(a;) is monotonic, it follows, 
from the Second Theorem of Mean Value, that 
^ C^r+l 

irUn — L f(x) cos nx dx 

= S I /(c,. + 0) [ cos nx dx -h fic^^i - 0) J cos nx da;| , 

■where is some definite number in (c,, c^+i). 

Thus 7r|a„|<^ S{|/(c,+0)| +|/(c,+i-0)i} 

ft 

n 

where p is the number of partial intervals and M is the upper 
bound of \f{x) | in the interval ( - x, x). 

Therefore l^nl <Kjn, 

where K is some positive number independent of n. 

269 
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And similarly we obtain 

\K\<Kln. 

We may speak of tke terms of tliis series as of the order 1/n. 
When the terms are of the order Ijn, the series will, in general, 
be only conditionally convergent, the convergence being due to 
the presence of both positive and negative terms. 

II. If we are given that f{x) is of bounded variation in ( — tt, tt)- the same 
result follows at once, since f{x) — F{x) — G{cc), where F{x) and G{x) are bounded 
and monotonic functions. 


III. If f{x) is hounded and continuous, and otherwise satisfies 
Dirichlefs Conditions in — ttCccCtt, while /‘(tt — 0) =/( — tt +0), 
ayid iff\x) is hounded and otherwise satisfies Dirichlet's Conditions 
in the same interval, the coefficients in the Fourier^ s Series for f{x) 
are less in absolute value than Kjn^, where K is some positive numper 
independent of n. 

In this case we can make f{x) continuous in the closed interval 
( — TT, tt) by giving to it the values /( — tt +0) and/(7r - 0) at cc= — tt 
and TT respectively. 


Then Tra^ = ( f{^) cos nx dx 

J — IT 

sin nx ]■ -Ji: f\x) sin nx dx 

1 

= I f'(pc) sin nx dx. 

But we have just seen that with the given conditions 


J f\x) sin nx dx 

— rr 

is of the order Ijn. 

It follows that , \a^\<zKjn^, 

where K is some positive number independent of n. 

A similar argument, in which it will be seen that the condition 
/(.r~0)=/( ~ TT +0) is used, shows that 

\K\<KlnK 

Since the terms of this Fourier’s Series are of the order 1/n®, 
it follows that it is absolutely convergent, and also uniformly 
convergent in any interval. 

The above result can be generalised as follows : If the function 
f{x) and its differential coefficients, up to the {p — iy^, are hounded, 
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continuous and otherwise satisfy JDirichlet^s Conditions in the 
interval —7r<.xC7r, and 

f‘H-7r+0) = f^^H7r-0), [r=0, 1,...(^-1)], 

and if the differential coefficient is hounded and otherwise satisfies 
Dirichlefs Conditions in the same interval, the coefficients in the 
Fourier's Series for f{x) tcill be less in absolute value than 
where K is some positive number independent of n. 


105. The Rieinaim.-Le'besgue Theorem,* and its Consequences. Let f{x) 6e J 

rf) 

hounded and integrahle in («, 6), or, iff{x) is uiibounded, let \ f(x)dx he ahsolutely 4 


convergent. 

Then 


lim f /(rr) * 


nx dx=Q. 


(a) Let (/(rr) [ be less than A in {a, 6), and e the usual arbitrary positive 
number. 

There is a mode of division of (a, 6), say a—XQ, x^, x^, ... such 

that S ~s for it is less than (§ 42). 

f& m fr, 

Thus \ f{x) sin nxdx = '£, C/(^r) + ( f{p^) -/(^r)] sin nx dx 

1 

me iCXj. I rxf . 

^ S 1 + l/(^) -fi^r) jsin nx\dx\ 

1 I Jiry_i ) 

9>>7 A 

<; r : — zz 4 - 2 ( jf ^ (xj. — Xr—x), with the notation of § 39 

?i 1 

2mA , Cl \ 

<__+(S-s) 


. 27nA 


4-|e 


Hence 


, ^7nA 

C €, when n s 

fd 

lim \ f(^) sin tix dx — 0. 

ji— >00. « 


And in the same way, lim \ f{x) cos 7ixdx = 0. 

(^) If \ f(x)dx is an absolutely convergent infinite integral, according to 
Ja 

the definition of § 51, we have only a finite number of points of infinite discon- 
tinuity in (a, b). 

As we can treat these separately, it is clear that we need only discuss 
the case when d or b is a point of infinite discontinuity.. We take the latter 
alternative. 


* This theorem was proved by Riemanu [Math. TFerl:e, 1 (2 Aufl., 1892) 254] for 
the functions stated in the text, and extended by Lebesgue to functions with a 
Lebesgue Integral [AnTi. sc. de. V^cole normale (3), 20 (1903), 471]. 
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In this case, there is a point between a and 6, such that 
Also j j y'(a') sin 7ix dx = j ^ f{x^ sin nx ^7a; + ^ f{^) 


' f{x) sin nx dx + T \f{x) j dx. 

- 

But f{x) is bounded in {a, /?) : and thus, by the above, we know that 

1 

f{x) sin nx dx when 7i ^ v. 

t 

Therefore f{x) sin ?ix dx < |€ + ^€, when 7i ^ i'. 


and the theorem is joroved. 

The following results can be deduced almost immediately from the Riemann- 
Lebesgue Theorem. In all of them .t'o is a jioint of the interval ( — tt, tt) ; and 
f{x) is subject to the conditions named in that theorem : it is bounded and 

("tt 

integrable in ( — tt, tt), or, if unbounded, the integral I f{x)dx is absolutely 

j — TT* 

convergent. 

(i) The Fourier's Consiauts a7td of f{x) ie7ul to zero when n->ao . 

(ii) The hehetriour of the Fourier's Series corresponding to f{x), as to con- 
vergence, divergence, or oscillation at a point Xq, depends only on the values of 
f{x) m the neighbourhood of Xq. 

Here, with the notation of § 9o, we have 


+ j; j 

where (xq- 2y/, XQ-h2)/) is a neighbourhood of Xq. 
Thus 

. , 1 . . sin (2/i -h l)a , 

/(‘'^o-2a) da 


sin ^ (2n -i-l)(x'' — Xq) 


dx' 


+ “'°l/'(a-<, + 2a) 


sm a 
sin (271 + l)a 


rfa+h” + 


sin a 

By the Kiemann-Lebesgue Theorem, the first and second integrals vanish in 
the limit when 7i~->co : and the result follows. 


(iii) The behaviour of the Fourier's Series correspo7iding to f(x) in an interval 
(a, b), u'here ~ tt < a cb <. tt, as to coiwergence, divergence, or oscillation, depends 
oyily on the values of f(x) m (a — 5, Z> + 8), where 8 is an arbitrarily small positive 
n umber. 

This is proved as in (ii). 

(iv) Jff(x) is ofhou7ided variation in a neighbourhood of Xq, the series converges 
at Xq to I [f(xQ + 0) +/(ao - <>)]• 

As above, lira lim /(^o + 2a) jz.il? ^a, 

V) sin ct 

and the result follows from Dirichlet’s Integral (§94). 
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If lim \_f{xQ‘\-}i) — hyi exists, and ^/(xq) is taken equal to this limit, two 

A— s-O 

important sufficient conditions for the convergence of the Fourier’s Series 
at CTo to the value /{xq) are given in (v) and (vi). They are usually called 
Dini’s Condition and Lipsehitz’s Condition. In both 

<^(a) =/(Ao 4- 2a) -‘2a) ~ 2f{x^). 


(v) Dini’s Condition.* The Fourier's Series corresponding to f{x) has /{xq) 

for its sum when x — x^, if there is a positive number >; such that ' da is a 

Jo ^ 

convergent integral. 

For, we see from (ii), that lim =/(x^,), provided that 

lim I /(a'o + 2a) +f{x^ - 2a) - 2f{x^) da^Q', 

w— >oo.'o '' -t sm a 


i.e. if 
Also 


4>{a) 


sin {2n+ l)a 


SJr f” if Oo/ci-. 

a 1 ^ Jo a ^ - 


(vi) Lipschitz’s Condition.! The Fourier's Series corresponding to f{x) has 
/{Xq) for its sum when x—x^, if positive nuynhers G and k exist such that, 
i/*(^o + i) — y'(^o) 1 < when [^J ^ some fixed positive number. 

In this case, there is a value of // for which 

i /(^o + 2a) +fixQ - 2a) - 2f(xQ) j < 2^+^Ca*^, when 0 = a ^ 

And ' (a) "yt2n + l)a ^ I ^ , 

^ ^ ' sm a 1 Jo 

which can be made as small as we please by taking ?; small enough. 

This condition is a special case of the preceding. 


106. Discussion of a case in which f(x) satisfies Dirichlet’s Conditions and 
ba-g an infinity in ( — tt, tt). J We have seen that Dirichlet’s Conditions include 
the possibility of f{x) having a certain number of points of infinite discontinuity 

in the interval, subject to the condition that the infinite integral \ ^f{x)dx is 


absolutely convergent. 

Let us suppose that near the point Xq, where —tt cxqCtt, the function/(a;) 
is such that 


/(^) = 


<^(a?) 
{x — JTo)*^ 


where 0 Cl' < 1 and </j(a;) is monotonic to the right and left of while <^(a:o ±0) 
do not both vanish. 

In this case the condition for absolute convergence is satisfied. 


*Dini, Serie di Fourier e altre rappresentazioni analitiche delle Junzioni di una 
variabile reale (Pisa, 1880), p. 102. 

fLipschitz, Journal fur 3Iath,, 63 (1864), 296. 
f See also Ex. 5, p. 241. 
o.i. 


s 
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Then, in determining and 6^, where 

= \ f{x) cos 7ix dx and 7r6„ = [ f{x) sin nx dx, 

J - TT J — »r 

we break nj) the interval into 

(-■rr, oc), (a, a^o), i^)» a^^d (^, tt), 

where (a, is the interval in which has the given form. In (— tt, a) 
and (^, -rr) it is supposed that fix) is bounded and otherwise satisfies 
Hirichlet’s Conditions, and we know from § 104 that these partial intervals 
give to a„ and contributions of the order l/ai. 

The remainder of the integral, e.gr. in a„, is given by the sum of 

lim ^ cos nx dx and lim cos nx dx, 

5-»0 Ja {X — JTo)*' fi-J-0 -'a -0 + 5 ~ ^o) 

these limits being known to exist. 

We take the second of these integrals, and apply to it the Second Theorem 
of Mean Value. 

Thus we have 


•Wo +5 {x — arQ)' 


cos 7ix dx = cf>ixQ + 5)| 


.To +5 (aJ-a;oV 


, , , f cos nx j 


where cto 4- S ^ ^ ™ jd. 

Putting ~a;o)=?/» we obtain 






ja-o + 5 {x-XqY 


_ <^(^0 + - ^0^ cos {y + nxQ)^ ^ 


nX-v J, 


COS (y4-na;o) ^^ 


yv 


But 


r& cos (7/4- n.To) , 
l 1:' ^ (dy = cos na;, 


Also when a, 6 are positive, 

r& cos y 


r& cos y jj . {b sin y 
; i ^ ctT/ — sin na^o 


dy 


n ^ ~^y 

J’a 

are both less than definite numbers independent of a and &, when 0 < v < 1. 

Thus, whatever positive integer n may be, and whatever value d may have, 
subject to 0 < S < ^ — a^o, 

^,^3 >fixdx < K'Jn^ - »■, 

IJa-o+fi (a;~a:o)*' 

where K' is some positive number independent of 7i and 
It follows that 


I lim cos nx dx < K'Jn'^ — 

A similar argument applies to the integral 

cos nx dx, 

jo. {^~^oY 

It thus appears that the coefficient of cos nx in the Fourier’s Series for the 
given function /(x) is less in absolute value than where K is some 

positive number independent of w. ; and a corresponding result holds with 
regard to the coefficient of sin nx. 

It is easy to modify the above argument* so that it will apply to the case 
when the infinity occurs at ±7r. 
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107. The Umform Convergence of Fourier’s Series.* We 
shall deal, first of all, with the case of the Fourier’s Series for 
/(a?), when f{x) is bounded in (“tt, tt) and otherwise satisfies 
Dirichlet’s Conditions. Later we shall discuss the case where a 
finite number of points of infinite discontinuity are admitted. 

It is clear that the Fourier’s Series iox f{x) cannot be Uniformly 
convergent in any interval which contains a point of discontinuity ; 
since uniform convergence, in the case of series whose terms are 
continuous, involves continuity in the sum. 

Let fix) he hounded in the interval ( — tt, tt), and otherwise satisfy 
Dirichlet^s Conditions in that interval. Then the Fourier'' s Series 
for f (iP) converges uniformly to f {x) in any interval which contains 
neither in its interior nor at an end any 'point of discontinuity of the 
function.‘\ 

As before the bounded function /(a?), satisfying Dirichlet’s Con- 
ditions in ( — TTj tt), is defined outside that interval by the equation 


f{x-^2^)=f{x). 

Then we can express /(a;) in any interval — e.g. ( — 27r, 27r) — as 
the difference of two functions, which we shall denote by F{x) 
and G(x), where F{x) and G{x) are bounded, positive and. mono- 
tonic increasing. They are also continuous at all points where 
f{x) is continuous [§ 36. 1 or § 36. 2]. 

Let/(a;) be continuous at a and bj and at all points in ac^xch, 
where, to begin with, we shall assume — 7 r<a and h<.ir.- 

Also let X he any point in (a, h). 

Then with the notation of § 95, 

4r... 


/(a:+2a) 


- doL, wtere m=2n+l.§ 


*See footnote, p. 230. 

fit will be seen from § 105, (ii), that if (a, b) be any interval contained in 
( — TT, tt) such that fix) is continuous in (a, 5), including the end-points, the answer 
to the question whether the Fourier’s Series converges uniformly in (a, 5), or not, 
depends only upon the nature of fix) in an interval (a/, b'), which includes (a, b) in 
its interior and exceeds it in length by an arbitrarily small amount. 

J Thus fia + 0) =/(a) =/(a - 0) and /(6 + 0) =/(6) =/(6 - 0). 

•§We have replaced the limits — tt, tt by — v+a:, tt+x in the integral before 
changing the variable from x' to a by the substitution x' = x + 2a. Of. § 101. 
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Thus 

= 




n/ ^ X Sin mcL j 

Fix +2a) — : da 

' sma 

_1 fi- 


.. G{x+2a)^^^^^da, 

TTj ' Bin a 

We shall now discuss the first integral in ( 1 ), 


f 


-n/ ^ X sm ma , 

Fix +2a) — : da^ 

" sin a 


-n/ « . sm ma j -rr/ « . sm ma , 

e. I Fix+2a ) — ^ da + | Fix — 2a ) — ; da. 

Jo ^ sm a Jo ot 

Let be any number such that OC/^C Jtt. 

Then 

P^-n/ ^ X sin ma -r,, sin ma , 

I F{x+2a)—. da~Fix-^-0)\ da 

Jo sm a -Jo « 


+ {F{x + 2 a) - F{x + 0 )} da 

0 ^ 


0 

fin- 


= /i+/2+-^3> ®®'7‘ 


.( 1 ) 


+1^ {F{x +2a) - F{x +0)} da 


.( 2 ) 


We can replace F{x + 0 ) by Fix), since F{x) is continuous at x. 

But f sin +l)a f (i -{-2 cos 2ra) da — \ir. 

Jo sma Jo 1 

Thus = ^TrF(x) (3) 


Also H-2a) — ^(ir)} is bounded, positive and monotonic 

increasing in any interval; and is also bounded, positive and 

monotonic increasing in Oca^jTr. 

Therefore we can apply the Second Theorem of Mean Value to 
the integral 

p 0 (a) da, 

Jo 

where ^(a) = {Fix +2a) -- jP(aj)} , 

It follows that 

where 0 ™ 
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But we know tkat 


Jf OL ~~ Jmf a 


(§ 91-) 


Tkerefore 


\I^\<C{F{x + 2fji)-F{x)} 

. . _ . ‘inrt 


Finally J3 = {T{x + 2 ^) - &x 

+{F(a: +,r) - F(®)} P" <?o, 

' Sin a 

wliere i' ^ Jtt. 

But, if O<0<^^j7r, 

sin ma , 1 . , 1 . , 

— ^ da = ~ — s sin ma da 4- sin ma da. 

J e sin a sin dj 0 sin <pj ^ 


wliere 0 = x 
Therefore 


I sin ma da 


C— {cosec 0 4- cosec 0 } 
m 


It follows that 


<:— cosec 6 . 
m 


- 4 :K 


m sin fjL 

where K is some positive number, independent of m, and de- 
pending on the upper bound of |/(aj)j in ( — tt, tt). 

Combining ( 3 ), ( 4 ) and ( 5 ), we see from ( 2 ) that 

F(x+ 2 a)^^^ da-iF(x) 

TT.Io Sin a ^ / 

<{F{x+'2.tA.)-F{x)^ +- .(6). 

^ ^ ' ^-^sinyw m-TT sin ^ 

A similar argument applies to the integral 

^ . sin ma , 

F(x - 2 a) da, 

Jc sin a 

but in this case it has to be remembered that F{x — 2 a) ‘is mono- 
tonic decreasing as a increases from 0 to Jtt. 

The corresponding result for this integral is that 

1 1 r. \ sin ma , 1 -kt/ v I 

— I Fix — 2 a ) — ^ da — fjFCx) 

IttJo ^ sina 2 \ / | 

<\F{x-^u)-F(x)\ , ( 7 ) 
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K as before being some positive number independent of m, and 
depending on the upper bound of \f{x)\ in ( — tt, tt). 

Without loss of generality we can take K the same in (6) and (7). 
From (6) and (7) we obtain at once 


1 -rr/ X sin 7na , -r,, . 

— I JF(x+2a) . da— Fix) 
^ sin a ^ 


{ I F{x +2/.) - F{x) 1 + 1 J’(x - 2f.) -F{x)\} ^ . (8) 


sin ' 

Similarly we find that 


-T G{x+2a)^^da-G(x) 
> J ^ ^ Sin a 


< J^{\G{x+2ij)-G{x)\^\G{x-2fi)-G{x)\}+ — ^ . 

sin/^'^' ^ ^ ‘ ^ ^ m7rsin/.4 

Thus, from (1), 

|1 ^ A sinma , 


P' /(x+2a)?i5^cia-/(a.) 
■J ^ ^ sma ^ ^ 


< ^ I +2^) - F{x ) I + 1 -FCtc - 2^) - F{x ) I 

Olll fJi 

+ \G{x+2ii.)-G(x)\ +\G{x-2fj.)-G{x)\} 

( 10 ) 

WlTT Sin fJL ' ' 

Now F{x) and G(x) are continuous in a<c.x<zh, and also when 

x = a and x — h. 

Thus, to the arbitrary positive number e, there will . correspond 
a positive number (which can be taken less than ^tt) such that 
\F{x +2 fx)- F{x) I < e, \G{x+2jix)- G{x) | < e. 


when l/^l ^ fXQ, the same /Xq serving for all values of x in a ^ a; ^ 6. 

Also we know that fx cosec fx increases continuously from unity 
to ^TT as fx passes from 0 to Jtt. 

Choose /Xq, as above, less than Jtt, and put fx^ fx^ in the argu- 
ment of (1) to (10). This is allowable,, as the only restriction 
upon fx was that it must lie between 0 and Jtt. 

Then the terms on the right-hand side of (10), not including 
lOFr/rnTT sin are together less than 8e for all values of x in 
(a, 6). 

So far notliing has heen said about the number m,, except that 
it is an odd positive integer (2 m. +1). 
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Let nQ be tlie smallest positive integer whicli satisfies tlie in- 
equality 

ISK 

(2nQ -f- l)7r sin 

As A, and e are independent of x, so also is tiq. We now cboose 
m {i.e. 2n+lL) so tfiat n 

Then it follows from (10) tliat 

Un(a?) -/(a?)|<9€-, when 
tlie same Uq serving for every a; in a-^x-^h. 

In otber words, we liave sliown tbat the Fourier’s Series con- 
verges uniformly to/(a;), under the given conditions, in the interval 
(a, 6).* 

If /( —'”* + 0)=y(7r — 0), we can regard, the points db'sr, db^nr, etc., as points 
at which /(a;), extended beyond (— -jr, tt) by the equation /■(a: + 27 r) =:/(a;), is 
continuous, for we can give toy(db^) the common value of /’(— tt + O) and 

108. The Uniform Convergence of Fourier’s Series f {continued). IBy 
argument similar to that employed in the preceding section, it can be proved 
that wheny(a;), bounded or not, satisfies Dirichlet’s Conditions in the interval 
( — TT, tt), and /*(»;) is bounded in the interval (a', h') contained within ( — tt, tt), 
then the Fourier’s Series for f{x) converges imiformly in any interval (a, h) in 
the interior of (a', h'), provided /(a?) is continuous in (a, b), including its end- 
points. 

But, instead of developing the discussion on these lines, we shall now show 

It may help the reader to follow the argument of this section if we tahe a 
special case: 

jE7.gr. f(x)=0, -Tr^.X^0, \ 

f{x)~l, 0~x~7r. f 

Then we have; 


Interval. 

/(x) 

JP'ix)’ 

0'{:r) 

— 27r<: X C — TT 

1 

1 

0 

-Tr^X-^,0 

0 

1 

1 

0< x^-tr 

1 

2 

1 

TtC X ^ 27r , 

0 

2 

3 


If0<;a = a;~6<7r, the interval (a, 6) is an interval in which /(a.-) is continuous. 

The argument of the preceding section will then apply to the case in which 
— TT or TT is an end-point of the interval (a, b) inside and at the ends of which 
/(x) is continuous. 

t See footnote, p. 230, 
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how the question can be treated by Fejer’s Arithmetic Means (cf. § 101), and 
we shall prove the following theorem : 

Let f{x), hounded or not, satisfy DiricJilefs Conditions in the interval ( —tt, tt), 
and let it he contimiou^ at a and h and in {a, h), where —nr^a and Then 

the Fourier's Series for f{x) converges uniformly to f{x) in any interval (a + 8, 
b — 8) contained within {a, h). 

Without loss of generality we may assume h — a^rr, for a greater interval 
could be treated as the sum of two such intervals. 

Let 27raf —Vf {x') dx', 

ja 

TTaf— ^ fix') cos nx' dx' 

W^l. 

and 7rhf= \ f(x') sin nx' dx', 

>a 

Binoefix) is continuous at a and h and in (a, h), it is also bounded in (a, h), 
and we can use the Corollary to Fej^r’s Theorem- (§ 101) and assert that the 
sequence of Arithmetic Means for the series 

CO 

af + 2 {ci'f cos nx + hf sin nx) 

converges uniformly tof{x) in (a, b). 

Also j af cos nx + hf sin nx | ~ 

■Buty’(a;) is bounded in {a, b) and satisfies Uirichlet’s Conditions therein. 

Thus we can write fix) = Fix) — Gix), 

where Fix) and Gix) are boxmded, positive and monotonic increasing functions 
in ia, h). It follows that we can apply the Second Theorem of Mean Value 
to the integrals 

f Fix') nx' dx', Gix') nx' dx', 

Ja sin Ja sin 

and w^e deduce at once that iaf^ 4- bf^)^ < Kin, 

where K is some positive number depending on the upper bound of iy*(a 7 )| 
in (a, 6). 

Then we know, from Theorem II, Cor. II of § 102, that the series 

CO 

nx + bf sin 7%x) 

converges uniformly to f{x) in (a, b). 

Let us now suppose x to be any point in the interval ia + S, b-8) lying within 
the interval (a, b). 

With the usual notation 


™n=l 


fix')dx', 

TT 

fix') cos nx' dx', 

\n^l 


fix') sin nx' dx'. 
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It follows, as in § 103, that 


(ao — <^o') + 2 { (cin ~ ^n) < 20 S nx + (b^ — h^') sin nx} 

is equal to 

Sin a irj sin a 

f(x) being defined outside the interval ( - -jt, tt) by the equation 

/(a: + 27r)=/(a:). 

^owf(x) is supposed to have not more than a finite number of points (say m) 

of infinite discontinuity in ( — tt, tt), and j | da:' converges- 

We can therefore take intervals 2yj^, 2y2» •** ^y-m, enclosing these points, the 
intervals being so small that 

1 !/(a:') 1 da;' < 2€ sin ^3, [/•= 1, 2, m] 

J2y,. 

€ being any given positive number. 

Consider the integral 

JJ(a:-a) sma 

X, as already stated, being a point in (a + 8, 6 8). 

As a passes from ^{x - a) to we may meet some or all of the m points 
of discontinuity of the given function in f(x - 2a). Let these be taken as the 
centres of the corresponding intervals y^, ya, ... y^. 

Also the smallest value of {x — a) is 8. 

Thus - 2a) ^ I 


■ 2sin JS J 2 > 


l/(a;') I dx' 


When these intervals, such of them as occur, have been cut out, the integral 
jf(a;-a) Sin a 

will at most consist of (w + 1) separate integrals (/r)- C^ = L 2, ... m + 1.] 

In each of these integrals (Ir) we can take jr(a; — 2a) as the difference of two 
bounded, positive and monotbnic increasing functions 

F{x - 2a) and G(x - 2a) . 

Then, confining our attention to (/r)» we see that 

r 

J ' ' sin a I 

— j — 0){cosec JS— (cosec JS — cosec a)} sin (2n-h l)a da 
S|Ji|+|J-,l+|J-aI+lJ4l. 
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where = cosec JSj F sin (2n 4- l)a da, 

= cosec J ^ 4- l)a da, 

J^ = [ F {cosec §5 — cosec a} sin {2n 4- l)a da. 


J^ — \G {cosec ^8 — cosec a} sin {2n 4- l)a da. 


But we can apply the Second Theorem of Mean Value to each of these integrals, 
since the factor in each integrand which multiplies sin {2n + l)a is monotonic. 

J£ 

It follows that ) 7^1 < + l 

where K is some positive number independent of n and a;,- and depending 
only on the values of f{x) in ( — tt, tt), when the intervals 2y^, 2 y 2 , have 
been removed from that interval. 

Thus 

. sin (2^4- l)a , (mH- l)7r 

, f{x-2a) ’—da . 7 ^-— ^ + 

.li(a;-a) sma ( 2714 * 1 ) sm ^5 

< (2m+ 1)€, 

when (2n 4 - 1)€ > TT cosec ^8. 

Since this choice of n is independent of x, the integral converges uniformly 
to zero as n->QO , when x lies in the interval {a + B, h — B). 

Similarly we find that 

{*' f(:c + 2a)^SJ2l!±}haa 

}i(b-x) sma 

converges uniformly to zero when x lies in this interval. 

Thus the series 

(oto - OoO + z {(^n - ^n) <^os 7ix + (b„ ~ b„') sin nx} 

1 

converges uniformly to zero in (a 4 - 8, h — 8). 

But we have shown that the series 


c^o' + 2 (cin' + ^n' 

converges uniformly to/(x) in (a, b). 

Since the sum of two uniformly convergent series converges uniformly, we 
see that 

<*0 + cos nx + sin tix) 

converges uniformly to f{x) in (a 4 - 8, & — 5). 

109. Differentiation and Integration of Fourier’s Series. 

Differentiation. From the worked out examples in §§ 95-97 it is clear that 
term by term differentiation of Fourier’s Series is not in general permissible, 
as the terms do not tend to zero sufficiently quickly. 

This difficulty does not arise in the application of Fourier’s Series to the 

solution of the Equation of CJonduction of Heat — often written as ^ = 
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Here * the terms in the appropriate series are multiplied by a factor (e.gr. 
e which may be called a convergency factor, as it increases the rapidity 

of the convergence of the series, and allows term by term differentiation both 
with respect to x and t. 

Integration, Again we have seen that under certain conditions the Fourier’s 
Series ioT f{x) converges uniformly to f{oc) in the interior of any interval in 
which the function is continuous. In this case we know that we may integrate* 
the series term by term within such an interval, and equate the result to the 
integral oif{x) between the same limits. Also this operation can be repeated 
any number of times {§ 70. 1). 

But such a simple series as the Sine Series for unity in 0 < a; < tt, namely 
1 =^^sin sin 3a; sin 5a; + 0<a;< tt 

is not uniformly convergent in the interval 0 ™ a; tt, as its sum is disepn- 
tinuous at a:=0 and x = 7r. 

However it can be integrated term by term between the limits 0 and x, 
where x — tt (cf. § 70. 2). This can be verified at once by comparing the Cosine 
Series for x in (0, tt), namely 

TT 4/ 11 ^ A- -- 

a; = 2 — “I ^"^32 5 a;+ 0 — x — ^ 

with the series obtained from the above by integration. 

In the days when Fourier’s Series were first used, term by term integration 
was employed without any hesitation, both in the case of the Fourier’s Series 
for /(x)f and when the series considered was that obtained by multiplying the 
Fourier’s Series term by term by another function. Later it was seen that 
such a step required justification. Hence the importance attached to the 
question of the uniform convergence of Fourier’s Series in certain cases. Bub 
the theorem that follows shows that the presence or absence of uniformity of ;; 
convergence has little or no bearing on the subject of the integration of thoj, 
Fourier’s Series : and that, even the convergence of the series, is of secondary I 
interest- fi! 

I/Ct f{x) be hounded and, integrahle m ( — tt, tt), or, if unhounded, let ^ f{x)dx^: 

be absolutely convergent. Then, whether the Fourier'* s Series corresponding W\ 
f{x), namely 

a^ 4 - {a^ cos a; 4 - sin x) 4- (U 2 cos 2x 4 - &2 + • • * > 

converges or not, \ 

rx • 30 1 

I fix)dx = a^{x + Tr) + '^~ sin na; + 6„ (cos mr — cos nx)), 

when —7r~x~7r. 

Let y = F{x) = f{x) dx — 

Then. F(7r) = | f{x)dx-aQTr=aQTr, since 2'7raQ—\ ^f{x)dx. 
and F( — tt) = F{7r). 

*Carslaw, Conduction of Heat (2nd ed., 1921), Ch. IV. § 30- 
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Also F{x) is continuous in ( — tt, tt) (§ 49). 

And it is of bounded variation in this interval ; for, with the notation of 
§ 36. 2, 


Ur+i ~ Vr 




f{^x)dx 

0 


+ 1 


j/(a:)|da;^ ( \f{x)\dx. 


Hence, by § 95, the Fourier’s Series for F{x), Avhich we write as 
^ 0 + (-4 1 cos x-Y sin x) + 2 + ^2 . 

has F(x) for its sum at every point of — tt ~ a: tt. 

If 


Also, when ? 2 . ^ 1, 


.j-i 

nTT, 

mr 


F(x) cos nx dx 

r-rr 

I F'(x) sin 7ix dx 

} — TT 
r-T 

(f(x) —afy) sin nx dx* 


Similarly 
Therefore 

But since F(7r)==F( —•7r)~aQ7r, we have 


F(a;) = JIq + (a„ sin nx — cos 7ix). 


agTT = .do + 2 ~ (<*n ~ • 

1 

Hence, on subtraction, 

'X ^1 

f{x)dx — aQ{x + 7r)+ - (a^ sin 7ix + h^(oos n-rr ~ cos nx))f — Tr^rc^vr. 

-■tr \ n 

It also follows that, when — rr C x^ < X2 <Z tt, 

fra ^ 1 . 

\ f {x) dx — aj^x^ ^ 1 ) 4- 2 7ix-A + 6„(cos 7ix-^ — cos ^Xg)). 

Jxi 1 n , 

Again since F{x) is continuous in —ir^x^ tt and F(7r) = F( — tt), we know 
that the Fourier’s Series for F{x) converges uniformly to F{x) in this interval. 

Hence term by term integration of J'(x) can be repeated any number of 
times - 

110. Parseval’s Theorem on Fourier’s Constants. 

In this section, as usual, 

»/ 

~aQ + 2(«r cos rx + &r sin rx), 

1 

o-n = ^ (^0 + + • - * + 

and ttQ, ... ... are Fourier’s Constants for the function f(x). 


*It is assumed that the rule for integration by parts can be applied, and that 
F\x) ~f(x) — «o- This makes the condition attached to f(x) less general than in the 
statement of the theorem. For another proof, see §110, IV. 
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We shall prove that under certain conditions 

I + i («„» + &„=), 

a result usually called Parseval’s Theorem.* 

I. Letf{x) he hounded aTid integrahle m ( — -tt, tt), or, if unhouTuiedt let 

I IT 

he convergent. 

Then 2ao“ + S(o„“ + V)Sir U(^)Tdcc. 

TT j TT 

\^_^[Ax)-s^Ydx = \^_^if{x)Y dx - 2^""^^fix)s^dx + dx. 

Substitute for on the right-hand- side, and we have at once 

r lf(^)~^nTdx=\" [f(x)Ydx-2^l2ao^ + ^iar^ + br^)2 
J — w J— «• 1 

-f-7r[2ao" + 2(ar^ + V)]. 
1 

It follows that 

ir = [/(*)?<«*- [2a„“ -I- i(V-f 6^*)]. 

rr J _,r 'TT .) —TT 2 


Thus 2V + I;{ar=‘ + V)SM”' [/(a:)?<i;x (1) 

And 2< 4- 1 («„“ + 6„*) S i [/(a;)? dx (2) 


But if this Fourier’s Series had converged uniformly to the continuous 
function /’(a:), we could have multiplied both sides of the eq[uation 
/(x) —aQ + («! cos x + h^ sin x) . 
hyf(x), and, integrating term by term, we would have obtained 

- r [/(*)P dx=2aj‘ + 2 (a/ 4- 

TT J — ir 2 

in this case. 

We proceed to prove that this equality holds when the only conditic®-^ 
attached tof{x) is that it is bounded and integrahle in ( -~ tt, tt). 

II. Letf(x) he hounded and integrahle in {—tt, tt). 

Then [/(a:)P<i!a:=2u„<‘ + |(a„“ + V). 

TT 1 — 

Since Ax')il+2'Ecosr{x'-x))dx', 

*If the Lebesgue Integral is used, the following theorem also holds : 

Any trigonometrical series 

ao +(«! cos x-^bj^ sin x) -h {a^ cos 2x+b^ sin 2a;) 

for which 1 + h^f-) converges is the Fourier^s iSeries of a function whose smsmmeif>^^ 

integrahle (L) in ( ~ tt, tt). 

This is known as the Riesz -Fischer Theorem. 
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we have, as in § 101, 


=— r 

2mr j - 


i sia^^{x'-x) 


Also we know that 


dx'=2mr (cf. p. 256). 
r sm^^{x' -x) ^ ^ ^ 


Therefore 

and 


-/(^) 


=J-f" 


[/(*') -/(*)] 


am.^ ^n( x' — x ) 


dx\ 


(3) 

..(4) 


2n7r J _ _ / J v-^yj 

<r„-f(x) \ SM-m, 

where m are the upper and lower bounds oif{x) in ( — tt, tt) and x is any 
point in this interval. 

Now let € and k be any arbitrary positive numbers. 

We know from § 42, III, that there is a mode of division of ( — tt, tt) into a 
finite number of partial intervals such that the sum of these intervals for which 
the oscillation ofy’(cc) is greater than or equal to k is less than e. 

Let A denote the intervals in this mode of division for which the oscillation 
is greater than or equal to k, and 8 the other intervals. 

Cut off from the intervals of 8 at each of their ends a part, so that the sum 
of these segments cut off is less than e. 

Let 5'' denote the segment cut off, and 8' the inner parts of 8 which remain. 

Then j" [«•„ (i* = { 2 1^, + p + 2 -/(*)? dx (6) 

where, by this notation, we mean that the integrals are taken respectively over 
the intervals of S', 8" and A. 

Now let (a, b) be one of the intervals of 5, and (a', b') the corresponding 
interval of 8'. 

Also let a; be a point of {a', b'). 

Then from (3), 

+ C + \l ) 


Taking these three integrals separately, we have 


-f" 


. sin® ^n(x' — x) 




M-q 


2mr 


}, ra 

- \ cosec® ^ (x' — x) dx' 


<f’ 


where AT is a positive constant depending upon the position of (a, b) and (a', b ') . 
Similarly we find that 


1 f’ 


- ‘ ' r f(V\ fl-rW - *) 


dx' <: 


M ~m 

2mr .U 

K 


cosec® ^{x' — x) dx' 


where it is clear that we may take the same value for K in both, and replace it 
later by any larger value we please. 
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Finally 

I -JL 

! %mr 




sin^ \n{x ' — x) 
sin^ 4' {x' — x) 


dx' 



sin® ln{x'~- x) , , 
sin® I (x' — x) 


^ JL. sm®|n(a;^-a;) , , 

2n7r ] - rr sin® i {x' - x) 


C K. 


Thus, from (6), 

lo-„-/(a:)ls(K + 2^) 

But the sum of the intervals of 8' does not exceed 27r. 
Therefore in (5), we have 


2 [^,[<r„-/(x)P<fe^2^(K + 2 |-J 

Also Xf [o-^ -/(a;)]®d^a:^ €(3/ - m)®, 

5 - Jr 

by (4), since the sum of the intervals S" is less than e. 





.( 8 ) 

.( 9 ) 


And E( [<rn-fi^)fdx^€{M-m)^, (10) 

A Jx 

for a similar reason. 

It follows from (5) and (8), (9), (10), that 


limT la-n~f{^)7dx^0, (11) : 

n-i-joJ—fr 

since k and e are arbitrary positive numbers, which can be chosen as‘ small 
we please. 


1 /'' 7 J, — 7 *\ 

But o-„ = ao+ 2 p^j{ar cos rx + hr sin rx). 

Therefore, as in (I), we have 

I -/(*)? - [2V +“f ^ 

= {~ [[^[/(a:)? dx - [2ao“ (a/ + 6^*)]} 


+ i’ 2 V(«r» + V). -( 12 ) 

^ 1 

But we know from (1) that 

” f' [/(»=)]“ dx - [2V +”2 (V + V)] S 0. 

TT ] — TT 1 

Therefore from (11) and (12), we see that, under the conditions stated in the 
theorem, 


^ [ [/(*)? dx = 2a<,* + 2 (V + 6r“)- 

J—TT 1 

lim 


Also 
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III. Let /{xy and g(x) he hounded and integrahle in (—rr, tt) and a^, h^ the 

Fourier's Constants for f{x), a„, the Fourier's Coiistaiits for g{x). 

Then ^ [ f(x)g{x)dx = 2a.^ + ^{a^an + h„Pn). 

We have from (II), 

i\f + 9i^)fdx=2ic,o + aof + |[(a„ + + ( 6 „ + 

On subtraction, the result follows. 

IV. We may put g{x) =0 in ( - tt, a:i) and (0:2, where -tt ~ x^<X2~7r. 
Thus we have the following theorem : 

Letf{x) he hounded and integrahle in ( — tt, tt) and g{x) he hounded and integ- 
rahle in (.r^, a-g) where - tt — tt. 

Then from (III), 

1 V(‘'^'){7(‘i0^^‘^ ” g{x)dx + 2£ ( a« [ ^ g(x) cos nx dx + ^ g{x) sin nx dx^. 

Jai 1 \ .',ri .'a;i / 

It will be seen that (IV) establishes the possibility of term by term integra- 
tion of the Fourier’s Series for the bounded and integrahle function /(a;), and 
also shows that this can be done when f{x) is multiplied by another function 
of the same class. 

The argument in (II) is taken from Hurwitz’ proof of Parse val’s Theorem.* 
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THE APPROXIMATION CURVES AND THE GIBBS 
PHENOMENON IN FOURIER’S SERIES 

111. We have seen in § 104 that, when f{x) is hounded and 
continuous, and otherwise satisfies Dirichlet’s Conditions in 
“ 7r<x<7r, /(x ““ 0) being equal to /( - x +0), and /'(a?) is bounded 
and otherwise satisfies Dirichlet’s Conditions in the same interval, 
the coefficients in the Fourier’s Series for f{x) are of the order Ijn^, 
and the series is uniformly convergent in any interval. 

In this case the approximation curves 

y=s„{x) 

in the interval -ttKxKtt will nearly coincide with 

y=fixl 

when n is taken large enough. 

As an example, ]et/(ir) be the odd function defined in (-x, x) 
as follows : f[x)=-^Tr{- 7 r+x), — 

f{x)=\-wx, -|x = a: = |x, 

f{x) = l7r{ir-x), l-^X^-ir. 

The Fourier’s Series for f{x) in this case is the Sine Series 

1-0 1 • K 

sina:-s^sin3a;+s>sin5a:- 

which is unifornily convergent in any interval. 

The approximation curves 
y=&\nx, 

2/ = sin ic - g 2 3a; + sin 5a;, 

are given in Fig. 29, along with y=f[x), for the interval (0, x), 

289 
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and it will seen bow closely tbe last of these three approaches 
the sum of the series right through the interval. 


y 



Fia. 29 . 


Again, let fix') be the corresponding even function : 

f{x)~\iTi'7r^x), — tt ~ Jtt, 

f{cc)~- lirx, iTT^x^ 0 , 

f{x)=lirx, 
f{x)—\'7r{'7r — x), 

The Fourier’s Series for/(x) in this case is the Cosine Series 

111 1 1 1 
|g2COs2a;+g^cos6x4-j^cos lOoc-1-...j , 

which is again uniformly convergent in any interval. 

The approximation curves 

y = ~ J cos 2a;, 

2/= J cos 2a? — xV cos 6a;, 
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are given in Fig. 30, along with. y=f{^), for the interval (0, tt), 
and again it will be seen how closely the second of these curves 
approaches y =f{x) right through the interval. 



0 ) 



It will be noticed that in both these examples for large values 
of n the slope of y = s^{x) nearly agrees with that of y=f{x), 
except at the corners, corresponding to dziTr, where /'(a;) is 
discontinuous. This would lead us to expect that these series 
may be differentiated term by term, as in fact is the case. 

112. When the function /(cc) is given by the equation 
f(x)=x, — 7r<CiC<:7r, 

the corresponding Fourier’s Series is the Sine Series 
2 {sin x — ^ sin 2x + J sin ~ ...}. 

The sum of this series is x for all values in the open interval 
- ttCxCtt, and it is zero when x = i-Tr. 

This series converges uniformly in any interval (~7r+^, 7r-<5) 
contained within { — tt, tt) (cf. § 107), and in such an interval, by 
taking n large enough, we can make the approximation curves 
oscillate about y=^x a,s closely as we please. 

Until recent years it was wrongly believed that, for large values 
of n, each approximation curve passed at a steep gradient from the 
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point ( — TT, 0) to a point near ( — tt, ~ tt), and then oscillated about 
y=x till X approached the value tt, when the curve passed at a 
steep gradient from a point near (tt, tt) to (tt, 0). And to those 
who did not properly understand what is meant by the sum of an 
infinite series, the difference between the approximation curves 

y=^s^{x), 

for large values of n, and the curve 2 / = lim Sn{x) offered consider- 
able difficulty. 

In Fig. 31, the line y = x and the curve 

2 / = 2 (sin x~-\ sin 2a? 4- sin 3a? — sin 4a? -h 1 sin 5a?) 
are drawn, and the diagram might seem to confirm the above 



view of the matter — namely, that there will be a steep descent 
near one end of the line, from the point ( — tt, 0) to near the point 
( — TT, — tt), and a corresponding steep descent near the other end of 
the line. But it must be remembered that the convergence of this 
series is slow, and that n=^ would not count as a large value of n. 
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113. In 1899 Gibbs, in a letter to Nature,* painted out tbat 
the approximation curves for tbis series do, in fact, bebave in 
quite a different way at tbe points of discontinuity ztiTr in tbe 
sum. He stated, in effect, tbat tbe curve y — s^{x), for large 
values of n, falls from tbe point ( — tt, 0) at a steep gradient to a 

point very nearly at a depth 2 J dx below tbe axis of x, tben 

oscillates above and below y=^x close to tbis line until x approaches 

TT, when it falls from a point very nearly at a height 2 1 dx 

Jo X 

above tbe axis of a; at a steep gradient to (tt, 0). 

Tbe approximation curves, for large values of n, would thus in 
( — TT, tt) approach closely to tbe line y = xoi Fig. 32 with tbe lines 
parallel to tbe axis of y as drawn in tbat figure. 



His statement was not accompanied by any proof. Though 
tbe remainder of tbe correspondence, of which bis letter formed 
a part, attracted considerable attention, tbis remarkable observa-^ 
tion passed practically unnoticed for several years. In 1908 
B ocher returned to tbe subject in a memoir f on Fourier’s Seriesi, 
and greatly extended Gibbs’s result. He showed, among other 
things, that the phenomenon which Gibbs had observed in thb 
case of this particular Fourier’s Series holds in general at ordinary 
points of discontinuity. To quote his own words ;J 

* Nature, 59 (1899), 606. 

■\ Annals of Math., (2), 7 (1906), 81. 

Xloc. cit., p. 131. 
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If fix) has the period 27r and in any finite interval has no discon- 
tinuities other than a finite number of finite jumps ^ and if it has a 
derivative which in any finite interval has no discontinuities other 
than a finite number of finite discontinuities, then as n becomes 
infinite the approximation curve y.^s^ix) approaches uniformly the 
continuous curve made up of 

(a) the discontinuous curve y~f(x), 

(b) an infinite number of straight lines of finite lengths parallel 
to the axis of y and passing through the points a^, a^, on the axis 
of X where the discontinuities of f (pc) occur. If a is any one of these 
points, the line in question extends between the two points whose 
ordinates are 

DP DP 

TT TT 

where D is the magnitude of the jump in f{x) at a,* and 

-0-2811. 

Jt » 



no. 33. 


TMs tEeorem is illustrated in Fig. 33, where the amounts of 
the jumps at a^, a^ are respectively negative and positive. Both 
Gribbs and B6cher thought they were describing properties previ- 
ously unknown. However, in 1848, Wilbraham f had noticed its 

* i.e. D^fia + 0) -f{a - 0). 

tCam6. and Dublin Math. Journal, 3 (1848), 198. 
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jccurrence in the approximation curves for the series 

and 1)^-1 

And in 1874 du Bois Reymond * would have reached the same 
conclusion, both for Fourier’s Series and Integrals, had he not made 


J 'iX ^ 

dt. when n->oo 

0 ^ 

and x-^0 simultaneously. In recent years a number of other 
writers have dealt with the matter, and the property in Fourier’s 
and other series is now well known as the Gibbs Phenomenon. f 

114 . 1 . The series on which Bocher founded his demonstration 
of this and other extensions of Gibbs’s theorem is 
sin 0 ? + J sin 2x sin , 

which, in* the interval (0, 27 r) represents the function /(x) defined 
as follows : /(O) = /(27r) = 0, 

/(x) = Ktt - x), 0 <X< 27 r. 

In this case 

^n(i«^) = sin X 4 -h sin 2x -h... 4-- sin nx 
2 n 

= 1 (cos a 4-cos 2a + ... +COS na)da 
•^0 

sinja ^ 

The properties of the maxima and minima of Sn{x) are not so 
easy to obtain, J nor are they so useful in the argument, as those of 
RJx) = J(7r - x) - sjx) 


= i'7r-l 


J n sm *a 


In his memoir Bocher dealt with the maxima and minima of 


*Math. Annalen, 7 (1874), 241. 

fCf. Enc, d. math, Wiss., Bd. II, Tl. Ill, 2, p. 1203. In addition to tlie papers 
referred to on pp. 1203-4, the following may be named: 

Weyl, Rend. Qirc. Mat. Palermo, 29 (1910) and 30 (1910). 

Cooke, Proc. London Math. Soc. (2) 22 (1928), 171. 

Wilton, Journal Jar Math., 159 (1928), 144. 

And a historical note by Carslaw, Bull. Amer. Math. Soc., 31 (1925), 420. 
JGronwall discussed the properties of s^^x) for this series, and deduced the Gibbs 
Phenomenon for the first wave, and some other results. Cf. 3Iath. Annalen, 72 
(1912). Also Jackson, Rend. Giro. 3Iat. Palermo, 32 (1911). 
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JS„(£c), and lie called attention more than once to the fact that 
the height of a wave from the curve y=^f{x) was measured parallel 
to the axis of y. This point has been lost sight of in some exposi- 
tions of his work. 


114. 2. However the series 

2(sin X + sin + \ sin 5x + ,,.) 

has certain advantages as an approach to the Gibbs Phenomenon, 
This is the Fourier’s Series ioTf(x), when 

y(a;)=— J tt for ~-'7rCx<0 "j 
= j 7 r for 0<Cx<C7r }- 
/(-7r)=/(x)=/(0)=0. J 


and 

Let 

Then 

and 

Also 


..W-2 ± 


, . sin 


2na 


da. 


•( 1 ) 


But X cosec X continually increases from 1 to Jtt as a? passes 

X 


from 0 to Jtt and OcS — ^ 


31 5 !^***"^^! 


Thus 


S«(»)- Jo 


■ da X dx 

J o 

x^ when 0<a;^i7r. 
24 


If we take the arbitrary positive number e, there is a corre 
spending positive number rj, such that 
sin a 


r2n 

Sn(a=)-J^ 


dajce when O^x^rj, 
and this holds for all values of n. 

Thus, if we choose n so large that have 


.( 2 ) 
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that is 


Sn (i 


■TT \ / TT 1 sin a 


2n) \ 2 


.1,- 


da [^<e. 


TMs skews tkat the a'pproxiynation curves y~sj^x) for this series 
rise above the sum in the right-hand neighbourhood of the origin by 
: r“ sin a 


nearly 


' da\, when n is sufficiently large. 


Tke integral 1 


' smic 


Jr 

Or, we may put tke matter as follows : 

p sin a 


dx is known to be approximately —0-2811,’^ 


Let 


l/=f- 


a 


da=<f>{x). 


Tke turning points of this curve occur wken x = rir ; tke odA o 
mxiltiples of tt give maximum ordinates; tke even multiples give ;| 
minimum ordinates. 

f ^ da towards Jtt 
J o a 


Tke maxirda continually decrease from 
wken x-^co . 

Tke minima continually increase from I da towards 

wken x^co . ® ^ 

If tke abscissae of tkis curve are reduced in tke ratio 1 ; 2w, we 
obtain tke curve 

sin a , 

^ = Jo 

and, wken n increases, tke turning points of tke curve come closer 

and closer to x — 0, tke first (and largest) ordinate being always at 

tt r 1 • 1 f ”” sin a , -TT 1 sin a , 1 

X — and of keigkt I -^ + | da . 

2n' ^ Jo a 2 IJrr CL j 

By (2), tke curve y = s^fx) in tke neigkbourkood of tke origin 

1 T, r f-^-^sina, 

differs by tke arbitrarily small € from tke curve y=\ da. 

Jo Cl 

_ _ sin (2r— l)ir 

The Trigonometrical Sum 2 

115. Tke discussion in § 114. 2 establiskes tke existence of tke 

^ sin (2n llsi 

Gibbs Pkenomenon in tke Fourier’s Series 2^ 

as we skall see in § 117, it can at once be deduced tkat tke pkeno- 
menon will appear at x = a in tke approximation curves for tke 


‘Cf. B6cher, loe . cit ., p. 124. 
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Fourier’s Series for any function f{x) with an ordinary discon- 
tinuity at x — a, iif{x) satisfies Dirichlet’s Conditions in ( - tt, tt). 
But the approximation curves 

y = 2 (^sinaj -t-~ sin Sx + ... sin (2n- l)x^ = Sn{x) 

are worth a more detailed examination, for it will be found that 
from the properties of their turning points and their graphs, the 
Gibbs Phenomenon is exhibited in the clearest possible manner.* 
In this section we proceed to obtain the properties of the maxima 

and minima of these approximation curves y = 2^^ — ^ 
when 0 <a;< 7 r. * i 2r-l 

I, Since, for any integer m, 

sin (2m - l)(i7r ~{-x')~sin (2m - l)(j 7 r - x'), 

it follows from the series that symmetrical about x = j 7 r, 

and when x~0 and x^ir it is zero. 


IT. When 0<a?<7r, Sn{x) is 'positive. 

From (I) we need only consider 0<.x~^7r. We have, by 
§ 114 . 2 ( 1 ) 



sin 2na 
sin a 




2n 


da, 


0 <ZX ~ 


The denominator in the integrand is positive and continually 
increases in the interval of integration. By considering the 

successive waves in the graph of sin a cosec the last of which 

may or may not be completed, it is clear that the integral is 
positive. 


III. The turning points of y = Sy^{x) are given by 

TT OTT 2n — 1 , . ^ 

= ’ ^2n-i== 2n 

_ TT _ 27r n — 1 / . . . 

= — » •** . aJ 2 (n-i)=-^ tt {m%mma). 


*§§ 115-117 are founded on a paper by the author in the American Journal of 
Mathematicay 39 (1917), 185. The computations for Fig. 34 and Fig. 35 were 
made by Mr. F. G. Brown, B.Sc. 
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We have 


y- 


=r 

JO 


'“sin 2wa 


da, and = 


dy 

dx 


sin 2 MX 
sin a? 


sin a 

The result follows at once. 

IV. As we proceed from x = 0 to x — ^w, the heights of the *Mmxima 
continually diminish, and the heights of the minima continually 
increase, n being kept fixed, 

y 



as 


a 











The curve when 7i=6. 

no. 34, 


Consider two consecutive maxima in the interval Ocx^ 


- TT^ and Sn being a positive integer 


T /2m - 

namely, " J V 2n 

less than or equal to J(n — 1). W"e have 


2m - 




K). 


/2m +1 
2n 


1 sing 


J {2m - Dtr J 5 

I 2n 


2n 


'(2m+i)Tr sin a 


da 


2mir 


2n 


The denominator in both integrands is positive and it con- 
tinually increases in the interval (2m — l) 7 r ^ a ^ (2m +l)7r; also 
the numerator in the first is continually negative and in the second 
continually positive, the absolute values for elements at equ al 
distances from (2m — l)'7r and 2m7r being the sam^; 
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Thus the result follows. Similarly for the minima, we have to 
examine the sign of 

(m — 1 \ fm \ 

where m is a positive integer less than or equal to 

V. The first maximum to the right of x~0 is at x = ^ and its 

A n 

height continually diminishes as n increases. When n tends to 
infinity^ its limit is 



mmiimmmmmmmmmmmmmssm 


mmmmmm 
kiaiwffiMi 




BlsasanBisriwiipi 


immmmfA 
iniMKi 
immammik 

—mmmmm 


mmrmmmmm 
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■1 

■1 

■1 

■1 
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■■ 

HR 
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H 
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H 

■ 

■ 

■1 

■ 

■ 

HIM 

■H 

dPSII 


mmmmmM 

MkllVW 

K^mmm 
mmmmm 

mmmiwm 

■■KliVH 

mmmmmm 


We have 


The curves y = 5n(^)» when n=:l, 2, 3, 4, 5 and 6. 
Fig. 35. 


^7r\ f^''sin2na. If”*- u. , 

.Tnr], 

(^) ~ (2^+2) 

/I a 1 a A , 

= sin a cosec ^ ^ _ cosec ^ ) da. 

J 0 \^n ^n ^n -f-S ^n 


Since a/sin a continually increases from 1 to 00 , as a passes 
from 0 to TT, it is clear that in the interval with which we have 

to deal 1 a 1 ^ 

^ cosec ^ ^ — — cosec r; x >0. 

2n 2n 2n~h2 2^+2 
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Tiius 


2^)-- 


(2(>t + l)) 


> 0 . 


V2(>t + 1)> 

But, from (II), is positive wlieu OcxCtt. 

It follows that Sn tends to a limit as n tends to infinity. 
The value of this limit can be obtained by the method used by 
Bocher for the integral J ^sm * Ta ~ ^ readily 

obtained from the definition of the Definite Integral. 

\ a • 'tt , 2n - Stt , 


(2n-l)ir^ 


2n 
2n~ 1 
2n 


2n 

/sin mh ,\ 


sin mh j 

= 2S 

m = l \ 
2»h =«•/ 

K^irV 

j«=i > ^ 
■nh =Tr i 

mh 

~^=2( 

'"■sina? , 
dx — 

f"’ sin X 

II 

.2nJ J 

0 

Jo ^ 

Jo 


k). 


Therefore 


VI. The result obtained in (V) for the first wave is a special 
case of the following : 

2t — 1 

The maximum to the right of x — 0 is at 


r: 


its height continually diminishes as n increases, r being he'pt constant. 
When n tends to infinity, its limit is 

■^^’^sin X j 

dx, 

10 ^ 

which is greater than Jtt. 

The minimum to the right a; = 0 is at x^^ = ~ 'tt, and its height 

continually increases as n increases, r being hejpt constant. When 

n tends to infinity, its limit is I dx, which is less than Jtt, 

Jo ^ 

To prove these theorems we consider first the integral 

a 1 




^ cosec ^ 
2n 2n 


ci cosec ^ 
2n+2 2n 




m being a positive integer less than or equal to 2^ — 1, so that 
0 <:^< 7 r in the interval of integration. 


* Annals of Math., (2), 7 (1906), 124. 
Variable, 2 (2nd ed., 1926), 494. 


Also Hobson, Theory of Functions of a Real 



302 


THE APPROXIMATION CURVES AND THE [cb. ix 


Then F(a) = ^ cosec ^ cosec 2/^3 >0 

iU this interval. (Cf. (V).) 

Further, 


777// \ 1 « a 

(a) = cos _ , „ coseC' ^ . 

^ ^ (2^ +2)2 2yi+2 2n +2 ( 2 n) 


; COS cosec^ 
2 n 


2 n 


= a 2(^2 (jQg ^ C0sec2 (jQg ^ C0Sec2 \/r}, 

where <p = aj{ 2 n + 2 ) and 'x/^ = a/2n. 


But cos ^ cosec2 0) 

= — <p cosec® ^ [^(l^cos ^)2i±:2 cos ^(^{k^sin ^)j. 


And the right-hand side of the equation will be seen to be 
negative, choosing the upper signs for 0<^<j7r and the lower 
for ^7r<C0<C7r. 

Therefore cos </> cosec® ^ diminishes as <p increases from 0 to tt. 
It follows, from the expression for F'(a), that F'(a)>0, and 
F(a) increases with a in the interval of integration. 

The curve 


^ 2 ^)’ - ’ 
thus consists of a succession of waves of length tt, alternately 
above and below the axis, and the absolute values of the ordinates 
at points at the same distance from the beginning of each wavp. 
continually increase. 

It follows that, when m is equal to 2, 4 , ... , 2 (n — 1 ), the integral 

_ sma(2^cosec^-g^cosecg^jc?a 

is negative ; and, when m is equal to 1 , 3 , ... , 2 ^^ - 1 , this integral 
is positive. 

Returning to the maxima and minima, we have, for the 
maximum to the right of a: — 0, 

^n(^2r-l) ^n+-l(^2r— l) 


2r-l^ 

2n 


sin 2 na 


=J, 

r(2r-l)7r / Y 

= Jo 


Sin a 
I 


a 

cosec - 
27 t 2 n 


2 n + 2 


cosec 


a 


2 n +2 


)da. 


Therefore, from the above argument, 5n(£P2^^i)>fifn+i(®2r-i)- 
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Also for the r“' mmimtiin to the right of x=0, "we have 

=1'" Sin a cosec - 3 ^ +-5 2n^) 

and s„(a; 2 ,)<s„+i(a; 2 ,.). 

By an argument similar to that at the close of (V) we have 
Um s„(x,.) = * dx* 

It is clear that these limiting values are all greater than Jtt for 
the maxima, and positive and less than Jtt for the minima. 

The Gibbs Phenomenon for the Series 
2(sin X sin Sx + J- sin 5cc + ...). 

116. From the Theorems I-VI of § 115 all the features of thft 
Gibbs Phenomenon for the series 

2 (sin X + J sin Zx sin 5x + — tt — Tr, 

follow immediately. 

It is obvious that we need only examine the interval Q-^x 
and that a discontinuity occurs at a; = 0 . ! 

For large values of n, the curve 

where s^ix) = 2 (^sin sin Zx+... 1 ““ 

a steep gradient from the origin to its first maximum, which M 
very near, but above, the point (fi? J - dx^ (§ 115, V). Th^ 

curve, then, falls at a steep gradient, without reaching the axis 
of X (§ 115, II), to its first minimum, which is very near, but below, 

the point oscillates above 

and below the line y = ^ 7 ry the heights and (depths) of the waves 
continually diminishing as we proceed from x — 0 to x = ^ir (§ 115, 
IV); and from cc = | 7 r to x = 7 r, the procedure is reversed, the 
curve in the interval 0 ^x~ 'tt being symmetrical about x = J-tt 

(§ 115, I). 

The highest (or lowest) point of the wave to the right of 


* Eor the values of \ dxr see A.nnaZs of Math., (2), 7 (1906), 129. 

Jo ^ 
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x~0 will, for large values of n, be at a point whose abscissa is 
(§ lib. III) and whose ordinate is very nearly 

r dx a 115, VI). 

1 0 ^ 

By increasing n the curve for 0 ^ sc ^ tt can be brought as close 
as we please to the lines 



We may state these results more definitely as follows : 

(i) If € is any positive number, as small as we please, there is 
a positive integer v' such that 

l l-Tr ~ <e, when 

This follows from the uniform convergence of the Fourier’s 
Series for fix), as defined in the beginning of this section, in an 
interval which does not include, either in its interior or at an end, 
a discontinuity oifipo) (cf. § 107). 

(ii) Since the height of the first maximum to the right of = 0 

sin X 

tends from above to dx as n tends to infinity, there is a 

Jo ^ 

positive integer v" such that 

n^v". 
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(iii) Let v'" be tbe integer next greater than Then the 

abscissa of tbe fixst maximum to tbe right of when 

is less than €. 

It follows from (i), (ii) and (iii) that, if v is the greatest of the 
positive integers v" and j/'", the curve S/ = s„(x), when n^v, 
behaves as follows : 

It rises at a steep gradient from the origin to its first maximum 
which is above I — ^ dx and within the rectangle 

0Cx<Ce, 

J 0 

After leaving this rectangle, in which there may be many oscilla- 
tions about y — Jtt, it remains within the rectangle 
€<ZX<i'n — e, — €<Zy<i^nr +€. 

Finally, it enters the rectangle 

7r-e<a;<7r, 0 <y<| da? 

and the procedure in the first region is repeated.* 

The Gibbs Phenomenon for Fourier’s Series in General. 

117. 1. Let /(a;) be a function with an ordinary discontinuity 
when x — a^ wMch satisfies Dirichlet’s Conditions in the interval 

ir^X -^ir. 

Denote as usual by /(a -hO) and /(a — 0 ) the values towards 
which /(x) tends as X approaches a from the right or left. It 
will be convenient to consider /(a 4-0) as greater than f{a — Qi) in 
the description of the curve, but this restriction is in no way 
necessary. 

Let (/> (x - a) = 2^ sin ( 2 r - l)(x - a). 

Then <p(x~a)= Jtt, when a<.xC 7 r +a, 

ct> {x — a)=-hir, when — -h- 4-a<x<a, I 
0 (+O)= Jtt, ^(“ 0 )=— Jtt, 

0 ( 0 )= 0 and 0 (x) = ^(x 4-27r). 

*The cosine series 

— - l^cos X cos Sx + i cos 5x 4- 

which represents 0 in the interval 0 ^x <Z and ^rr in the interval Jtt < a: = tt. 
can be treated in the same way as the series discussed in this article. 
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Now pBt 

^lr{x) =f(x) - iifia + 0 ) +JXa - 0 )} - {/(« +<» -/(« " 0)}<p{x - a), 

and letj'{x), wHen x~a, be defined as J(/(« -hO) +f(a — 0)}. 

Then \jy (a +0) = -yj/- (a - 0) = \lr {a) = 0, and (x) is continuous at 
x — a. 

The following distinct steps in the argument are numbered for 
the sake of clearness : 


(i) Since xpix) is continuous x = a and (a) = 0, if e is a positive 

number, as small as we please, a number rj exists such that 
\xlr{x)\ <^6, when \ x- 

If T] is not originally less than e, we can choose this part of rj 
for our interval. 


(ii) xp-^x) can be expanded in a Fourier’s Series,* this series being 

uniformly convergent in an interval p contained within an 

interval which includes neither within it nor as an end-point any 
other discontinuity of/{x) and <p{x — a) than x = a (cf. § 108). 

Let 5„(a;), cji jx — a) and xp^ni^) sums of the terms up to 

and including those in sin nx and cos nx in the Fourier’s Series 
for f{x), (p {x — a) and x/^ {x). Then e being the positive number 
of (i), as small as we please, there exists a positive integer such 
that * 

I “* '^P{^) I when n ^ v', 

the same v' serving for every x \jl a^x^ 

Also \xly^{x)\^\xly^{x)~xp(x)\ +|Y.(a:)|<|e+i€ = Je, 
in |a; — a|^ if a<a — ?;<a<a and n'~v. 

(iii) Now if n is even, the first maximum in <p^{x-~a) to the 


right of cc = ci is at a + ; and if n is odd, it is at a + In 

n • ^ + 1 

either case there exists a positive integer v' such that the height 

of the first maximum lies between 


£ 


sin£c 


dx and 


r 


■dx^. 


2{/(a+0)-/(a-0)}’ 


when n ^ i 


(iv) This first maximum will have its abscissa between a and 


a provided that 


*lf /(«) satisfies Dirichlet’s Conditions, it is clear from the definition of <f>{x^a) 
that yp {x) does so also. 
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Let v" be the first positive integer wbicli satisfies this in- 
equality. 

(v) In tbe interval s^ix) converges uniformly 

to f{x). Therefore a positive integer exists such that, when 
n ^ 

the same serving for every x in this interval. 

Now, from the equation defining -^(x), 

Sn{x) = Uf{<^+0) +f{a-0)) ^„(a; - a) +V-„(a,). 

TT 

It follows from (i)-(v) that if v is the first positive integer greater 
than /, I/", u" and the curve y = s^(x), when in the 

interval behaves as follows : 

When x = a, it passes through a point whose ordinate is within 
of 4 (/(c^ +0) 4-/(a — 0)), and ascends at a steep gradient to a 
point within e of 

iifia +0) 4-/(a - 0)} + /(°±0)-/("-0) f' 

TT Jo 

This may be written 

^0) ax, 

and, from Bocher’s table, referred to in § 115, we have 

r -0*2811. 

Jvr X 

It then oscillates about y=f{x) till x reaches a +rj, the character 
of the waves being determined by the function <l>n{x — a), since the 
term V^„(cc) only adds a quantity less than ie to the ordinate. 

And on passing beyond x = a-\-7'], the curve enters, and remains 
within, the strip of width 2e enclosing y=f{x) from x = a+7] to 
X — p. 

On the other side of the point a a similar set of circumstances 
can be established. 

Writing II=:/(a +0) — /(<z — 0), the crest (or hollow) of the first 
wave to the left and right of = a tends to a height 

/(a - 0) + f(a + 0) - 

where P^= 

ml TT 
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117. 2. The argument of the previous section can be at once adapted to the 
case of summation by Arithmetic Means, and it will be seen that, if we can 
show that the Gibbs Phenomenon does not occur in the approximation curves 
for a single example of Fourier's Series with this method of summation, it 
cannot appear in these curves for any function satisfying the conditions of 
§ 101, at a point of ordinary discontinuity.’*' 

It is, however, easy to show that it does not occur in the curves 2 /'=tr„(x) 
for the Fourier’s Series corresponding to the function in § 114. 2. 

For this case, we have f(x)= when —ttcxcO, and/(a;) =^Tr, when 

0 < a; < TT. 

But from § 101 we know that, when y(r) is bounded and integrable in ( — tt, tt). 


in-l 1 rrr 


f(^') 


sin^ (x' — x) 


sin® i {x' — x) 


dx\ 


and 




dx' = 2mr. 


sin® \n{x' - 
sin® ^ (re' - r) 

Thus, for the function with which we are now concerned, 

I I y M 1 r”" 1 .r/ yv , sin® -re) , , 

. kn(*)l =-- 2 ^ ) \f(^ )l sinHC*' -») 

1 sin® In (re' -re) , , 

^ 4n j _ TT sin® |(re' - re) ^ * 

< i^r. 

By § 1 15, II, the sums when 0 < re <: ir, are all positive. 

It follows that 0 < <r„(re) < ^tt, when 0 < re < w. 

But we know by § 101 that <r,t(re) converges uniformly to in any interva 
wholly within (0, tt). 

Thus the Gibbs Phenomenon does not occur when the Fourier’s Series 
2(sin re + ?. sin 3re + sin 5x + . . .) 
is summed by Arithmetic Means -t 
In this example, by § 114. 2 (1) 

i 2rt 




2 

2?n- 1 J o sin< 


dl. 


It can be shown that, as we proceed from 0 to ^tt, the ordinates of th3 
maxima continually increase, and that the same holds of the minima. 

The last maximum in 0 re-^ ^tt, has the greatest ordinate for the whole 
interval, and when n~^ao , this tends to from below. 

The curve y =ir 2 ,n+i{^) n — G is given in Fig. 37, and it is interesting to 
compare it with the curve of Fig. 34, which corresponds, with this notation, to 
y—s^nix) forn==6. 

In the case of the ordinary sums the approximation curves y=Sn{x) are 
brought within the shaded part of Fig. 38 by taking n large enough. 


♦For another proof see § 4 of a paper by Fejer in Math. Annalen^ 64 (1907), 273. 

sin(2r - l )re 


fit should he noticed that with the notation of this section •Sg/i— i ==2Ii 


2r-l 


and that ='®an» since the coefficient of sin 2»rc is zero. 
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III the case of the arithmetic means the approximation curves 
2 /=<r„(a:) are brought within the shaded part of Fig. 39 by taking n large 
enough. 





The width of the shaded part in these diagrams may be taken as small as 
we please. 
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CHAPTER X 


FOURIER’S INTEGRALS 


118. When tlie arbitrary function f{x) satisfies DiricMet’s ? 
Conditions in tbe interval {-I, 1), we have seen in §98 that the > 
sum of the series 

fl\ fix') cos (x' -x)dx’ ( 1 ); 

is equal to i[f{x+0)+f{x-0)] at every point in -l<x<l;i 
where /(:c+0) and/(a:;~0) exist; and that at x=±l its sum 
is +0) +f{l - 0)], when these limits exist. 

Corresponding results were found for the series 

j-J f{x')dx' 2 /(^^) cos — a;' dx\ (2) 

and j 2 sin ^ x^ f[x') sin ^ cc' dx\ (3) 

in the interval (0, 1). 

Fourier’s Integrals are definite integrals which represent the 
arbitrary function in an unlimited interval. They are suggested, 
but not established, by the forms these series appear to take as I 
tends to infinity. 

If I is taken large enough, -r/Z may be made as small as we please, 
and we may neglect the first term in the series (1), assuming that 

f /(a;) da? is convergent. Then we may write 

J - X 

Y S [ /(®0 cos ^ ix' - x) dx' 
as I iJ-i ‘ 


- fi^') cos Aa (x' 

where Aa=Tr/Z. 


-a:)(ia;'+Aaj* cos 2 Aa(x' , 
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Assuming that this sum has a limit as l~^oo , an assumption 
which, of course, would have to be defended if the proof were to 
be regarded as in any way complete, its value would be 


-►•/•oo pOO 

- da 

I 0 a. — O 


f{x') cos a (a?' — x)dx'. 


and it would follow that 

if 

TT, 


da 
rJo 


r. 


f{x') cos a{x' — x)dx' = ^ [/(^ +d) 4-/(a; — 0)], 

— CO <Zx<Coo , 


when these limits exist. 

In the same way we are led to the Cosine Integral and Sine 
Integral corresponding to the Cosine Series and the Sine Series : 

21 


ry poo pec 


■0)L 


- 0 )], 


0<a;<oo , 


I cos ax cos ax' dx' 

= 4[/(®+0) +/(a:- 

~ I /(^O sin ax' dx' 

•TrJ 0 Jo 

, =i[/(a:+0) +/(a:- 

when these limits exist. 

It must be remembered that the above argument is not a proof 
of any of these results. All that it does is to suggest the possi- 
bility of representing an arbitrary function /(x), given for all values 
of X, or for all positive values of x, by these integrals. 

We shall now show that this representation is possible, pointing 
out in our proof the limitation the discussion imposes upon the 
arbitrary function.* 

119. Let the arbitrary function f{x), defined for all values of x, 
satisfy Dirichlef s Conditions in any finite interval , and in addition 

let I f (x) dx he absolutely convergent, 

J — CO 

Then 

— r^daf” f{x')cosa{x'^x)dx' = \[^f{x-\-0)+f{x~~-(y)']y 

irj 0 J _ oc 

at every point where f{x -i-0) andf{x'-0) exist. 

Having fixed upon the value of x for which we wish to evaluate 
the integral, we can choose a positive number a greater than x 
such that /(ic') is bounded in the interval a — x'^^b, where b is 


♦See footnote, p. 230. 
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arbitrary, and | \f(x')\dx' converges, since with our definition of 

tbe infinite integral only a finite number of points of infinite dis- 
continuity were admitted (§ 60). 

It follows that f{x')cos a (x' — x) dx'- 

J a 

converges uniformly for every a, so that this integral is a con-, 
tinuous fimction of a (§§ 83, 84). 

Therefore f da\ f{x') cos ol(x' — x) dx' exists. 

Jo Ja 

Also, by § 85, 

I da I f{x') cos a {x' — x) dx' = f dx' f f{x') cos a (x' — x) da 
Jo Ja Ja Jo 

,^siiig(x' — x) , , 

/(» ) — 

But x' — x^a — x>0 in x' ^ a, since we have chosen a:>x. 

And I \f{x')\dx' converges. 

J a 

Therefore J ^^r-^dx' also converges. 


It follows that 


'-dx' 


converges uniformly for every q. 

Thus, to the arbitrary positive number e there corresponds a 
positive number A:>a, such that 


f /(a;') dx' <Je, -when A' ^A> a, 


-( 2 ) 


the same A serving for every value of q. 

But we know from § 94 that 

X'-X 

= Mmr~y{u+xf^du 

q—^oo J a — a; 

= 0 , 

since f{u+x) satisfies Dirichlet’s Conditions in the interval 
(a — a;. A— x), and both these numbers are positive. 
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Thus we can choose the positive number Q, so that 
I f'V (*0 dx' Ide, wken q Q. 

\J a X ~X 

It follows from (2) and (3) that 

^ x'~x 

when q^Q, 


(3) 


Thus 


lim 

q — >-e» 




,^Binqix’-x)d^,^Q 

X —X 


and from (1), I dal f(x')cosa{x'—x)dx' = 0 

Jo J a 

But, by § 87, 

P da f f{x') cos a (x' — x) dx' = f dx' f / {x') cos a {x' — x) da 
.1 0 J flc J X J 0 

_£ /(«+x)5Mi,. 

Letting q-^co , we have 

J daj /(a;') cosa(a;' — a;) da::' = "/(a? 4-0)» 

when f{x +0) exists. 

Adding (4) and (5.), we have 


.(4) 


.( 5 ) 


f daf /(ic') cosa(a;' — a;) da?' = ^'/(£C +0), (6) 

Jo Jx ^ 

when f(x +0) exists. 

Similarly, under the given conditions, 

J daj f(x')cosa{x' — x)dx' = ~f{x — 0)j (7) 

when f(x — 0) exists. 


Adding (6) and (7), we obtain Fourier’s Integral in the form 

— f da f f{^') cos a (x' - x) dx' — \[f{x +0) 4-/(aj - 0)] 

TT J 0 J - CO * 

for every point in —oocajCoo, where /(a?H-0) and f(x — 0) 
exist. 
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120. More general conditions for f (x).* In this section we shall show that 
Fourier’s Integral formula holds if the conditions in any finite interval remain 

as before, and the absolute convergence of the infinite integral | f{x)dx is 
replaced by the following conditions : 

For some positive number and to the right of it^ fix') is boiDtded and mono- 
iotiic and lim f{x')=:0 ; and for some negative number and to the left of it^f{x') 

is bounded and monoUmic atid lim f{x')=0. 

Having fixed upon the value of x for which w^e wish to evaluate the integral, 
we can choose a positive number a greater than x, such that f{x') is bounded 
and monotonic when x' a and lim f{x') =0. 


r® 

Consider the integral \ f{x') cos a {x' — x) dx\ 

J a 

By the Second Theorem of Mean Value, 


oosa(rc' — a:) dx' =f {A') ^ cosa(x' — a;) dx' -{-fiA") ^ cosa{x' — x)dx\ 


where a < A' ^ ^ = A", 
Thus 


fix') COB a(x' —x)dx' \ co8udu+' 

i' a 


fjA") 

J*(^— J-) 


cos udii. 


Therefore 


fi,x') coBa{x' — x) dx' for a ^ 

}a' Qo 


But we are given that lim f(x')=0. 


It follows that 


fjo 

\ fi^') cos a{x' — x) dx' 

•a 


is uniformly convergent for ct ^ go > integral represents a con- 

tinuous function of a in a ^ go* 

Also, by § 85, 

io. r® r** T? 

I da\ f{x')coBa{x' — x)dx' — \ dx' \ f {x') coa a{x' —x) da 

■fa- -'■) 

But a;'-a;^a~;c>0in the interval x' ^ o, since we Jhave chosen a greater 
than x. 

And 

both converge. 


♦These extensions are due to Pringsheim. Cf. Math. Annalen^ 68 (1910), 367, and 
71 (1911), 289. Reference should also be made to a paper by W. H. Young in Proc. 
Royal Soc. Edinburgh, 31 (1911), 559. 



316 


FOURIER’S INTEGRALS 


[CH. X 


Therefore, from (1), 


rq rOO 

\ da. \ f(^') COS a{x' - x)dx* 

|^> 


Now consider the integral 

From the Second Theorem of Mean Value, 
} A''^ X —X 


(f < 1 -' t-^) 

where a <: A' ^ ^ ^ A". 

Also 

j.4' x'-x J^oU'-a;) u 

the limits of the integral being both positive. 


Therefore 


sing„(y;-a= )^^. (Cf.§91.) 

A* X X 


And similarly ^ dx' < tt. 


Thus, from (3), 


It follows that 




,, singo(a?^-a;) 


dx' <27rl/(A')i. 


V(^.) Singo(a::3 jr)^ 

^ V ' a;' - a; 


is uniformly convergent for Jq ^ 0, and by § 84 it is continuous in this range 

Thus Urn i” Ox' =0, (S 

since the integral vanishes when g^o— O- 
Also from (2), 

_ f ^ Sm g — Ol) , , ,, 


I ^ da y‘(irO cos a(a;I — x)dx' ~ f f{x') - 
.0 .« 


fda;'. (6) 


But we have already shown that the integral on the right-hand side of (6) 
is uniformly convergent for g — 0. 

Proceeding as in § 119, (2) and (3),* it follows that 

lim [“/(:»-) 


lim r/(*0 

Thus, from .(6), ( da f 'f{x') cos a{x' — x) dx' ~ 0. 

Jo Ja 


*Ot we might use the Second Theorem of Mean Value as proved in § 68 for the 
Infinite Integral. 



120 , 121 ] 


FOURIER’S INTEGRALS 


317 


But we know from § 119 that 

( da[ fix') cos aix' - x)dx' — \f{x + 0), . 

Jo Jx 


when this limit exists. 


Thus 


( 8 ) 

( 9 ) 


— i da.\ f{x') cos a{x' — x)dx' = ^f{x + 0), 

■^Jo Jas 

when this limit exists. 

Similarly, under the given conditions, we find that 

;i f da\ fix') cos aix' -x)~ J/(a; - 0), (10) 

X J 0 J — oo 

when this limit exists. 

Adding (9) and (10), our formula is proved for every point at which/(a:±0) 
exist. 

121. Other conditions for f(x). We shall now show that Fourier’s Integral 
formula also holds when the conditions at ±00 of the previous section ar# 
replaced by the following: 

(I) For some positive number and to the right of it, and for some negating 
number and to the left of it, fix') is of the form gix') cos (Aa;' 4-/>c), whe^. 
Qix') is bounded and monotonic in these intervals and has the limit 
as . 

Also, (II) ^ dx' and ^ dx' converge. 

We have shown in § 120 that when gix') satisfies the conditions na 
above in (I), there will be a positive number a greater than x such that 

f da[ gix') cos aix' — x)dx' — 0,. 

Jo J a 

But, if A is any positive number, 

1 da I gix') cos aix' — x)dx' 

Jo Ja 

da \ gix') cos aix' — x)dx' + I ^ \ gix') cos aix' — x) dx' 

-0 Ja J^ -a 

— da\ gix') cos aix' — x)dx' da\ gix') cos aix' ~ x) dx' 

J — X J a ‘ Jx .’ft 

= |5 da\ gix') cos aix' — x)dx' da f gix') cos aix' — x)dx' 

= da\ gix') cos ia + X)ix' -x)dx' da\ gix') cos ia - X)ix' ~x)dx'. 

Jo a Jo J« 

Therefore 
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Again we know, from § 120, that 

o 

gipcf) sin a{x' —x)dx' 


r 


is uniformly convergent for a ^ Aq > 0. 


It follows that f ^ ifa f gix'^) sin a{x' — x)dx' 

J Xq J a. 


exists, for > Aq > 0. 

Also 

da I g{x^) sin a{x' — x)dx' 


= ( dx' [ ^g(x') sin a(x' — x)da (by § 84) 
Ja JAo 




'\ f Ao(a;^ — x) cos Ai(a;^ — x) 


} 


%(a;o:£22ib(£r£) 

t ' ‘ X —X 


dx' 


f" 

- 

Ja 


y\ cog Ai(a;^ — a;) 


dx', ...(2) 




dx' 


since both integrals converge. 

But we are given that 

converges ; and it follows that 
also converges, so that we know that 


ri( 

Ja 




dx' 


dx' 


X —X 

is uniformly convergent for Aq ^ 0, and therefore continuous. 

Thus lim rg(x') (”4^ 

Ao "~^0 Ja X — X Ja ^ 

It follows from (2) that, when A > 0, 

da \ g(x') sin a(x' — x)dx' = ( dx' - I gix') dx', . . .(3) 

Jo Ja Ja ^ Ja ^ 

Also, as before, we find that, with the conditions imposed upon g(x'),* 
lim 


Therefore, from (2) and (3), 


. > 


da \ g(x') sin a(x' -- x}dx' 


° cos \{x'‘ — x') j f 


and 


da g{x') sin.a{x' — x)dx' =\ dx'. 

.a Ja ^ 


..(4) 

..( 6 ) 


♦This can be obtained at once from the Second Theorem of Mean Value, as 
proved in § 58 for the Infinite Integral; but it is easy to establish the result, as 
in § 119, without this theorem. 
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fX {-“o 

Again, since 1 da\ g{x^) STJia{x' — x)dx' 

•Jo .'a 

exists, we have da[ g{x') sbxa{x' ->x)dx" =0 (6^ 

J — X .'a 

From (6), and the convergence of [ da\ g{x') sin a{x' —-x)dx\ it follows 
that 

/•CO pco i-» roo 

j ^ I sin aix' — x)dx* — da | g{x'^) sin a{x' — x'^dx' =0. 

Thus 

/■CO rso /-CO /.» 

\ da. I g{x') sin (a + X) (a:' ~ x)dx' - I dal g{x') sin (a - A)(a:' - x)dx' =0. 

Jo Jet Jo Ja 

roa j-OO 

Therefore 1 da I g{x') sin X{x' — a;) cos a{x' - x)dx'=0 (7) 

Jo Ja 

Multiply (1) by cos {Xx + fx) and (7) by sin {Xx + ix) and subtract. 

It follows that 

/■CO pco 

I da I g{x') cos {Xx' + /x) cos a {x' — x)dx' = 0 (8) 

Jo Ja 

And in the same way, with the conditions imposed upon g(x'), we have 

[ 'da[ g{x') cos {Ax' + fx) cos a{x' — x)dx' — Q (9) 

Jo J-oo 

These results, (8) and (9), may be written 

( da ( f{x')cosa{x' — x)dx' — 0, \ 

L [ (10) 

I da j f{^') cos a (a;' — a:)da;'=0, J 

when f{x') =g{x') cos {Xx' + /x) in (a, co ) and ( — cx> , —a'). 

But we know that, when f{x) satisfies Uirichlet’s Conditions in ( - a', a), 

I da a;') cos a{a;'-a;)da;' = ^ [/(a; 4- 0) +/(a:-0)], (11) 

when these limits exist. [Cf. § 119 (5).] 

Adding (10) and (11), we see that Fourier’s Integral formula holds, when 
the arbitrary function satisfies the conditions imposed upon it in this section. 

It is clear that the results just established still hold if we replace cos {Xx' + fx) 
in (I) by the sum of a number of terms of the type 

cos {X^x' + ix^). 

- It can be proved * that the theorem is also Valid when this sum is replaced 
by an infinite series 

Ea,,cos(\„«' + /x„), 

when X converges absolutely and the constants so far arbitrary, tend 
to infinity with 


'Cf. Pringsheim, Math. Anyialen, 68 (1910), 399. 
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122. Fourier’s Cosine Integral and Sine Integral. In tiie case 
when /(a?) is given only for positive values of a?, there are two forms 
of Fourier’s Integral which correspond to the Cosine Series and 
Sine Series respectively. 

I. In the first place, consider the result of §119, when /(a?) 
has the same values for negative values of x as for the corre- 
sponding positive values of x : i.e. /( — a;) =f{x), 

Then ^ J daj f{^*) cos a (a:' — x) dx' 

= “ f da[ /(a?') [cos a {x* -fa;) 4- cos a (x' — x)] dx' 

'ttJ.o •^0 

= — I dal /(x') cos ax cos ax' dx'. 

'TT J 0 Jo 

It follows from §119 that when f{x) is defined for positive 
values of x, and satisfies Dirichlefs Conditions in any finite 

interval, 'while I /(x) dx converges absolutely, then 

e\ ^>3 

I da f{x') cos ax cos ox' dx' = J[/(x -f 0) 4-/(x — 0)], 

'TT J 0 Jo 

at every point %ohere f{x -fO) and f(x — 0) exist, and when x = 0 the 
value of the integral is f{ -fO), if this limit exists. 

Also it follows from §§120 and 121 that the condition at infinity 
may be replaced by either of the following : 

(i) For some positive number and to the right of it, /(x') 
shall be bounded and monotonic and lim /(x') = 0 ; 

a:'— >-50 

or, (ii) For some positive number and to the right of it, f(x') 

shall he of the form g{x') cos {\x' +ju), where g{x') is 

bounded and monotonic and lim (7(x') = 0. Also 

ra(x'),, , 

”x' m’ust converge. 

II. In the next place, by taking /( — x)-= —f{x), x'>0, we see 
that, when f{x) is defined for j^ositive values of x, and satisfies 

DirichleV s Conditions in any finite interval, while f /(x) dx con- 
verges absolutehj, then, ® 

. ^ f daf /(x') sin ax sin ox' dx' = f [/(x -fO) -f/(x — 0)], 

TT J 0 J 0 

at every point where f{x+0) and f{x — 0) exist, and when x — 0 the 
integral is zero. 
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Also it follows from §§ 120 and 121 tliat tlie condition at infinity 
may be replaced by one or 6tber of those given under (I). 

'It should be noticed that, when we express the arbitrary function 
f{x) by any of Fourier’s Integrals, we must first decide for what 
value of X we wish the value of the integral, and that this value of x 
must be inserted in the integrand before the integrations indicated 
are carried out (cf. § 62). 


123. Fourier’s Integrals. Sommerfeld’s Discussion. In many of the prob- 
lems of Applied Mathematics in the solution of which Fourier’s Integrals 
occur, they appear in a slightly different form, with an exponential factor , 
(e.g. added. In these cases we are concerned with the limiting value ' 

as t-^0 of the integral 

1 I'OO ,-5 

( 0 = ~ 1 \ f(^') cos a{x' — x)e'- dx\ 

J o J a 

and, so far as the actual physical problem is concerned, the value of the integral 
for t—0 is not required. 

It was shown, first of all by Sommerfeld,* that, when the limit on the right- 
hand side exists. 


lim - I daV f{x') cos a{x' — a;)e - dx' = ^ [/(a? 4 - 0) +f{x — 0)], 
t-»o^Jo Ju 


when acxdb, 

— ^f(a + 0), when x=a, 

= ^/(6 — 0), when a; = 6, 

the result holding in the ease of any integrable function given in the interval 
(a, 6). 

The case w’hen the interval is infinite was also* treated by Sommerfeld, but 
it has been examined in much greater detail by Young.t It will be sufficient 
in this place to state that, when the arbitrary function satisfies the conditions 
at infinity imposed in §§ 120-122, Sommerfeld’s result still holds for an infinite 
interval. 

However, it should be noticed that we cannot deduce the value of the 
integral 

1 r* 

— I da\ f{x') cos a{x' ~x)dx' 

TT Jo Ja 

from the above results. This would require the continuity of the function 


cfi{t) = — 1 da f{x') cos a{x* — x)e - dx' 

for ^=0. 

Wc have come across the same point in the discussion of Poisson’s treatment 
of Fourier’s Series. [Gf. § 99.] 


^Sommerfeld, Die, willkurlichen Functionen in der 7natheniatischen Physik, 
Diss., Konigsberg, 1891. 

fW. H. Young, loc. cit., Proc. Royal Soc. Edinburgh, 31 (1911). 
c.i. X 
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EXAMPLES ON CHAPTER X. 

1. Taking y*( a;) as 1 in Fourier’s Cosine Integral when 0 <a;< 1, and as zero 


when 1 < X, show that 

1 = 
1 


2 sin a c os ax 
VJo -a 
2 1 °^ sin a cos ax 

2 i °° sin a cos ax 


da, (0<a;< 1) 
da, (a? = 1 ) 

dx. (l<a;). 


2. liy considering Fourier’s Sine Integral for e-^x (^>0), prove that 
a sin ax , tt. 

and in the same way, from the Cosine Integral, prove that 


r°® cosarr •, tt - 
Jo + ^ • 


3. Show that the expression 
2a3 (■ “ 


/dx\ dO'^ ^ , 

cos 1 ) vr cos V dv 

Jo \ « / -0 


is t'<pial to when 0 ^ cc < a, and to zero when a; > a. 

2 _.sing6-singa 


4. Show that 


X 

sin qx + tan a 


}rfg 


is the ordinate of a broken line running parallel to the axis of a:’ from a; = 0 
to x—a, and from x~h to x = oo, and inclined to the axis of x at an angle a 
between x~a and x'~ h. 

5. Show that satisfies the conditions of §120 for Fourier’s 

Integral, and verify independently that 


2 r 


,'0 

da\ 


cos ax cos ax' 


/ dx"" 

s/x' ' 


■~—r- when a;> 0. 

\/X 


6. vShow that /(.r) satisfies the conditions of §121 for Fourier’s 

Integral, and verify independently that 




dx' sin X 
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PRACTICAL HARMONIC ANALYSIS AND PERIODOGRAM 
ANALYSIS 

1. Let y=f{x) be a given periodic function, vdth period 27r. We have sej^ 
that, for a very general class of functions, we may represent f{x) by its Fouriei^ 
Series 

ttg + ai cos x+a^^icoB 2^;+..^ 

+ 61 ^+^2 sin 2z + „J* 

where Uj, , ... &2» • • • Pourier’s Constants for/(a;). We may suppoi#? 

the range of a; to be 0 = a; S 277. If the period is a, instead of 2:7, the tern^j 

replaced by 2mrxla, and the range becomes 0 = x^ a, , : 

However, in many practical applications, y is not known analytically as a 
function of x, but the relation between the dependent and independent variables; 
is given in the form of a curve obtained by continuous observations. Or agamj 
we may only be given the values of y corresponding to isolated values of x^; 
the observations having been made at definite intervals. In the .latter cas^ 
we may suppose that a continuous curve is drawn through the isolated points 
in the plane of x, y. And in both cases Fourier’s Constants for the function 
can be obtained by mechanical means. One of the best known machines for the 
purpose is Kelvin’s Harmonic Analyser.* 

2. The practical q^uestions referred to above can also be treated by substi- 
tuting for Fourier’s Infinite Series a trigonometrical series with' only a limited 
number of terms. 

Suppose the value of the function given at the points 
0, a, 2a, ... (m~l)a, where ma=27r. 

Denote these points on the interval (0, 277) by 

% 

and the corresponding values of y by 

2/o» Vv Vm—V 

*Such mechanical methods are described in the handbook entitled Modern 
Instruments and Methods of Calculation, published by Bell & Sons in connection 
with the Napier Tercentenary Meeting of 1914. 
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Let = »o + cos x + cos 2a: + . . . + cos na;^ 

4- &i sin a; + 62 sin 2x 4 - . - . + sin nx f 

If 2?i 4 - 1 = m, we can determine these 2n 4 - 1 constants so that 
^w(^r)=yr> when r = 0, 1, 2, ... 2n. 

The 29^4-l eq[uations giving the values of osq, ... b^, ... are as 

follows: 

Uq 4- 4- • • . 4-aj)4-... =2/o 

ao + cos -h -hap cos jpa;i 4- . • - 4- cos nxj^ 'y 

I 

4 - &i sin a:^ 4 - . - • 4~ 63 , sin 4 - . . . 4 - &„ sin wa;i J 


aQ 4- «! cos a: 2 „ 4- ... 4- a,, cos px 2 ^ 4 - . . . 4- cos nxzn^ _ 


y2n| 


) 


= Xa/r: 

rj=0 


4- 61 sin x^n 4- ... 4- 63 , sin 3 ?a; 2 „ 4- .. . 4- sin nx^n^ 

Adding these equations, we see that 

(2714- l)ao = 

since 1 4- cos pa 4- cos 2pa 4 - ... 4- cos 2npa = 0, 

and sin pa 4- sin 2pa 4 - ... 4- sin 2njpa == 0, 

when (2n 4 - 1 )a = 27r . 

Further, we know that 

1 4 - cos pa cos ra 4 - cos 2pa cos 2ra 

4 - ... 4- cos 2npa cos 2nra = 0, p r-, 
cos pa sin ra + cos 2pa sin 2ra = 1, 2, 

4- ... 4- cos 2npa sin 2wra =0, \ r = 1, 2, 

And 1 4- cos^^a 4- cos*2jpa 4 - ... 4- cos22npa = ^{2n 4 - 1). 

It follows that, if we multiply the second equation by cos pXj, the third by 
cos px^, etc., and add, we have 

2n 

^ (2n + l)ap~ 'E^r cos pra. 

».=o 

Similarly, we find that 

2n 

J(2n 4- l)b 3 , = 2 sin pra. 


:}• 


A trigonometrical series of (2n4-l) terms has thus been formed, whose sum 
takes the required values at the points 

0, a, 2a, ... 2na, where (271.4- l)a = 27r. 

It will be observed that as n-^co the values of Uq, «!, ... and b^, bj, ... reduce 
to the integral forms for the coefficients, but as remarked in § 90, p. 218, this 
passage from a finite number of equations to an infinite number requires more 
careful handling if the proof is to be made rigorous. 

3. For purposes of calculation, there are advantages in taking an even 
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number of equidistant points instead of an odd number. Suppose that to the 
points 

0 , ct, 2a, ... (2/i — l)tt, where na — ic, 
we have the corresponding values of y. 


2/o> Vi, Vi. 

In this case we can obtain the values of the 2)i constants in the expression 
CTo + «! cos x + a^ cos 2 j; 4- ... cos {n ~ cos nx\ 

4- sin X sin 2x + +6„_i sin (» - l)a: /’ 

so that the sum shall take the values 2 / 0 . 2 /i’ ••• at these 2n points 

( 0 , 2 -). 

It will be found that 




Vt 


cip= — 2 ! 2 /r COS pra, if p n 

71 ,.=0 

COS rjT 


} a ^Trjn. 


1 

Sl/rsin^jm 
n ,._i 

Runge* gave a convenient scheme for evaluating these constants in the case 
of 12 equidistant points. This and a similar table devised by Whittaker for 
the case of 24 equidistant points will be found in Whittaker and Robinson’s 
Calculus of Operations (1924), Ch. X. 


4. This question may be looked at from another point of view. Suppose 
we are given the values of y, viz. 


^ 2/o» i/i. ?/2» ••• ym-i» 

corresponding to the points 

0 , a, 2a, ... {ni- l)a, where 7na=27r. 

Denote these values of x, as before, by 

a-o, 0 : 2 , ... 

Let ^n(^) = or© + *^1 00 s x-^a^ cos 2x+ ... -\-a^ cos nx > 

-f- 6 x sin a: -f 62 sin 2x+ ... +1)^ sin nx / * 

For a given value of n, on the understanding that m> 2 ?H-l,t the 271-4-1 
constants Uq, a-^, ... a^, ... are to be determined so that s„(ar) shall approxi- 

mate as closely as possible to t/q, ... y,n-i sit Xq, Xy^, ... 


*Math. Zeitschrift, 48 (1903) and 52 (1905). Also Theorie ?/. Praxis der ReiTien 
(Leipzig, 1904), 147-164. 

flf 7 » <271 + 1, we can choose the constants in any number of ways so that 
.s„(a:) shall be equal to y^, t/x, ... ym-x -** for there are more constants 

than equations. And if m = 2n + 1, we can choose the constants in one way so that 
this condition is satisfied- 
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The Theory of Least Squares shows that the closest approximation will be 
obtained by making the function 

^ {yT-Sr,(.Xr)T, 

regarded as a function of ... a minimum. 

The conditions for a minimum, in this case, are: 

2 cospx,. = 0 ]r p=l, 2, ... n. 

X (2/r-'5n(^r))sin:pa;^~0 J 

It will be found, as in § 2 above, that these equations lead to the following 
values for the coefficients: 

m --1 

mciQ = yr> 

f—it 
m— 1 

Ima^, ~ cos pra i 

' p = 1, 2, ... n, 

=’'S' 2 /r sin i)ra J »» 

But if m is even, the coefficient (when p=z^ni) is given by 

^ '^yr cos rvr, 

»*=o 

the others remaining as above. 

In some cases, it is sufficient to find the terms up to cos x and sin x, viz. 

Oq + cos x + h^ sin x. 

The values of cXq, and which will make this expression approximate most 
closely to 

2 /o» yx> 2/2» ••• Vm-x 

at 0, a, 2a, ... (m — l)a, when ma“27r, 

are then given by: 

WI-. 1 

mao= Vr, 

r=() 
m “1 

\ma^~ 2^ y^ cos m, 

7-^0 
m -^1 

^7nh^ — X ?/r sin m. 

,.-i 

Tables for evaluating the coefficients in such cases have been constructed by 
Turner.* 

5. In the preceding sections we have been dealing with a set of observations 
known to have a definite period. The graph for the observations would repeat 


* Tables for Harmonic Analysis^ Oxford University Press, 1913- 
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itself exactly after the lapse of the period; and the function thus defined could 
be decomposed into simple undulations by the methods Just described . 

But when the graph of the observations is not periodic, the function may 
yet be represented by a sum of periodic terms whose periods are incommen- 
surable with each other. The gravitational attractions of the heavenly bodies, 
to which the tides are due, are made up of components whose periods are not 
commensurable. But in the tidal graph of a port the component due to each 
would be resolvable into simple undulations. A method of extracting these 
trains of simple waves from the record would allow the schedule of the tidal 
oscillations at the port to be constructed for the future so far as these com- 
ponents are concerned. 

The usual method of extracting from a graph of length L a part that repeats 
itself periodically in equal lengths A is to cut up the graph into segments of this 
length, and superpose them by addition or mechanically. If there are enough 
segments, the sum thus obtained, divided by the number of the segments, 
approximates to the periodic part sought; the other oscillations of different 
periods may be expected to contribute a constant to the sum, namely the sum 
of the mean part of each, 

6. The principle of this method is also used in searching for hidden periodi- 1 
cities in a set of observations taken over a considerable time. Suppose that a 1 
period T occurs in these observations and that they are taken at equal intervals, 
there being n observations in the period T. 

Arrange the numbers in rows thus: 

^ 0 > ^2' '“n-2» «n-l* 

“'n+l> '“n+2» '“'2n— 2» '^^2n— 1* 

l'n+l> ‘^(m— l‘n 4 - 2 » '*^7nn— 2» 

Add the vertical columns, and let the sums be 

u„. u^, u„_^. 

In the sequence 27o, 27i, U 2 , ••• 17n-i component of period T will be 
multiplied m-fold, and the variable parts of the other components may be 
expected to disappear, as these will enter with different phases into the hori- 
zontal rows, and the rows are supposed to be numerous. The difference 
between the greatest and least of the numbers Z7 q, ... ?7n-2» ^n-i 

furnishes a rough indication of the amplitude of the component of period T, 
if such exists; and the presence of such a period is indicated by this difference 
being large. 

Let y denote the difference between the greatest and least of the numbers 
^ 2 ' ^n- 2 » corresponding to the trial period x. If y is plotted 

as a function of x, we obtain a “curve of periods.” This curve will have peaks 
at the values of x corresponding to the periodicities which really exist. When 
the presence of such periods is indicated by the curve, the statistics are then 
analysed by the methods above described. 

This method was devised by Whittaker for the discussion of the periodicities 
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entering into the variation of variable stars.* It is a modification of Schuster’s 
work, applied by him to the discussion of the statistics of sunspots and other 
cosmical phenomena.! To Schuster, the term ^^periodogram analysis'^ is due, 
but the ‘‘curve of periods” referred to above is not identical with that finally 
adopted by Schuster and termed periodograph (or periodogram). 

For numerical examples, and for descriptions of other methods of attacking 
this problem, reference may be made to Whittaker and Robinson’s Calculus 
of Observations, Chapter XIII, already cited, and to Schuster’s papers. 


* Monthly Notices, JR.A.S. 71 (1911), 686. 

See also a paper by Gibb, “The Periodogram Analysis of the Variation of SS 
Cygni,” ibid., 74 (1914), 678. 

fThe following papers may be mentioned: 

Trans. Camb. Phil. Soc., 18 (1900), 108. 

Trans. Royal Soc. London, (A), 206 (1906), 69. 

Proc. Royal Soc. London (A), 77 (1906), 136. 



APPENDIX 11 

LEBESGUE’S THEORY OF THE DEFINITE INTEGRAL 

1. Introductory. In Chapter II we have seen what is meant by the lower 
and upper bounds of a bounded linear set of points. The limiting points of 
such a set ha*ve been defined, and Weierstrass’s Theorem, that an infinite set 
bounded above and below must have at ler.st one limiting point, has been 
proved. 

Lebesgue’s Theory of the Definite Integral depends essentially on the idea 
of the measure of a set of points. This is a number, positive or zero, associated 
with the set and depending upon it. When the set consists of the points of an 
interval, open or closed, the measure is to be the same as the length of *he 
interval. And the measure of the set of points, which belong to one or other 
of two sets without common points, should be the sum of the measures of 
these two sets. 

It is this very subtle and rather difficult idea of the measure of a set that 
forms the chief obstacle in the way of the introduction of the Lebesgue Integral 
into Analysis in place of the Riemann Integral. The discussion which follows 
is confined to bounded linear sets, though one of the advantages of Lebesgue’s 
work is that the extension to two and three dimensions is more or less im- 
mediate. Among the alternatives at our disposal the treatment by de la 
VaU4e Poussin in his Cours d' Analyse Infinithimale, 1 (3^ ed., 1914), has been 
adopted. The more compact and direct development in the first and second 
chapters of his Intkgrales de Lebesgue, etc. (1916), seems more difficult as an 
introduction. But much use is made below of the third chapter of that work 
dealing with the properties of the Lebesgue Integral. 

The first step in this extension of the Riemann Theory of Integration was 
made by Jordan* (1892), when he introduced the idea of the inner and outer 
content of a set of points. In 1898 Borelf showed that a much more useful 

♦Jordan, Cours dAnalyse, 1 (2“ ed., 1893), p. 28. He uses the terms aire interieurc 
and aire exterieiire. 

f Borel, Legons sur la theorie des foncthns (D ed., 1898). In the third and last 
edition (1928), this work is both revised and enlarged. 
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concept was what he called the measure of the set. The principles that guided 
Lebesgue in his theory of measure were those of Borel, and his definition and 
earliest treatment are given in his Paris Thesis— Longueur^, Aire — 
published in Ann. di Matematica (3), 7, (1902). Thisjwas followed by his book, 
Legons sur V integration et la recherche des fonclions primitives (1904), of which 
a second and greatly enlarged edition has just appeared (1028). 

2. We now give such definitions and simple properties of bounded linear sets 
of points as will be required in the discussion of measure and the Lebesgue 
Integral. 

As before we denote a set by E, and we shall assume that its points lie on the 
interval a^x'^h. The points of («, which are not iioints of E, form the 
complementary set denoted by OE. Clearly C{CE) =E. 

A set E is said to he countable {or enumerable)^ whe^i there is a one-07ie corre- 
spondence betiveeri the pobits of the set ayid the positive integers. To every point 
of E there corresponds a positive integer, and to every positive integer there 
corresponds a point of E, 

The terms of a countable set can be written as 

• • • - 

The set 1, ... , l/«, ... is obviously countable. 

The positive rational ninnhers form a countable set. 

For every such number can be expressed as a fraction plq, where p and q 
are positive integers without common factor. We arrange these fractions 
according to the sum p+q, beginning in each with the fraction of lowest 
numerator. 

When p + q — 2, we have 1 only, and this is taken as 

When p + g = 3, we have ^ and 2, and these are taken as ^^ 3 - 

When p + g' = 4, we have ^ and 3, omitting the number 1 already used: and 
these are taken as and and so on. 

A set E is said to he a closed set if it contains its limiting 2 >oints; e.g. the set 
1» if ...is not closed, but, if the origin is included in the set, it becomes a 
closed set. 

A point P of abscissa x is said to be an interior point of the set, if a neighbour- 
hood of P, acxc. exists all of whose qyohits are jmints of the set. 

A point P is said to be an exterior point of the set E, if it is an interior point 
of CEi in other words, there must be a neighbourhood of P none of whose 
points are points oi E. 

A set E. is said to he an open set, if all its points are interior points of the set. 

Open sets have the imporiarit jyroperiy that they are composed of a finite, or 
countably infinite, number of not-overlapping open intervals. 

To prove this, take any point P of the set, and let its abscissa be Xq. We 
can divide all the positive numbers into two classes A and B as follows: a 
number h is put in the lower class A, if all the points x given by a*o x < Xq + h 
belong to the set; and it is put in the upper class B, if this is not the case. 
There are numbers of both classes, and every number in the class A is less than 
every number in the class B. If /<, is the number separating the two classes, 
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Xq + /i is the right-hand end-point of the interval associated with the point 

Similarly by taking negative numbers, we obtain the left-hand end-point 

•^0 — To all the points of the open interyal fy — Xcx C ^q + this same 

interval corresponds. Now consider the set of all such open intervals. 

They are obviously not overlapping. 

Let €i, € 2 , ... be a monotonic descending sequence of positive numbers, such 

that lim e„= 0 . There can only be a finite number of the intervals of the set 
n~>oo 

just described, each of length ^ We can arrange these in order from left 
to right. Again there can only be a finite number of those that remain, each 
of length = € 2 - These we now arrange in order after the first group; and so on. 

If the end-points a and 6 are points of the open set, they are to be the left- 
hand end-point, and right-hand end-point, respectively, of intervals (a, a), 
(y?, 6 ), open at the ends a and 

The complement of an open set E with respect to the closed interval x^h is a 

closed set. 

For let P be a limiting point of CE. Then P cannot be a point of E, other- 
wise there would be a neighbourhood of P containing no point of CE. And 
this is impossible, if P is a limiting point of CE. 

Again, the complement of a closed set E is an open set. 

For let P be a point of CE. There must be a neighbourhood of P without 
any point of E inside it; otherwise P would be a limiting point of E, and 
therefore a point of E. 

Two sets E-i and E^ are said to be equal, if they consist of the same points, 
and we write E-^ — E^. 

A. set E^ is said to be greater than a set E^, if E^ consists of the points of E^ 
and some other points, and we write E^ > E^. 

And E^aE^ means that E^ >Pi* 

3. Operations on Sets. The set E is said to be the sum of the sets 
E-j^, Eg, ... Eny when it is composed of the points which belong to at least 
one of these sets, and we write 

E = E-y -}- Eg ■+•...+ P 7 J = 2 Pr- 

The set E is said to be the difference of two sets Pj, Eg, when it consists of 
the points of E^ which do not belong to Egi and we write P = — Eg. 

The set of points which are common to all the sets P^, Eg, ... En is called 
the product of these sets, and we write 

E — Pj^ . Eg .... Etfi = II P<^. 

Multiplication and subtraction are reduced to addition by the use of com- 
plementary sets, as^ it will be seen that 

OPi -f CEg = GCPiPab P1P2 = G(GPi + CEg), 
C'(Pi-f-P2)=OPi . CEg, C{Ey^-~Eg)=^CE-^ + Eg, Pi - Pa = Pi - CEg. 

The Commutative and Associative Laws of Algebra hold for the addition 
and multiplication of sets; 

e.g., Ei + Eg = Eg + E-j^, E^Eg = EgE-^, 

Pi -f- Eg ■+■ Eg = Pi -{- {Eg - 1 - Eg), E -^E gE g = E fEgEg). 
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Also the Distributive Law applies; 

and the ordinary algebraical process gives, for example, 

(Fj^ + E 2) {Eq E = jE? 2 Eq + E ^E 2 + Fj E^ 4 - E 
Since in general (Fi — E^) + F2 but is actually E-^ 4- E^, care must be 

exercised in dealing with subtraction. In practice there is no difficulty, for 
subtraction is rejilaced by multiplication and addition, making use of comple- 
mentary sets. The commutative, associative and distributive laws may then 
be employed. 

The operations above referred to are finite; that is to say, carried out on a 
finite number of sets. But addition and multiplication can be extended to an 
infinite number of sets. 

The set 

F = ^2 + Fo 4 - - . . to 00 —'^Er 
1 

is composed of the points which belong to at least one of the infinite number 
of sets El, E2-, to 00 . 

The infinite product 

E = El E 2 • • • to 00 = 1 i E<i- 
1 

is made up of the points which are common to all the sets Ei, E^, to qo . 
The distributive law 

E i{^ E 2 4 * E 2 4 " . . . to 00 ) = El E 2 4 “ EiE 2 ”l~ • * • to 00 

applies again here, and it holds also for the case of a finite number of factors, 
which themselves may be finite or infinite sums. 

Further C{Ei 4- Fg 4 - iS'g 4 - ... to 00 )~CEi . CE2 - CE^ ... to qo 

and (~\Ei . E2 • E^ ... to 00 ) = C'£^i 4 - f '.£’2 + ^-^'3 + • • • to 00 . 

It is clear that the sum of a finite number of countable sets is a countable set, 
for we can take all the finst points of the sets in order, and then place after 
them all the second points of the sets in their order, and so on. 

But it is important to notice that the sum of a coxiniahly infinite number of 
countable sets is also a countable set. 

To prove this let the sets be 


Ei=0>ii + J»i2 +.<*13 +.®14 + • • • * 

E 2 + f*S2 + f*i3 + • • “ » 

12(3 = + ®33 + ' ' * » 

E^ = ^42 + ®42 + ®43 + • • • » 

and so on. 

Then Y ■Fy = Uj2 +<*21 +<*12 + <^31 +<*22 +®i 3 + •••■ » 

where the points in the sum are taken from left to right along the dotted 
diagonals as in the above scheme. 
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3 , 4 ] 

From this result we can deduce that an ojpen hounded Uitear set of points can 
he broken up into a countably infinite set of not-overlapping closed mtervals.* 

For we have seen (§ 2 ) that a bounded open linear set is composed of a finite 
or countably infinite set of not-overlapping open intervals. 

Let (a, be one of these intervals. 

Divide it into four equal parts, and take the two middle parts, both cloi^d, 
as intervals An, Aia- The remaining left-hand quarter and right-hand 
quarter are then to be divided into two equal parts, and the closed halveai| 
lying nearest the centre are to be taken as intervals Agi, Aaa- The outer < 
parts are again halved, and so on. 

We thus replace this open interval acxc^ by the countable set of not- 
overlapping closed intervals A^, A^a, Aai, Aaa, A31, Agg .... 

In this way from each of the finite or countably infinite set of open inter- f 
vals we obtain a countably infinite set of closed intervals, and the result 
follows. 

4 . The Measure of a Bounded Linear Set of Points. 

I. Let jB* be a set of points all lying on the interval a^x^h, and let all th^l 
points of E be enclosed as interior points in a set of intervals Sg* ••• > 
in (a, 6). 

This set of intervals can be replaced by a set of not-overlapping intervafe 
Ai, Ag, A3, ... , such that every point of B is an interior point of one of the 
intervals, or the common end-point of two adjacent intervals. For start with 
§1 and call it A^. Then take Sg and suppress the parts, if any, of Sg which be 
in 5i. If Sg lies altogether outside we take it as Ag; and also if 8 ^ abutsr 
on §1 but does not overlap it. If it overlaps, we take for A a the part of 
outside Si, and we have in addition their common end-point. If 81 lies whoby 
within Sg, we replace 8g by the two open intervals outside and the two end|;; 
points of 81- 

In this process, at any stage when we take in the interval S„; we add to 
set of not-overlapping intervals Aj, A 2, ••• , which replaces Sj, Sg, ... , a finife^; 
number of not-overlapping intervals, and, possibly, the common end-points <p| 
adjacent intervals. 

Now let Ai, A 2, he a finite or countably infinite set of not-overlapping 
intervals t all in (a, &), or with a and h as left-hand end-point or right-hand end-^ 
point, respectively, such that every poird of E is an interior point of one of thd 
intervals, or the common end-point of two adjacent intervals. Let 2 A denote 
the sum of the lengths of the intervals of the set Ai, Ag, • • • • 

The lower hound of 2 A for all such sets of intervals is called the exterior 
measure of E and denoted hy mg{E). 


* The word overlap is Used here in its natural sense ; two intervals overlap if they 
have points in common which are not end-points of either. Thus (0, 1) and (|, 2) 
overlap. The closed intervals (0, 1) and (1, 2) in a more exact sense overlap, as 
there is a point common to both ; but in the text this meaning of the term is not 
used. A pair of such intervals (open or closed) may be said to abut. 
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The interior measure of E is defined as (6 — of) — m^{CE)^ where GE is the set 
of points of a'^x^h which are not points of E. 

The interior measure of E is written mi{E), and is not negative, since mJ^CE) 
cannot exceed {b — a), 

II. To prove m,- ( jE7) ^ ( jE7) . 

From the above definition, there must be a set of not-overlapping intervals 
Uj, Og, . . - for E, as above, such that 

m^{E) Sa < {E) 4- Je, 

and similarly a set y5i, /? 2 » for CE, such that 

m, {CE) ^ 2/5 < {CE) + 

€ being the usual arbitrary positive number. 

The combined set 

^1l* ^1* ^2» 

can be rei^laced as in (i) by a set of not-overlapping intervals y 2 » • • • > with 
possibly the addition of the common end-points of certain adjacent intervals 
among the y’s. 

This countable set y^, ... of not-overlapping intervals is such that all the 
points of a ^ jc ^ b are either interior points of these intervals, or common end- 
points of adjacent intervals. 

It follows that ^yr = b — a. 

For, when n is any positive integer, 2yr<(2>-a)* 

Thus lim 2yr ^ 

If possible, let this limit be h —a — 2e\ 

Form a new set of intervals y^, y^, ... by adding to y^(r = l, 2, ...) 

at each end. 

Then every point of a^x^b is an interior point of at least one of the 
intervals y^, y 2 » > and by the Heine-Borel Theorem (§ 31.2, p. 71) this is 

true for a set made up of a finite number of them. 

Hence b - a < Ey^ < E < (& _ a - 2€') + e', 

which is impossible. 

00 OO 00 

But it is clear that ^ + E/5r‘ 

1 1 1 

Thus we have 6 - a < ni^{E) + {GE) + €, 

and mi{E) ^m^(E). 

III. If Fa > Fj, then m^{Ef) ^ m^{Ej), 

If possible let m^Fa < m^F^. Then there must be a set of intervals Ai, Aj, . . . 
for Fa, as in the definition of the exterior measure, such that the sum of their 
lengths is greater than m^{E^) and less than m„(Fi). 

But as Fa contains F^, this set of intervals A^, A a, ... will also serve for 
Fi and the sum of their lengths cannot be less than m,( Fj). 
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IV- Further if then mi{E^^m,{E^. 

For QEt^ > CE^, 

a-iid ^mg(GJ572). 

Thus (5 — a) —mg{CE^ ^(b — a,) — 771^(0 Ej). 

Therefore ( E^) ^mfEj). 

V. To prove 7n^{E-^ + E^) ^ rn^E^ -hm^E^. 

Let Oi, Og, be a set of not- overlapping intervals for E-^, as in the definition 
of (I), such that 

i 

and /?!, /^ 2 » *’• ^ set for E^, such that 

m^(^2) ^ Ey?^ < 7n^{E^)+le, 

\ 

e being, the usual arbitrary positive number. 

As before, from the set 

^1* <^2» f^2> » 

we form a not- overlapping set y 2 » 73 (^» ^)» such that every point 

of ( -h E^) is either an interior point of one of the y’s or the common end-point 
of two adjacent y’s. 

Also 2 y r ^ Sotr + X ^r> 

1 1 1 

and {E^ -H E^) ^ E7r- 

Thus m^(Fi-f.E?a) <’^fi(^l) + ^«(-®^ 2 ) + €• 

Therefore m^{Ej^ + Ez) ~ (E^) -i- m^iE^). 

VI. Definition of Pleasurable Sets, If me(E) =mi(E), then E is said to be a 
measurable set, and its measure m (E) is their common value. 

It is clear that if j 57 is a measurable set, CE is also measurable. 

The measure of a finite number of points is obviously zero, since the exterior 
measure is zero. 

Further, a countably infinite linear set of points is of measure zero. 

Let E be the set of points x-^, x^* .... 

Take the arbitrary positive € and enclose x^ in an interval of length 
X 2 in an interval of length and so on. 

Thus 

Therefore the exterior measure of this set is zero, and the measure of the set 
is also zero. 

If E is an interval (a, /5) in (a, 6), it is measurable and its measure is (y5 — a). 
For we must have 7n^{E)'^fi~a, since the interval (a, y?) is itself a possible 
interval for the exterior measure with the definition given above. 

And the Heine-Borel Theorem, as in (II), shows at once that the sign of 
inequality is impossible. 
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Again it is -clear that 

7n^{CJS)^{b ~a)~{p~-a). 

But the sign of inequality can be omitted, for it would give 
^ - ac{h - a) - jnJiCE) < 

and we would have 

m^{E) < 

Similarly, if E is the sum of a finite number of not-overlajpjping intervals, it is 
measurable, and its measure is the sum of the lengths of these intervals. 

In the discussion which follows it will be seen that the sum of a finite, or 
countably infinite, set of measurable sets is measurable. Thus starting 
countable sets of points and countable sets of intervals, we see that open sets 
are measurable. And as the complement of a measurable set is measurable, 
closed sets are also measurable. All sets which can be obtained by additions, 
subtractions and multiplications, finite or infinite, of measurable sets are also 
measurable. 

It is only for measurable sets that this theory of measure is studied. It is 
still a debatable question whether, and, if so, in what sense, sets which are not 
measurable do exist.* 

5. A Necessary and Sufficient Condition that a Set E be Measurable.! 

A necessary and sufficient condition that a linear set E hi a'^x'^b be measurable 
is that to the arbitrary ^positive c there shall correspond a set I consisting of a finite 
number of intervals and two sets e/, e" of exterior measures < c, such that 

E^I + e'-e", 

(i) To prove that this condition is necessary, we note that to the arbitrary € 
there corresi^ond the sets of not- overlapping intervals Uj, ... for E and 
ftxy ••• CE, such that 

niE E Ur < + 1^* 

1 

mCE ™ Y /i?r < mCE -f- 
1 

and mE + mCE = b-a. 

Thus Xur + 2/5r<(6-a) + 6. 

1 1 

But, as in § 4, I, from the set 

^ 2 , Pzf "* pn* 

we obtain a set of not-overlapi)ing intervals 

••• y.y* 

such that Z yr = 2^ Ur + - Y {O-rPs)* 

I 1 I 

*Cf. Lebesgue, Lcpons sur Vuitegraiion (2* cd., 1028), footnote, p. 114. 
tin tins and the following sections, we shall, when convenient, write mE instead 
of m{E) for the measure of E, when E is measurable, and similarly m^B for m^{E), 
m;E for viiiE). 

It will bo noticed that, when E is measurable, mE = meE =miE. 



THE DEFINITE INTEGRAL 


4 - 6 ] 


337 


tile last term on the right-hand side comprising the parts common to an a and 
a ^ blotted out in forming the y’a. 

As tends to oo , so does N and we know that 2 = — a). 

Thus the sum of the lengths of the finite or countably infinite set of not- 
overlapping intervals blotted out as above is less than e. 

Now take n so large that '^^OrCe, and denote the points of a^, by 

M-f-l 

Sn and the points of On-j-i. ... to ao by 

Then — SfiC/E. 

Also i?„jE7 < jR^ and SnCE c the points common to all the a’s and jSf’s. 
Thus < € and m^i^SnCE) < 2 (a/?) < «- 

(ii) If the condition is satisfied, E is measurable. 

We have E — I + e' — 

where I consists of a finite set of intervals and e', e" are two sets of exterior 
measure < e, which we suppose have no common points. 

Thus jE? < / 4- c'. 


and 
Also 
Thus 
Therefore 
Tt f oUoWS that 
And 


m^E^nig{I + e') C ml + e, 
E>I-e". 

CE<cC{I- e") = 07 + e'\ 
nigGE ^ nig(CI -}- e") < mCI ~i- c. 
m^E + m^CE c ml 4- mCI 4 - 2€ = (6 — a) 4-2€. 

HYigE < niiE 4 - 2 €. 


Thus mgE^miE. 

But m^E = mJE, 

Hence mgE—miE. 


6. I. If JE?! and E^ are measurable, so is E^ 4- E^^ 

We have to show that E^ 4- Fg can be broken up as in the theorem of § 5. 
Given the arbitrary positive e, we have 

^1 = 7i + Cj' — sf', 

E 2, 7*1 4" ef — 

where 1 2 , are sets of a finite number of intervals and m^ef < etc. 

Thus E-j^-\~ E 2 — 1\~\~ I 

where e" is contained in ef' 4- ef'* 

Also mg {ef + ef) ^ m^ef 4- < €, 

and “ nig {ef' 4 - ef') = rn^ef' 4- m^ef' < e. 

Thus E^ 4 - E 2 is measurable. 

II. If E^ and E^ are measurable, so is E^ — E^- 

We know that C ( — E^ = OE-^^ 4- E^* 

Thus C{Ej^ — E^ is measurable, and Ej^ — E^ also. 

III. If E^ and E^ are measurable, so is E^E^* 

We know that CiE^E^) = CJE/j 4 - GJETg, and the result follows. 
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7. I. If E-j*a7id (ire measurable and without common points ^ then 
771 {Ej^ 4- F2) —mEy^ + mE^. 

With tlic. same notation as in § 6, we have 
Ey^ = JTj^ 4- Cyf — eff' f 

E ^ x= JTg 4“ e^ — * 

wlicre 7)1 ^Cy' etc. 

Tims Ey 4- jE'2 -^1 *1“ 1 2 . 'h “t" * 

and 7n{Ey + Ef)"m^{Ey^-^ E^) C7n{Iy + 1 ^) + €. 

Also Ey 4- Fg > /i 4- 7^2 where e" < Cy” + e^", 

and . C(Ey + E^) < C(Iy + 1^- e")=C(Iy + If) + e". 

Therefore 77iC{Ey 4- Ef) —mjO{Ey 4- Ef) < mC{Iy 4- If) 4- e, 
and m{Ey + Ef):>m{Iy-t- If) - e. 

Tims \7n{Ey + Ef) ~m{Iy + If) \c€. 

But for the finite sets of intervals it is clear that 

m{Iy\- If) — 7nly 4- ml 2 , — mlyl^- 

Ey < I y-\- ey\ mE y < ml y 4* 

Ey>Iy-ey'\ 

CEy <C{Iy- ey") = Cly 4" C/', 
mEy > miy — ^€. 

1 mEy — 7nly I < ^e. •" 

\mE 2 -mI 2 I <^€.' 

I j_ Ey 4~ € and. 1 2 2 4” ^2 • 

Iyl 2 < EyE^ + Eyef' 4 - ey"{E 2 + ef') 

Cef'-t-e^", since EyE^ — O. 

Therefore ' 77i{lylf) ^ {ef' 4- ef') ~ 77%^ef' 4- rn^ef' < €. 

Blit 1 711 {Ey 4- Ef) — 711 Ey — mJ&a j 

m{Ey-{- Ef) -m{Iy + 12) 1 + 1 A + ^ 2 ) 

4- 1 7}ily — 7nEy I 4- 1 m/2 “ mE^ [ - 
Thus \7n{Ey-\- Ef) — mEy - 7)iE2 j < 3c- 

It follows that 7n{Ey + Ef) — mEy 4- 

This theorem is a special case of the following : 


Also since 
And since 

we have as before 
Thus 
Similarly 
Again 

It follows that 


31 . If Ey, E 2 are measurable, then 

7n{Ey 4 - Ef) -\-7nEyE2=mEy +7nE2- 
For let Ey — EyE^-t-ey and E^^EyE^ + e^- 

Then ey, and EyE^ are measurable and without common points, and 
Ey + E^ — ey-t- e^'t- EyE^^ 

But by (I) mEy —7nEyE2 +mey, 

mE^^mEyE^’t-me^, 

7n{Ey-\- Ef)=7n{ey + e 2 + EyEf) — 7ney +me2-\-mEyE2^ 
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Therefore m(^?i + + mE^E^-^mE-i^ + mE<^. 

III. If E-^ and E^ are Tneasurahle and .Ej^ > E^,, then 
m (Ej^ ~ E 2)^ mEj^ — mE^- 
We have ( E^ — E^) + 

and (E^ — E^, E^ have no common point. 

Thus from (I) the result follows. 

8 . I. If Ej^, E^v ^ are measurable and toithout common points, then E — ^E^E^ 
is measurable, and mE — 

1 

Since E-^ + E^ + - . • + E^ is measurable and contained in {a, b), we have, for 
any positive integer (by § 7 ), 

^{E Er) = E mEr < (6 - a). 

i 1 

Thus E mEr ^ (b - a). 

1 

Taking the arbitrary positive e, there is a positive integer v such that 
mE^^ 4 - mE^^ 2 + • • • < ^» when w ^ v. 

Now for E^j^r there is a set of not-overlapping intervals “71+1*. 2» 

such that 

mE.f^f ^ E^n-i^r. s r = 1 , 2 , ... . 

Also the countably infinite set of intervals 


are such that 


714-1 "h -®^«4-2 + . • - ) ■< 2 ^ ( 2 Cin-i-r, i 


But 

Therefore 

Thus 




E^^EEr and i2„=2^-. 

1 >n-i 1 

m^E = m^ {Sn + R„)~^ 

< mJSn + 2 c. 

miE mSn- 
m^E < miE 4 - 26 , ^ 


It follows as before that 


m^E—miE. 


E'^nEj. — mSn ~ “^E <z mSn + 2e, when u. 
1 

0 ^ mE ~ mSn < 2c, when n^v, 
mE =lim E'>^E^ — 2 mE^. 


II. If the measurable sets E^, E^t have common points, then E = EEr is 
measurable. 
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For any integer n, we have 
Ml + ^2 + - • - + jB'n 

= ^i + (-E'2 “ -^i) + (-®'3 ~ ~ -^ 2 ) + *■* 4-(F„ — — F 2 ... —En^^), 

and the different sets on the right-hand side have no common points- 
Thus 4- jE ?2 + . . . to Qo = 4- ^2 + . . . to 00 , 

where 6^ =:Fi, and S^~Mr — E^ — E ^.. . — ^ ^ 2, 

and is measurable. 

1 

9. I. Let E, Ej^f ^ 2 , ... 6e all measurable. Then E — Ej^ — E^ ... is measur- 
able. 

This follows from § 8 and § 6, II. 

II. If in addition E^^ E^, . . . are all contained in E, and have no common points, 

m{E ~ Y^r) —mE — ^mE^, 

1 1 

This follows from § 7, III and § 8, I. 

III. If E^, j& 2 » • • • measurable, then E=:Ex • . E^ ... is also measur- 

able. 

We know that ^{E^ . E^ = CEj^ 4 - CE^, 

C{E^ . E^ . F 3 ) — GFi 4 - GFa 4 - OF 3 , and so on. 

Thus (7(Fj^ . E^ . E^ - ••) “^-^1 ’t’ GE ^ -h CE^ 4" . • • » 

and the result follows at once, 

IV. If E-^, E^, ... are all measurable and E^ a E^ < E^ < ... , then 

E — E^ 4- J^2 ■b E^ 4- . . . 
is measurable, and mE =lim (mF„), 

U — ^00 

In this case 

E =‘Ej^-{-{E 2~ El) + (E^ — E^) , 

and wiS7=lim ^m(Er — Er-.j) by § 8, I 

n— >.30 I 

=Kn. E^ — mEr-i) by § 7, III 

V. If El, J^ 2 » • • • Ei> ...» then 

*■. *h 

is measurable ar '^F=lim {mja*^. 

n — >-Q 0 

We have as h* , ' 

m{GE)—m{GEi + * 4-...) 

=lim m{Gi J y (IV). 

And mE —{b - a) — m{GE) — {h ~ a) - >GEn) — lim {mEn ) • 

10. necessary f % sufficient condit'i ’ „ the hounded function f{x) he 

iniegrable in {a, b) according to Miemam '‘inition is that its points of discon- 
tinuity form a set of measure zero. 
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We prove first that this condition is sufficient. 


Take the arbitrary positive e, and h < 


€ 

2 (b~ay 


Let Gji- be the set of points of discontinuity at which the oscillation* ^ k 
Then the measure of this set is zero since it is a part of a set of measure zero 
and it is a closed set.f 

Thus the points of Gjc can be enclosed as interior points in a finite set of not- 


overlapping intervals, the sum of their lengths being ; 
and m are the bounds of f(x) in (a, 6 ).J 


' 2 (M- 7 n) 


where M 


The complement of this set of intervals is a finite number of closed not- 
overlapping intervals, the oscillation at every point of these being < k. 

Each of these can be divided up into a finite nuntber of partial intervals, 
such that the oscillation in each of these partial intervals < /b. (Cf. § 31. 1, 
footnote, p. 71.) 

Thus we have a mode of division of (a, h) for which 


and f{x) is integrable in (a, b), according to Riemann’s definition. 

We now prove that the condition is necessary. 

Let ••• s-nd lim kn= 0 , and Gr be the set of points for which the 

oscillation ^ k^. 

Let the measure of this closed set be O >• 0, and take 

Since /(a;) is integrable (J2), there is a mode of division of (a, b) 

a=^XQf x^ ... , 1» x^ — bf 

such that 8 — s C€. 

If a point of Gf^ is inside one of these intervals {Xs_ 2 ^, Xg), then the oscillation 
in {Xg_i, Xg) ~ kr» 

If it coincides with the common end-point of {Xg^-^, Xg), {Xg, the 

oscillation in at least one of the two must be ^kr- 


- m 

^ ^ point of Then the 

» ^ ■■'^ighbourhood ja; — ajoj ^ 77 in 
Gjc* so there is a point F' 
7 r F' ^ic. Therefore there is a 


’“Cf. § 29. 4, p. 66 . 

fFor let F{Xf^ be a limiting point of 
oscillation at P is equal to A;, aui|^ 
which the oscillation < k. But P is a ^ 
of Qjf. inside (xq— tj, ajoH-ij), and the osc: 
neighbourhood of P'' inside {xq —77, 0:0+77) ’*^fc^ .^^hich th^'^^j^cillation ^ -A:, which is 
impossible. . v.j 

XGj(. is a closed set of measure zero and GG:k thus an or at of measure (b — a), 
CGic can therefore be broken up 'into a countably infin^4f^ not-overlapping 

closed intervals 

and SAy = ( 6 -a). 


At, Aos 


We can choose the positivy fe' 


so that 


The points of 6 ?* are interior p 
left, when A^, Aj, ... A^ are remo\ 


4iof the finite set of not-overlapping intervals 
om (o, 6 ). 
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Thus these two adjacent partial intervals give to (S ~ s) a contribution 
= multiplied by the sum of the lengths of these intervals. 

Hence all the intervals of a=XQy x^ — h^ which have a point of 

Gr inside them or at an end contribute to /S' — « an amount — \kr (their sum). 
But the sum of the lengths of these intervals = <7. 

Therefore, for this mode of division, 

8-S^lJCrC>€, 

which is impossible. 

Thus (7=0 and 'tnGr — 0. 

But the points of discontinuity are given by the sum 
E = G-^ + (^2 + . . . to 00 , 

and ... . 

Therefore ( by § 9, IV) , m(E)— lim m ( G„) = 0. 

«— >eo 

11. Measurable Functions. 

Let E he a hounded measurahle set of points on the axis of x. The function 
fix'), defined at the points of E, is said to he measurahle in E, if the set of points 
of E for which f{x) > A is measurable, for every constant 

We denote the set of points of E for which fix)'> A by Eif{x) > Jl], and 
similarly Eif{x) ^A"] denotes the set of points of E for which f(x)^ A. 

We shall now show that iff(x) is measurable in E as defined above, the sets 
E[f(x)^.Al E[f(x)<Al E[f(x)^A2 
are also measurable. 

We are given that E[f(x) > A'\ is measurable. 

Then its complement with respect to E is also measurable, that is 

JSJlf(x)^A'] 

is measurable. 

Again if jE 7„ is the set of points of E for which y*(a;) > A — we know that 
is measurable. 

And the infinite product 

Elf(x)^-A'}.E^.E^... 

is measurable (§ 9, III). 

Therefore Elf(x)—A'} is measurable. 

It follows by addition of Elf(x)> A'}, that Eif(x)^A'] is measurable, and 
by subtraction from Elf{x) ^ A], we see that Elf{x) < A] is measurable. 

It is clear too that, if A and E are any constants, 

JS [ A < f(x) < B], E lA ^f(x) <B], EIA< f{x) ^ B] 
and ElA^f{x)^B2 

are all measurable. 

12. Operations on Measurable Functions. 

I* measurahle, so area+f{x), af(x) and \f{x)\, where a is a constant. 

We know that B[/(a;) > A — a] is measurable. 

Thus B[/(a:) + a>A] is measurable. 
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The others follow from the fact that E[f{x)> A (a} is measurable, and tha0| 
IS measurable. 

II. a7idf^{x) are finite and mectauroible^ then is measur- 

able. 

>ya(^)] is the sum of the countably infinite measurable sets 
> rl . <r], 

where r is any rational number- 

ill. If ffijx) and f^{x) are finite and Tn^asurahley their sum, difference and 
'prodvxA are measurable. 

We know ^[/i(aj) ±Mx)> A-\ = Eifx{x)> /aC^)]- 

Thus the sum and difference oi ffiijx), f ^{x) are measurable by (II)- 
Also if /(a:) is measurable, so is (/(a;))®, for F[(/(a;))® > A] is equal to 
Bif{x) > V^] -\-E[f{x) c - ^/A^\. 

Thixs {fx{.x)+f^{x))^ and {fx{x)—f^{x))^ are measurable, and the resutl'v 
follows. 

IV. ljetfx{x),fg^{x), ...bean infinite monotonic sequence of measurable fimction^ 
Then, for every x in E, lim fn{^) exists {finite or infinite) and this limit is mea^rm 
able. 

For example, for every a; in ^ let/i(a;) <if^{x) Cff^x) < ... . 

Then E{, lim fn{^) > A] is the sum of Eifx{x)'>A\ E\_f^{x) > A], , aajw^, 

n-^oo 

this sum is measurable (§ 8). 

V. Let fx{^)r fz{^)* -“be an infinite seqiLence of measurable functions. Them 
lim fn{x) and lim fn{x) exist {finite or infinite), and these limits are measurahte^ 

n— >ao n— »-oo 

Suppose <f>x{x) to be the upper bound of fx{^)*fz{p^)*fz{^) <^^{x) to be 

the upper bound of f%{x)yff^x), ... and so on. 

Then <f>x{^) ^ ^ <l>z{x) 

Also lim /n(a;) = lim 

-XX) q%r-^O0 

and this is measurable by (IV). 

VI. Let fx{x), f^{x), ... be an infinite sequence of measurable functions, and 
lim fn{x) exist {finite or infinite). 

n— »-ao 

Then this limit is a measurable function. 

This follows from (V), since lim y*«(a;) = lim fni^) = 1^ fn(^)- 

n— ►oo n— >-ao n— X30 

We note that every monotonic function is measurable in an interval; and, in 
particular, that /(a;) == constant ai?d/(a;) =x are so. Applying the above results 
we see that every polynomial is measurable: and, as a continuous function, 
by a theorem due to Weierstrass,=*‘ is the limit of a sequence of polynomials. 


‘Cf. Hobson, Theory of Functions of a Real Variable, 2 (2nd. ed., 1926), 228. 
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we see that every continuous function, is measurable. Then discontinuous 
functions, which are the limits of sequences of continuous functions, are also 
measurable; and so to more complicated classes of measurable functions. 

13. The Lebesgue Integral. Let /(a;) be a bounded and measurable function 
for the measurable set E contained in (a, 6).* 

Let A and B be the lower and upper bounds otf{x) in E. 

Divide the interval {A^ B) on the axis of y into ti partial intervals 
{A, Zj), (Z^, Z 2 ), ... (?«_!» B). 

Denoting A by Iq and B by Z„ we thus have the mode of division of (A, B), 
A — Zq, Zj^, ... T'n — R- 

Let be the set of points of E for which Z^_i ^f{x) <Z^...r = l,2...(w-l), 
and the set of points of E for which =/(^) ^ ^n- 

Then ... are measurable sets without common points. 

Form the sums S and s, where 

8 = ^lrm,{er) and a = 2 K-x ^ («r)> 

1 1 

m{er) being the measure of the set 

Then 8'^A'm{E) and s^Bm(E). 

Thus the sums 8 and s for all possible modes of division of {A, B) have a 
lower bound J and an upper bound J, respectively; and for the same mode of 
division 8^s. 

We shall now show that I ^J. 

Let some or all of the inter^"^"^” h) in Zq, Z^ ... ln^i> divided into 

smaller intervals, and 

Zq, > •> ••* Zi, ... 

be the new mode of division o 15) thus obtained. 

This mode of division is sai< e consecutive to the former. 

Let its sums, as above, be - 

Compare, for example, the j 8 and 2 which come from (Zq, Zj). 

From 2 we have 

2w(€i 2) -••+Zim(eifc), 

where e^, ... e^ik ^'^e the i I points of E for which 

(Zq ^f(x) I, . . =y*(^) < Zi). 

And ei=eii + «i 2 -• 

the sets on the right-hand having no common points. 

Thus + AaWlCia) --• + = Zi77i(ei). 

It follows that '^^8; and similarly we have (r ^ s. 

Now take any two modes of division of {A, J5), 

A = Zo, Zi hn~i* Zm = B, with sums 8 and 5 , . ( 1 ) 

A—Iq, lx, ... I'n-xy Zn = R» with sums 8' and s'. .(2) 

*In this section, so far as possible, the notation corresponds to that of §§39-41, 
pp. 91-4, and the argument proceeds on exactly the same lines. 
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On superposing (1) and (2) we obtain a third mode of division (3) consecutive 
to both (1) and (2). 

Tet its sums be X and <r. 

Then and o* ^ s'. 

Rut 2 or* 

Thus /S^s', 

and the sum S arising from any mode of division is not less than the sum ,s 
arising frpm the same or any other mode of division of (A, B). 

It follows at once that I ^J. 

For suppose I>J. Since J is the lower bound of the sums Sy there must be 
a mode of division giving a sum 8 to the left of the middle point of Jly and 
since I is the upper bound of the sums 5, there must be a mode of division giving 
a sum s to the right of this middle point. This is impossible as a sum 8 
cannot be less than any sum s. 

Now let e be an arbitrary positive number, as small as we please. Take a 
mode of division 

A==Zo, lx* lz» ln — ^» 

in which all the partial intervals are less than c , 

For this mode of division it is clear that 

0^8 -s = (lx- lQ)m{ex) + (Zg - + ... + {1^- ^n-i) • 

Therefore we must have J — */, and the suirns 8, s tend to the common ‘oalue of 
I and J as the number of points of division of (A, B) tends to infinity in such a 
way that the largest of these partial intervals tends to zero. 

This number I is called the L^esgue Integral of the hounded and measurable 
function f{x) in the measurable set E, and we torite 

r = [ f(x)dx. 

J K 

If fix) =C in Ey where C is a constant, we defin^ fix)dx as GmiE). 

If E consists of all the points of an interval {a, h), we use the ordinary notation 

I* /(ic)da:, and the integral is now called the Lebesgue Integral of fix) between the 
Ja 

limits a and b. 

Sometimes it is convenient to make clear that the integral is taken in 
Lebesgue’s sense by placing a capital L before the ordinary symbol. In such 

a case the Riemann Integral- would be written as ( jR) \ fix)dx and the Lebesgue 
r& 

Integral as (L) \ fix)dx. 

Ja 

Again, if the bounded function /(re) is integrable with Lebesgue’s definition 
for the interval (a, b), we say that it is integrable (L) ; and, if it is integrable 
with Riemann’s definition, we say that it is integrable (B). 

We shall see below that for bounded functions, iff(x) is integrable (jR), it is 
also integrable (B), and the two integrals are equal: but that f(x) may be 
integrable (B) and not integrable (B). 
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Just as in the case of the Riemann Integral, we define the Lebesgue Integral 

\ f{x)dx for by the equation \ f{x)dx^ — \ f(x)dx. 

J® 'a '& 

14. Properties of* the Lebesgue Integral of a Bounded and Measurable 
Punction. 

I. i Cf{x)dx — C\ f{x)dxy where C is a constant, 

J A* J S 

This follows at once from the definition. 

II. If f{x) is measurable in E andf{x) ^ C, then 1 f{x)dx JS Cm {E), 

J A 

Since we have for any sum S for f{x)^ S Cm{E). 

Therefore the limit of the sums S ^ Cm(E). 

A similar result holds for f{x) ^ C. 

Thus it is clear that, if A, B are the lower and upper bounds of f{x) in E, 
then 

Ami^E)'^^ f{x)dx^Bm(E). 

III. Let fix) he measurable in E, and let E'^ + E^ — E, where E^ and E^ are 
measurable and without common points J* 

Then f fix)dx — [ f{x)dx+\ f{x)dx. 

J JS J JSi /Ca 

Let the bounds of fix) be A, B in E, Oj, in E^^ and in E^, 

respectively. 

Then A is the smaller of and while B is the larger of and 

Consider any mode of division of (A, JS), 

(1) ... ?n-l.^n = ^* 

If two of these points do not coincide with the smaller of the /?’s and the 
larger of the a’s, by introducing these points we have a consecutive mode of 
division and S is not increased, s not decreased. 

Thus the sum S for (1) ~ a sum S for E^ 4- a sum S for E^ 

" j A- fix)dx. 

Therefore f fix)dx^\ fix)dx+\ fix)dx. 

J A* J JE'j J A^a 

Similarly from the sum s, 

f fix)dx^[ fix)dx-\-[ fix)dx. 

JJB J J A'a 

Hence \ fix)dx = \ fix)dx + \ fix)dx, 

JS J A’l' J Aa 

IV. The theorem of (III) can be at once extended to the sum of n measurable 
sets with no common points, two by two. 

We now prove that it holds also for a countably infinite number of measur- 
able sets. 

"■It is clear that if fix) is measurable in E, it is measurable in and E^, for 

[/(^) >• Ol is the product of E [fix) > C] and Ej^. 
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Let f {pc) he measurable in E and i!; = '^Er, where E^, ... are all measurable 

and without common points^ two hy tzoo, 

Then f f{x)dx. 

1 J/.V 

Let E=^±Er + Rn. 

Then we know that /(a:) is measurable in and that w(jR„)-^0 as w->oo (§ 8). 

Lut ( f{x)dx~^[ f{x)dx + \ f{x)dx, 

j-® \ JXr J/e„ 

Thus j \^f(x)dx - 1;[^ f(x)dx I S by (II), above, 

when jJf j is the upper bound of |/(a;)j in E. 

Therefore f /(a;)£Za;=.:|f f{x)dx. 

J E 1 .1 

V. If f{x) and g{x) are measurable in E and f{x) ^ g{x)f then. 

f f{x)dx^[ g{x)dx. 

Je Jx 

Let (A, B) be the bounds of g{x) in E and A=Iq, In-x* — ^ ra^ode 
of division of {A, B). 

Let ei, t>e the sets of points as in § 13 for g{x) ; i.e. e^ is the set of 

points of E for which ^ g{x) < l^, when r — 1 , 2, . . . (n. ~ 1 ), and is the set 
of points for which ^ g{x) ^ 

Then f{x)dx — f{x)dx ^ ]£Zr-i^ (6r)» 

X 1 1 

since g{x) ^ in and therefore /(a;) ^ Zr_i- 

Thus ^ f{x)dx ^ any sum s for g{x). 

It follows that I f{x)dx^\ g{x)dx, 

Je Jjsr 

VI. Let f{x) and g{x) he measurable in E. Then 

( = \ f{x)dx + \ g{x)dx, 

}x Jjp }e 

(i) Let g{x)^C in E, and let A, B be the lower and upper bounds of f{x) 
as in § 13- 

Let A — Zq, Z^, ... Z„_i, Z„ = jB be a mode of division of {A , B) with sums S and s 
for /(a;). 

Then f{x) + C has .4 + G, R + G for its bounds and Iq + C, Z^ 4- G, ... In-^^ is 
a mode of. division of the interval. 

If S' and s' are the sums for /(a;) 4 - G for this mode of division, we have 

S'=zS + Cm{E), 

On proceeding to the limit, this gives 

( ( /(a:) 4 C)dx = f f{x)dx + Cm{ .£7) = ( / (a:)<Za: 4 ( G dx. 

.U’ Je Je .e 
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(ii) With the same notation as in (i) for /(a:), let 
A—Iq, - • . Ifi—t* 

be a mode of division of (^, R), and let be the set of points of E for which 
Ir^i ^f(x) < Ir when r = 1, 2, ... — 1), and the set for which ^f{x) ^ 

Then f {f{x)+g{x))dx~^\ {f{x)+g{x))dx 

J! J J I*,. 

{lr-x+g{x))dx • 

1 J4V 

= + S 1 g {x)dx 

1 l .'ey. 

= «+2)l g{x)dx, 

1 

where s are the sums for f(x) for this mode of division. 

It follows that 

f {f(ix:)+g(x))dx^{ f{x)dx + { g(x)dx, 

JJS Jji’ J £ 

Again [ {fix)+gix))dx^^[ {lr + g{x))dx, 

JJB 1 J-v 

and from this we see that 

f {f{^)+g{^))^'^\ f(x)dx+[ g(x)dx. 

Jjsr Jx }x 

Thus we have 

f {f{^) + g{x))dxr=^[ f{x)dx+[ g{x)dx. 

J jsr }x J jp 

It is clear that we also have 

f {f{^)-g{xi))dx—\ f(x)dx- \ g(x)dx. 

.'s Jx Jx 

VII. Letf{x) he measurable in E. Then 

I €h>. 

This follows at once from (V), since 

- \f{x)\^f{x) ^|/(a:)|. 

VIII. Letf{x) he mectsurahle in E and g{x) he hounded and equal to f{x) at all 
points of E other than points of a component E.^of E whose measure is zero. 

Then I f{x)dx=^ g{x)dx. 

Since g{x) is also measurable in E, 

\^f{x)dx ~ \ji{x)dx^^J^f{x) -g{x))dx 

-\{f{^)-g{^))dx 

JXi 

=0, by (II), since m(£?i)=s=0. 
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15. The theorem of this section is of great importance in the application of 
the Lehesgue IntegraL 

I. Ijetf-^{x)ff^{x), ... he a sequence of functions which are measurable in E and 
not negative. 

Also let f^{x) he uniformly hounded* in E^ and lim /„(a;) —0, for every point 
xofE. 

Then lim ( fyJix)dx—0. 

n— >oo JjB 

Take the arbitrary positive «. 


Let 


E^ be the points of E for which ••• all< 


2m(Ey 


Ez the points for which/i(a:) ^ &ndfz(x),fs(x), . . . aU < 


Ez the points for which f^ix) ^ ^ ^ and/ 3 (a;),/ 4 (a;), ... 
and so on. ' 

Then E^, E^, ... are all measurable, by § 9, III, and no two of them have 
common points. 

Everv point of is a point ot Ez and, since lim/„(a;) =0, every point of E 
00 1 «“>* 

is a point of 

Now we are given that is uniformly bounded in E, and that it is not 
negative. 

Therefore there is a positive number K such that 0 ~fn{x) <z jST, the same K 
serving for every a; in E, and every positive integer n. 

But E^^Er. and m{E)==±m(Er). 

1 1 

Therefore we can choose the positive integer N, so that 


f 

.v+i 




But when n iS N, f„{x) < 2m( EY E^, ... E.y. 

< ^e, when n ^ N. 


*See footnote § 67.2, II, p. 149. 
tLet X be any point of E. 

Then we know that lim /^(a:)=0, and there is a positive integer v such that 
0 n^„. 

The smallest integer v which will satisfy this ine< 3 [u.ality for the point, ^in 
question is supposed taken. 

Then this point a; is a point of Ey, 
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But 

Therefore 

Thus 


E fJ^x)dx^K 

— j.v+1 J>:,. A’+i 

< for every n. 

I Ux)dx= i f Ux)dx. 

J JS r=l J 

0 ^ ^J^n{x)dx <: when nl^N. 

lim fJix)dx — 0. 

w-— >» J JS 


We can now prove the following more general theorem : 

II. Letf-J^x),f^{x)^ ... he a sequence of functions measurable in E. 

Also let fn{x) be uniformly bounded in E, and lim fj^x) =f{x) for every point 
xofE.^ 


Then lim [ f^{x)dx = \ f{x)dx. 

Ji—j-oo ■ V J JS 

Since \M^)\<.K, 

the same constant K serving for every a; in E and every n, it follows that 
1 f{x) \^K and I f(x) -Mx) | 2K. 

Bet T'n{x) — \f{x) —fn{^)\' 

Then F ^{x)^ F^{x), ... are uniformly bounded and measurable in E, and not 
negative. 


Also 


lim Fn(x)—0. 

n — >-00 

Therefore, by (I), 

lim 

w— >-00 


It follows that 

Hm 

n—yao 

if(^) -fn{x))dx=z0. 

Thus lim [ fn{^)dx = \ fix)dx. 

n — >• on J -B J JS 

The theorem just proved makes the question of the possibility of term by term 


integration of an infinite series much simpler to answer when Lebesgue Integrals 
are used. 

Let the functions Uj{x), ufx)^ ...be given in an interval (a, 6), and the series 
E converge to/(a;) in that interval. 

If u-f_x), ••• are measurable functions, we know that f{x) is also measur- 

able. 

If, in addition, we are told that s^{x) is uniformly bounded, this theorem 
establishes that 

I /(a;)da; = lim P a^{x)dx, 
and term by term integration is possible. 


* We know (§ 12, VI) that fix) is measurable and bounded, and therefore 
integrable in E, 
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In the case of the Riemann Integral, we have to add the condition tha^ 
the sum of the series be xntegrable.* 

16. If f(x} is hounded and integrahle in (a, 5) according to RiemanrCs definitionX 
of the integral^ then its Lehesgue Integral also exists and it is the same as its Mie- 
tnann Integral 

Let E he the set of points in a for which f(x) >■ A, any constant. 

Then if x is one of these points and f{x) is continuous there, x is an interioi^ 
point of E, with the usual convention as to the ends x=a and x~b. 

And if /'(.r) is discontinuous at this point, it is a point of a set of zero measurewr 
(Cf. § 10, above.) 

Thus E consists of an open set and a set of zero measure. 

Therefore E is* measurable, as it is the sum of two measurable sets. 

Hence ify’(a;) is integrable according to Riemann’s definition, it is measurable 
in (a, 6) and its Lebesgue Integral exists, since/ (x) is also bounded. 

Now let a = a;o, aij, x^, ... a;„ = 5 be a mode of division of (a, b). 

The sum s, with the notation of Riemann*s Integral, is given by 
5 - Xq) + m^{x^ _ + . . . + m 

Also f{x) ^ mr in (ccr-i* ^r)* 

fa,. 

Therefore (L) | • f{x)dx ^ m^ix^ — 

where L denotes that this is the Lebesgue Integral for this interval. 

Hence 5 ^ (£,) f{x)dx. 

Similarly S — {L) T f{x)dx. 

)a 

Since the sums S and s tend to their common value, the Riemann Integral 
Cb 

\ f(x)dx, it follows that for a bounded function integrable {JR) the two integrals 

J a 

are the same. 

It is easy to give examples of bounded functions integrable (L) and not 
integrable. (JR). 

Let f{x) — 1 for every irrational value ofxinO^a;^! and /(a;) =0 for every 
rational value. 

Then its Lebesgue Integral [ f{x)dx = l. (Cf. § 14, VIII.) 

-'o 

But this function is not integrable (J?). 

17. The Lebesgue Integral for an Unbounded Function. In §§ 13-16,/(a:) has 
been supposed bounded in the bounded and measurable set E. The definition 
of the Lebesgue Integral is now modified, so that it will include a class of un- 
bounded functions - 

Take first the case when f{x)^0 in E, and define an auxiliary function 
fn{x) as follows: 

f^{x) ~f{x), at all points of P, where /(x) ^ n 
— n, at all points of E, where /(cc) > n. 


*Gf. footnote on p. 161. 
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The number n is any assigned positive number. 

Then,/^(a:5» every n, is bounded and measurable in 

Also I fJx)dx exists, and is a monotonic increasing function of n, 

J jt' 

Thus 1 f„{x)dx either converges to a definite limit, or it tends to + oo as 

)js 

n oo . 

When the limit exists and isfi^iite, the integral \ f{x)dx is defined hy this limit. 

When f{x)^,0 in then the integral J f{x)dx is defined | \f{^) when 

this integral exists and is finite. 

Again when f{x) does not keep the same sign in jB?, write 
2/i(a:) = |/(a;)|+/(a;), 

2 / 2 (aJ) = l/(x)l ~f{x), 

so that/i(rK) =f(x), at all points of E where f{x) ^ 0, and it vanishes at all other 
points of E. 

Similarly ^* 2 ( 0 ;) = ~ f{x), at all points of E where f{x) ^ 0, and it vanishes at 
all other points of E. 

When f^{x)dx and\^ f^{x)dx exist and are finite, the integral^ f{x)dx is de- 
fined by the equation 

f f{x)dx=^\ f^{x)dx--\ Mx)dx. 

Also when a measurable function f{x) is such that 1 f{x)dx exists as a finite 

J JS! 

number, f{x) is said to he summahle in E. 

A measurable function is always summable in E, if it is bounded, but not 
necessarily so, if it is unbounded. 

When f(x) is summable in E, it is also said to be integrable (L) in E, and 
the integral | f{x)dx is called tlie Lcbesgue Integral of f{x) in E. 

18. Properties of the Lebesgue Integral \ f(x)dx, when f(x) is not 

J A’ 

bounded. 

I. It is obvious th^t for a summable function 

I Cf(x)dx=:c{ f{x)dx, 

li J J-: 

and that if f(x) ^ g(x) ^0 in. E and f(x) is summable, then g(x) is also 
summable and 

[ f{x)dx^A g{x)dx. 

II. Letf{x) he summahle in B a'nd let = where E^, E 2 , ctre measur- 

able and without common points. 

Then f{x)dx~^\ f(x)dx. 

l )jR,, 

It is only necessary to prove this for the case when /(a;) ^ 0 in JE?. 
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Define /„(a:) as in § 17, and let the number of seta ... be finite, say 

Then f Ux)dx^±\ Ux)dx, 

J S r=l ' 

Proceeding to the limit, we have 

[ f{x)dx^ E f f{x)dx. 

Again, when the number of sets JSj, ... is infinite, we know from § 14, IV 
that 

[ = 2 [ ~ E ( 

J£ r=l'Ky r=Vj3r 

Thus, letting w. -> oo , we have 

f /(a:)dcc^Ef f(x)dx. 

JJB r=V£r 

And letting a qo , we have 

f f{x)dx^%\ f{x)dx. 

.'jsr 1 

But f f^{x)dx ^ E f f(x)dxy since \ f^{x)dx ^ t f{x)dxs 

}£ r=l’AV .'/> ^£r 

Thus f /(a;)da;^Ef f{x)dx. 

K 1 ' Jf/ 

Therefore f f{x)dx^ E f f{x)dx, 

K 1 Kr 

III. Let f{x) and g{x) he summahle in E. 

Then f {f{x)±g{x))dx~\ f{x)dx±\ g{x)dx. 

It will be sufficient to take the sum of the two functions. 

Let F{x) =f(,x)+g{x) and define FJ^x)^fJ,x), gr„(x) as before: 
e.gr. " -^(^) points of E where F{x) ~ n, 

= w, at all points of E where F{x)>n. 

(i) But, when f^(x} and g{x) are both not-negative in E, it is easy to verify 

that ^ FJx). 

Also /„(x), 9n{^), FJix) and F^J^x) are bounded and measurable. 

Therefore 

f„(x)dx + \^g„{x)dx^\^^ F„(x)dx. 

Letting n~-> co , we have 

f F(x)dx = \ f{x)dx + \ g{x)dx. 

} J-: : K £ 

(ii) And the same result holds for the case when/(a:)r and g{x) are both zero 
or negative in E. 

(iii) Now let fix) a 0, gix) S 0. and F(x) =/( r) + g(x) g 0 in B. 

Then F(x) + 1 g(x) ] =/(*), 

and ( f(x)dx = \ F(x)dx + \ \g(x)\dx = \ Fix)dx -\ g(x)dx. 
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(iv) But when f{x) and g{x) do not each keep the same sign in JS?, we can 
break up E into a certain number of measurable sets without common points 
two by two, to which we can apply the results just found. 

For example, with the notation of § 1 1, the points which belong to =0] 

will come from the following products: 

E[F{x) 0]. Eifix) > 0]. E[g{x) > 0], 

EiF{x)'^b}. F[/(a:)>0]. < 0], 

E [ F{x) 0]. El f{x) a 0]. E ig{x) > 0], 

ElF{x) ^ 0]. EUi^) =0]. Eig{x) > 0], 

F[F(a:)i^0]. ^C/(a:)= 03 . F[^(a:)=0], 

F[F(x)^0]. JS?[/(a:)> 03 . iS? = 0], 

and similarly for the points which belong to B\_F{x) < 0]. 

Denote these sets by E^ Ejc, 

Thus [ f. F{x)dxy 

==^' (L; + 

= 1 f{x)dx + 1 g{x)dx. 

IV. With the notation of § 17, we have 

\fi^) I =/l(^) +/2(^)* 

It follows from (HI) tlmt, if f{x) is sitmmahley |y’(:r)l is also summabley and 

f = f f^{x)dx+\ Mx)dx. 

}k 

Thus the Lehesgue Integral of an iinhotmded function is an ahaolutely con- 
vergent integral. 

The theorem of § 15 applies also to the case of unbounded functions, with 
some alteration in the conditions as there given. Term by term integration 
is permissible in this case also, but for the discussion of this question and a 
fuller treatment of the Lebesgue Integral reference must be made to other 
works.*^ 

19. Fourier’s Series, using Lebesgue Integrals. Before discussing the con» 
vergcnceof Fourier’s Series for /’(x-), when the coefficients are Lebesgue Integrals, 
we must prove the Kiemann-Lebesguc Theorem (Cf. § 1<:5, id. 271) for the case 
Avhen is summable in ( — tt, -tt), and in doing so we require the following 
apiJroximation theorem : — 

^ff{^) ‘*'5 summable in the interval {a, h) aiid € is an arbitrary poaitive number, 
there is a continuous function <^(x), such that 

\f{^)'~<ki^) I < €■ 

*Cf., for example, Hobson, Theory of Functions of a Beal Variable, 1 (3rd ed., 
1927), Ch. VIT, and 2 (2nd ed. 192G),' Ch. V. 
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This important approximation theorem is obtained by proeeeding from 
simple measurable functions to the general summable function.* 

(i) Let f(x) = 1 in the interval (a, ^), where a <a<. ^ cb 

= 0, in the rest of (a, b). 

Take a — e' and y3 + e' on the interval (a, b) between x=a^ x~a, and x = 
x=b respectively, where 0 <€'<;€, and join these points to the points a;=a, 
y~l, and x — y—1 respectively. 

Then if <f>{x) =0 in acxca — c' and ^ + e' <:x<.b, and is equal to the 
ordinate of this broken line in a ~ e' — a; <: ^ + we have a continuous function 
satisfying 

f !/(a:) - <^(a;) \dxC€. 

Ja 

(ii) Let /(a;) = l in the finite set of not-overlapping intervals Ai, Ag, ... A„, 
all in (a, 6), and f(x) = 0 elsewhere in (a, b). 

Also let be the continuous function obtained in (i) such that, when 

(x) = 1 in A,, and zero elsewhere in (a, b), we have 

f \fAoc)-ci>r(x)\dx<:^. 

j (I •f' 

Take 

Then we have 

r I/(^) - 1 dx ^ ZSP I/, .(a;) - cf>^{x) \dx < €. 

ja 1 .Hc 

(iii) Let f{x) = 1 in a measurable set E in (a, b) and zero elsewhere in 
(a, 6). 

Then a set of not-overlapping intervals A^, A 2 , , all in {a, b), exists such 

that the points of E are interior points of these intervals or end-points of two 
adjacent intervals, and 

m( F) ^ E m{^r) < w^(^) -h Jc. 

1 

Also there is a positive integer N such that 

m{E) ^ 2 m{Ar) < m(E) -i- Jc, 

and 2 A,.) < j€. 

-v+l 

Let fA-itc) = 1 in A^, Ag, ... A.v and zero elsewhere in (a, b). 

Then by (ii) we can find a continuous function <f>{x) such that 

Let Er be the points of E in Ar(^ = l, 2, ...). 

Then E = ±Er. 


Cf. Hobson, loc, cit., 1 (3rd ed., 1927), 632. 
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Also f* \f{x) -~fJr{x) I <?» = Sf I f{x) -/jv(a;) | dx 

Ja 1 JAr 

= 2f^ |/{*)-/j'(»)|'*»+2[ lf(x)-fy(x)ldx. 

1 JAr JV+lJA,. 

But f (/(x) -/; v(jk) K^=w(Ar) - when r = l, 2, ... Y. 

J Ar 

And 2 f \f{x) -Xv(jk) I da; ^ 2 wi(A^), since fjf{x) =0 in 2A^. 

JV+lJAr j\r4.i JV-+1 

It follows that 

j* l/(») -A(®) I dx S [|»i(A,) - + [m(B) - ^m(Er)] »»(Ar) 

< + Jc H- 

since w(A?) - 2 w^(jS7y) = l)m(Ar) <i€. 

I Jtr+l 

Thus we have 

Ja 


(iv) Let El, E^, -•■ be measurable sets in (a, h), no two of them haying 
common points. 

Let/r(a;) = l in Bf, and zero elsewhere in {a, b), and /(«) =2) c^7^(a;), where 
Cl, Cj, ... are constants. 

We find a continuous function <f>r{x) as in (iii), such that 

fl I A(-) - I < |crR| cj...-Hc„ r 

Take = ^c^<f)f(x). 

Then P l/(®)-</>(»)|«fa:S21CrlP |/r(a:) 

® 1 J a 


(v) Now let/(a;) bo bounded and measurable in (a, 6). 

With the notation of § 13, J? are its lower and upper bounos in (a, h\ and 
a mode of division 

= Zo> • • - » 

is taken, the largest of its partial intervals being rf. 

Also Cf. is defined as in that section. 

A function F(x) is defined for a^x^b as being eq^ual to i iii Cf 

(r = l, 2, ... w). 

A continuous function <f>(x) is obtained for E(x) as in (iv), such that 

fl I I < h- 
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Then ? \Ax)-^<i>ix)\dx^\^ \f{x)~Fix)\dx + \^ \ F (x) - cj>ix) \ dx 

JO, ja . 

l/(a:)~F(a;) jdb + P Jir(a;)-^a;) |<ix 

r=l Jtf. Ja 

< 77 (6 - n) + 

<«, when 

(vi) Lety(a:) be summable in (a, 5) and unbounded. 

With the notation of § 17, we have 

(*’ /(x)dx=f* fi(x)dx-\^ Mx)dx. 

jd ja Ja 

Let /i. ^(x) =/i(x), when (x) ^ n 

— n , when/i(x)>», 

and similarly for nix). 

Choose N, so that 

f Aix)dx-{^ fi, j,ix)dx<i€, and P /a(aOL-P AA^)dx<ci€. 

ja Ja Ja Ja 

Then obtain continuous functions <^i(a;) for /j. six) and <f>^ix) for /,. six), 
such that 

I /i. A- ix) - <f>iix) 1 dx < it, and | /a. (x) - (/>,(x) J dx < Je, 

and let <f>ix) = — 4f%ix). 

But l/(a:) -<;&(x) jdx^f^ |/i(x) .n(x) [dx + P I A Ax)’-4*iix) [dx 

Ja Ja Ja 

+ 1 f%ix) “A Ax) 1 dx + (^ i A. A (x) - 4>t{x) 1 dx. 

Ja Ja 

Therefore j I A*) “ i>ix) \dx c c. 

20. The Kieznaim-Lebesgue Theorem. 

If fix) is summadiU in i—ir, tt) ih&n lim \ fix) 7ixdx=0. 

rt-f00j-7r COS 

De6ning/(x) outside ( — tt, tt) by the equation fix db 2ir) =fix), we have 

r 

\ fix) sin nx dx = \ fix) sin nx dx 

= — ^ y^x + ^^ sin nx dx. 

Thus 2^^^ /(x) sin nx dx = j ^/(x) + sin nx dx 

and 2 | J /(x) sin nx dx j ^ J 0 - fix) 1 dx. 

Let (a, fi) be an interval enclosing ( - tt, tt). 
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Then there is a continuous function such that 

\f{x) -cf>(x)\dx<:i€, 

- a 

when € is the usual arbitrary positive number. 

Since <j^{x) is continuous in (a, )5), given € there is an 7 ; such that 

1 (f^ix + h) - cf>(x) I < 0 % 

when \h\^ 7 }, the same r) serving for every a; in (a, ^)- 
Take v so large that ^ <-V ^ ^ 

Then I" l/(x + ^)-/(x)|<i^=^j' + + 

+ 1” 1 ,j>(x + ^) - 1 + J’" I <^(*) -/(®) I ^ 

< + + 

< e, when 7i v. 


Therefore 


L I f{^) sin nx dx—O^ 

o J — tr 


and the proof applies equally to | f{oc) cos nx dx. 

Thus the Fourier Constants tend to zero as n-^ 00 , when /(a;) is summable 
in ( -TT, tt). 

Corollary. summable in any interval (a, Z>), then 


lim f{x) ' 

> 03 . a ’ 


7ix dx=0. 


If {a, 6) lies in ( - tt, tt), this result follows at once from the theorem just 
proved! for we may put /(a;) =0 in the remainder of the interval ( - tt, tt). 

If {a, h) extends beyond ( - tt, tt), we apply, as above, the theorem to the 
intervals ((m- l) 7 r, (w + l) 7 r) in which it lies, m being a positive integer. 

21. We now apply these theorems to the discussion of the Fourier’s Series 
corresponding to the arbitrary function f{x). We replace the conditions 
attached tof{x) in § 105 by the ’condition that /(a;) shall be summable (cf. § 17 
above) in(— 

As before, let s^{x) be the sum of the Fourier’s Series for /(a:) up to the terms 
in sin nx and cos nx. 

Then, il Xq is & point in the interval ( - tt, tt), we have 

-i (f. 

The second integral vanishes, by the Riemann-Lebesgue Theorem, and it 
follows that ; 

I. The behaviour of the Fourier's Series corresponding to f(x), as to convert 
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gence, divergence^ or oscillation at a point depends only on the ifalues of f{x) 
in the neighbourhood of 

And similarly : 

II. The behaviour of the Fourier's Series corresponding to f{^ in an interval 
(a, &), where — v cacb cv, as to convergence, divergence, or oscillation, depends 
only on the values of f{x) in (a — S, 6 + 5), where 5 is an arbitrarily small 
positive number. 

Now let Xq be a point in ( - tt, tt) for which ^ lim lf(XQ + A) + /(o-q — A)] exists. 

A— »o 

We may grvBf(x) at the point Xq the value of this limit. 

Then = 

where 0 (a) =f{xo + 2a) + f(xQ - 2a) - 2f(Xo). 

Therefore 

The second integral vanishes when n->oo, by the Riemann-Lebesgue 
Theorem, as <f){a) ~ is summable in (0, 

And the first integral also vanishes when n-^oo , provided that (f>{a)la is 
summable in (0, ^tt). 

Thus we again have Dini’s Condition that: 

III. A sufficient condition for the convergence of the Fourier's Series corre- 
sponding to the function f(x), summable in ( —tt, tt), to f{pcQ) at a 'point Xq in 
( — TT, tt), where ^ lim lf{Xo + h)+f{Xf^ — h)'\ exists and is equal to f(xo) is that 

|/(*0 + 2 a ) +/( x „ - 2 a ) - 2 /(*„)| 

in some interval (0, 'if). 

This condition is satisfied whenf{x) is summable in {—tt, tt) and at the point 
Xq satisfies Lipschitz's Condition', namely that positive numbers C and h exist 
such that 

l/(a:o + «)-/(=Co)l<CUl’'. 
when 1^1 ^ some fixed positive number. 

We can also show that: 

IV. When f{x) is summable in {—rr, rr), and is of bounded variation in the 
neighbourhood of a point Xq, the Fourier's Series converges there to 

iC/(^o+0)+/(a:o-0)]. 

Let fipc) be of bounded variation in the interval (aio — 2y, XQ+2->f). 

Then 

j*' ^(a) «S.ig^±l)g da = ,/Ha) da + c/,(«) da. 

To the second integral we can apply the Riemann-Lebesgue Theorem; and in 
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the first <l>{a) is of bounded variation; so the Lebesgue Integral and the 
Riemann integral are the same. (Cf. § 16 above.) 

But the Riemann Integral has zero for its limit (cf. § 92), and the required 
result follows. 

22. To show the full bearing of tlie Lebesgue Integral on the Theory of 
Fourier’s Series it would be necessary to discuss at much greater length the 
properties of that integral. 

We have only touched upon these properties in the case of the integrals 
J f{x)dx and /{x)dx, where f{x) is summable in the bounded and measurable 
set E, or in (a, b). 

rx 

The properties of the Indefinite Lebesgue Integral \ f(x)dx have not been 

Ja 

dealt with at all. Some of them may be mentioned here without proof. In 
several of the works named in the list of books at the end of this section a full 
discussion of the lebesgue Integral (and other associated integrals) will be 
found. 

rx 

This integral F{x) = \ f(x)dx is continuous and of bounded variation in the 

interval (a, 6), when f{x) is summable, whether bounded or not, in {a, h). 

Also F'{x) exists and is equal to /{x) almost everywhere in (a, 6), and 
certainly at all points of continuity of /(x). 

And, further, if ^*( 0 ;) is a function which has at every point of (a, &) a differ- 
ential coefficient f\x)^ bounded in that interval, then f\x) is integrable (L) 
in the interval (a, x) and its integral differs from /(ar) by a constant only. 

In the case of the Riemann Integral this last theorem is subject also to the 
condition that /'(x) shall be integrable ( i?). 
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Abel's Test for Uniform Convergence, 149. 

Abel's Theorem on the Power Series, 165; extensions of, 168. 

Absolute Convergence, of series, 50 ; of integrals, 117, 128. 

Absolute Value, 36. 

Aggregate, general notion of, 33 ; bounded above (or on the right), 33 ; bounded 
below (or on the left), 34 : bounded, 34 ; upper and lower bounds of, 34 ; 
limiting points of, 35 ; Weierstrass’s Theorem on limiting points of, 36. 

Almost everywhere, definition of, 16. 

Approximation Curves for a Series, 139. See also the Gibbs Phenomenon, 

Bocher’s Treatment of the Gibbs Phenomenon, 293. i 

Bounds (upper and lower), of an aggregate, 34 ; of f{x) in an interval, 56 ; of| 
f{x, y) in a domain, 85. ® 

Bromwich's Theorem, 169. 

Ceshro's Method of summing Series (C, 1), 169, 258>262. 

Change of Order of Terms, in an absolutely convergent series, 51 ; in a conditionally 
convergent series, 53. 

Closed Interval, definition of, 55. 

Conditional Convergence of Series, definition of, 51. 

Continuity, of functions, 66 ; of the sum .of a uniformly convergent scries of 
continuous functions, 152 ; of the power series (Abel's Theorem), 165 ; of 

r f{x)dx when f{x) is bounded and integrable, 106; of ordinary integrals 
Ja 

involving a single parameter, 188 ; of infinite integrals involving a single 
parameter, 198, 202. 

Continuous Functions, theorems on, 67 ; integrability of, 97 ; of two variables, 
86 ; non-differentiable, 90. 

Continuiun, arithmetical, 29 ; linear, 29. 

Convergence, of sequences, 37 ; of series, 47 ; of functions, 57 ; of integrals, 113, 12(). 

See also absolute cxtnvergence, conditional convergence^ and uniform convergence. 
Cosine Integral (Fourier’s Integral), 312, 320. 

Cosine Series (Fourier’s Series), 217, 234. 

Countably Infinite,definition of, 21, 330. 

Barboux's Theorem, 92. 

Bedekind's Adorn of Continuity, 28. 

Bedekind's Sections, 24. 

Bedekind's Theory of Irrational Numbers, 23. 

Bedekind's Theorem on the System of Real Numbers, 27. 
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Definite Integrals containing an Arbitrary Darameter (Chapter VI) ; ordinary 
integrals, 188 ; continuity, integration and differentiation of, 188 ; infinite 
integrals, 192 ; uniform convergence of, 192 ; continuity, integration and 
differentiation of, 198. 

Definite Integrals, Ordinary (Chapter IV) ; the sums /S and s, 91 ; Darboux’s 
Theorem, 92 ; definition of upper and lower integrals, 94 ; definition of, 94 ; 
necessary and sufficient conditions for existence, 95, 340 ; some properties of, 
100 ; First Theorem of Mean Value, 105 ; considered as functions of the upper 
limit, 106 ; Second Theorem of Mean Value, 107. See also DiricMefs Integrals, 
Fourier's Integrals, Infinite Integrals, Lehesgue Integrals and Poisson's Integral, 

Differentiation, of Series, 161 ; of power series, 167 ; of ordinary integrals, 189 ; 
of infinite integrals, 200, 202 ; of Fourier's Series, 282- 

Dini’s Condition, 273, 359. 

Dirichlet’s Conditions, definition of, 226. 

Dirichlet’s Integrals, 219. 

Dirichlet’s Test for Uniform Convergence, 151. 

Discontinuity, of Functions, 73 ; classification of, 73. See also Infinite Discontinuity 
and Points of Infinite Discontinuity. 

Divergence, of sequences, 41 ; of series, 48 ; of functions, 57 ; of integrals, 113, 126. 

Enumerable. See Countably Infinite. 

Fejer’s Theorem, 254. 

Fej^r’s Theorem and the Convergence of Fourier’s Series, 262, 280- 

Fourier’s Constants (or Coefficients), definition of, 215. 

Fourier’s Integrals (Chapter X); simple treatment of, 312, more general con- 
ditions for, 315 ; cosine and sine integrals, 320 ; Sommerf eld’s discussion 
of, 321. 

Fourier’s Series, definition of, 215; Lagrange’s treatment of, 218 ; proof of con- 
vergence of, under certain conditions, 230 ; for even functions (the cosir. e 
series), 234 ; for odd functions (the sine series), 241 ; for intervals other than 
( — TT, tt), 248 ; Poisson’s discussion of, 250 ; Fejer’s Theorem, 254, 262, 280 ; 
order of the terms in, 269 uniform convergence of, 275 ; differentiation and 
integration of, 282 ; more general theory of, 271, 358. 

Functions of a Single Variable, definition of, 55 ; bounded in an interval, 56 ; tipper 
and lower bounds of, 56 ; oscillation at a point, 66 ; oscillation in an interval, 
56 ; limits of, 56 ; continuous, 66 ; discontinuous, 73 ; monotonic, 75 ; inverse, 
76 ; integrable, 97 ; of bounded variation, 80 ; measurable, 342 ; summable, 352. 

Functions of Several Variables, 84. 

General Principle of Convergence, of sequences, 38 ; of functions, 61. 

Gibbs Phenomenon in Fourier’s Series (Chapter IX), 289. 

Hardy-Landau Theorem, 259. 

Harmonic Analyser (Kelvin’s), 323. 

Harmonic Analysis (Appendix 1), 323. 

Heine^orel Theorem, 71. 

Improper Integrals, definition of, 126. 

Infinite Aggregate. See Aggregate. 

Infinite Discontinuity. See Points of Irifinite Discontinuity. 

Infinite Integrals (integrand function of a single variable), integrand bounded and 
interval infinite, 112 ; necessary and sufficient condition for convergence of, 
114 ; with i)Ositive integrand, il5 ; absolute convergence of, 117; yu.-test for 
convergence of, 119 ; other tests for convergence of, 120 ; mean value theorems 
for, 123. 
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lafinite Integrals (integrand function of a single variable), integrand infinite, 125 ; 
;u,-test and other tests for convergence of, 127 ; absolute convergence of, 128. 

Infinite Integrals (integrand function of two variables), definition of uniform con- 
vergence of, 193 ; tests for uniform convergence of, 193 ; continuity, in- 
tegration and differentiation of, 198. 

Infinite Sequences and Series. See Sequences and Series, 

Infinity of a Function, definition of, 74. 

Integrable Functions, 97 ; Integrable (JD) and Integrable (JS), definition of, 345. 

Integration of Integrals (ordinary), 191 ; infinite, 199, 202, 209. 

Integration of Series (ordinary integrals), 156 ; power series, 167 ; Fourier’s Series, 
283 ; (infinite integrals), 172. 

Interval, open, closed, open at one end and closed at the other, 56; overlapping 
and not-overlapping, 333 ; abutting, 333. 

Inverse Functions, 76. 

Irrational Numbers. See Numbers. 

Lebesgue Definite Integral, of a bounded and measurable function, 344 ; of a 
summable function, 352. 

Lebesgue Indefinite Integral, 360. 

liimits, of sequences, 37 ; of functions, 56 ; of functions of two variables, 85 ; 
repeated, 142. 

Limits of Indetermination, of a bounded sequence, 43 ; of a bounded fdnction, 64, 

Limiting Points of an Aggregate, 36. 

Lipschitz’s Condition, 273, 359. 

Lower Integrals, definition of, 94. 

Mean Value Theorems of the Integral Calculus ; first theorem (ordinary integrals), 
105 ; (infinite integrals), 123 ; second theorem (ordinary integrals), 107 ; 
(infinite integrals), 123. 

Measure of a Set of Points, 335 ; exterior measure, 333 ; interior, 334. 

Measurable Sets of Points, 335. 

Measurable Fimctions, 342. 

Modulus. See Absolute Value, 

Monotonic Functions, 75 ; admit only ordinary discontinuities, 76 ; integrability 
of, 97. 

Monotonic in the Stricter Sense, definition of, 43, 76. 

Monotonic Sequences, 42, 

M-test for Convergence of Series, 148. 

/^-test for Convergence of Integrals, 119, 129. 

Neighbourhood of a Point, definition of, 58. 

Numbers (Chajiter I) ; rational, 20 ; irrational, 21 ; Dedekind’s theory of irrational, 
23 ; real, 25 ; Dedekind’s Theorein on the system of real, 27 ; development of 
the system of real, 29. See also D^ehi'nd* s Axiom of Continuit'^f and DedeJcind s 
Sections, 

Open Interval, definition of, 55. 

Ordinary or Simple Discontinuity, definition of, 74. 

Oscillation of a Function at a Point, 66. 

Oscillation of a Function in an Interval, 56 ; of a function of two variables in a 
domain, 85. 

Oscillatory, Sequences, 41 ; series, 48 ; functions, 58 ; integrals, 113, 126. 

Parse val’s Theorem, 284. 

Partial Remainder definition of, 48 ; definition of, 138. 
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Periodogram Analysis, 326. 

Points of Infinite Discontinuity, definition of, 75. 

Points of Oscillatory Biscontinuify, dejfinition of, 74. 

Poisson’s Discussion of Fourier’s Series, 250. 

Poisson’s Integral, 251. 

Power Series, interval of convergence of, 163 ; nature of convergence of, 165 ; Abel’s 
theorem, on, 165 ; integration and differentiation of, 167. 

Proper Integrals, definition of, 126. 

Bational Numbers and Beal Numbers. See Numbers. 

Bemainder after n Terms (i?n)» definition of, 49 ; [i?^(ar)], 138- 

Bepeated Limits, 142. 

Bepeated Integrals, (ordinary), 191 ; (infi.nite), 199, 202, 209. 

Biemann-Lebesgue Theorem, 271, 357. 

Biesz-Fischer Theorem, 18. 

Sections. See Dedehind's Sections. 

Sequences ; convergent, 37 ; limit of, 37 ; necessary and sufficient condition for 
convergence of (general principle of convergence), 38 ; divergent and oscil- 
latory, 41 ; monotonic, 42. 

Series definition of sum of an infinite, 47 ; convergent, 47 ; divergent and oscil- 
latory, 48 ; necessary and sufficient condition for convergence of, 48 ; with 
positive terms, 49 ; absolute and conditional convergence of, 50 ; definition 
of sum, when terms are functions of a single variable, 137 ; uniform con- 
vergence of, 144 ; necessary and sufficient condition for uniform convergence 
of, 147 ; Weierstrass’s 3/-test for uniform convergence of, 148 ; uniform 
convergence and continuity of, 152 ; term by term differentiation and integra- 
tion of, 156. See also Differentiation of Series, Fourier's Series, Integration of 
Series, Power Series and Trigonometrical Series. 

Sets of Points on a Line ; bounded, 33 ; limiting points of, 35 ; countable (or 
enumerable), 330 ; open, 330 : closed, 330 ; interior and exterior points of, 330 ; 
complement of, 331 ; operations on, 331 ; interior and exterior measure of, 333 ; 
measure of, 335 ; measurable, 335 ; necessary and sufficient condition that a 
set be measurable, 336 ; properties of nqieasurable sets, 337. 

Simple (or Ordinary) Discontinuity, definition of, 74. 

Sine Integral (Fourier’s Integral), 312, 320. 

Sine Series (Fourier’s Series), 217, 241- 

Summable Functions, 352. 

Summable Series (C, 1), definition of, 169. 

Sums S and s, definition of, 91 . 

Trigonometrical Series, 215. 

Uniform Continuity of a Function, 69, 87. 

Uniform Convergence, of Scries, 144; Abel’s Test for, 149; Dirichlet’s Test for, 
151 ; of Integrals, 192. 

Uniformly Bounded, 149. 

Upper Integrals, definition of, 94. 

Weierstrass’s non-dififerentiable Continuous Function, 90. 

Weierstrass’s JJ-test for Uniform Convergence, 148. 

Weierstrass’s Theorem on Limiting Points of a Bounded Aggregate, 36- 
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